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HU»fRICAL COMPUT I. TION Of THE CHARACTERISTIC VALUES 
Of A REAL SYM~F.TRIC MATRIX 

Wallac. Gi"ltn~ 

iN TROD UCTION 
o f< N L ~/S 7~ 

Th. numericol determination of the charact.ri Itic '!ulu.1 of a real Iymmetri.: matrh, i I d probl.m of 

conliderabt. difficulty linee "\;j larg. amount of informatilm il ~j'f8n and one wantl to male. u~. of all of 

it. u(1) A typical lituation i5 that in which the .Iements of t~e matrix are the valu.s of the (symm.trid 

kernel tlf Of' inte9ral equation calculated ar th. point. of a plano n.t. With the advent of automatically 

I.quenc.d high.spoed digital computers, it il now feasibl. to .:alculate the characteriltic VGlu.s of 

matricol of orde,s at lealt 40 Gl'rd, with exce'lent input oJnd output device. and fast (magnetic tape or 

drum) external Itorage of numDers, ,JOllibly os high all 200. Tho num"'r of elementary op.rations re­

quired to obtain Ih* solution varies approximat.ly as the c..,be of the arelor so that a matrix of ord., 200 

pr ... nh a problem more than 125 times as difficult as on. of order 40. It would s •• m to be impollibl. 

to calculate with pres.n' device, the characteristic valun of a motrix of order 1000 unl .. s the matrix 

wer" af some very IPGcial form, 

Th. v.ry larG. number of multiplications p.rforlMd in a single calculation by a high.,pHd computing 

:nachine(2) makes tho problem of the accumulation of \'ound·oH error 0 seriova ono. In thoir pap.r on 

"Nu".ric,,1 Inv.rting of Matrices of High Ord~r," [10](3) ,'on NlI';umann and Goldstine e.tablish.d the 

basic conditions for G complet. error analysis. It is intended that the pr.sont pap.r adh.,. rigorously 

to the cOllv.nti')ns of von ~umann and Goldstine. No explidt us. i. PlOd. hor. of r .. ults from [101 

but the g.neral approach to machin •• rrors .. s .,stabli.hod there is assumed known. Thus we suppose 

the mot,ix ol.IMnts 06. given as agg~egatos of a siVn and s digits in G number syst.m to base(·) f3 and 

that th~ norm of the matrix is Ie .. than on. by an amo"nt preci.ely specified in § 2.16. No assumption 

of any kind is mad. as to t!1. :i.finiteneu of the given matrix or dS to the location o~ the root. beyond 

that implied by the con:lition en the norm. In particular, nothing il <lssumed about the separation of t". 

characteri.tic values. 

Th. basic """thematical scheme mechanized in the computation wal proposed by the authar in "A 

Method of Computing Eigenvalues and Eilll.nvectors Suggested by Classical Ratsults on Symmetric Ma­

tric.s," which has recently applared in [3]. At the same SYMposium at which [~] was pronnted, Goldstine 

reported on a method of calculating (;horocteristic v/'Jiues which had been developed by VOlt Neumann, 

Murray, and hims.lf. Both the method of this paper and that of von Neumann, Goldltine, and Murray(S) 

depend etsentially on the device, whil:h iCes back to Jacobi f61, "f makinr, a sequel,c. of rotations in 

coordinate pion .. so cho.en that the :.::.:'ficient of a crou-product term in the given quodratic form 

(auociat.d with the matriJc) "comes J,ero. The IMthad. diH., ir. .everal particular., the mo.t e ssentiof 

'1)0,01 ' .... 0 ... of lIOn Neum_n. 

(2)Uultlpilcatlon _d dlylslOl'l tlm.a or. of th. ord., of ~ mlllla.cond and addition and aubtractlon at. ten tlm.a 

aa ta.t. 

(l)R ... .-nc •• to the Wbllol'aphy a'. (,Iy.., In thl. '-. 

(4)TYJ'lcolly, {3 - ~ •• 39 or /J .. 10, $ - H. 

(5), ClIft much Ind.lJtecl to th ••• author. 5" '.ttln, m. a •• a cap, of "'-I" a. y"t unpubll.h~d. mCll'luacrlpt[4]. 
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being that oft ... a nondiogonol element of the matrix is m.:lde zero, thu computation of the prnent pcper 

doell not ak.rward alter this elementi therefor .. , at most, !t" - 1)(11 - 2) plone rotations Gr. needctd, 

whereas with von Naumann, Gold.tina, and Murray', techni""., bn(n - 1) plane F'3tationl must be per­

formed rep.atedly until a conv.rgenea criterion is latisf l. (The maximum nUMb.r Clf repstition. nec.s­

lary can, however, be guarant.ed.) The price w. ar. obi' "ed to pay for thi. sublitGntial r.duction in the 

amount of computation is that ~ must tfop short of reducing the matrix to diagonal folm and will "btaiR 

oniy one in Jacobi or tripl. diagonal form. (6) A MC'!H1d $tage of the computCltion is th..,.foN required 

and Is di.cussed in chap. 3. Since ~r rili. part of the computation e"M very large matric.s :nay b. dealt 

with by u.lng only t~. internal storage of .JCisting mochin"., the second Gtage will requi ... I.ss time 

than the first. Another advantage of the metthod proposed h.r. is t"at no searching for a "Iarg." oH­
diagonal element is required. (7) 

In chap. 1 ;he mathematical foundationtl or. establi,hed and in chaps. 2 crld 3 the equations of the 

two parts of the computation are reduc.d to digital form. The corr •• onding flow dingram. and ,code. are 

given in appendix.s. A serbus eHt,rt hos been mQd~ in the main part of this paper to make the results 

applicable to most of fh~ high-spHd digital computing machine. "OW in existence. The rw:merical tim. 

estimates and error bounds tabulated and the cod.s are necellorily more special and refer to the machin. 

(th. ORAQ.E i. the Onlc Ridge Automatic Computer and Logicol Engine) con.tructed at the Argonne 

National Laboratory on the baiic design of the Inltituht (or Advanced Study Computer. Th. ORACLE is 

now being t.sted for u •• at the Oale Ridge National Lob."atory. Thill machin. operat •• in the binary 

sy.tam and hal a preci.ion of ~-s ~ 2-39 ~ to- 11 •7, Our best estimate. (Tabl. 5 and (3.9.6» show 

that Itach of the charact.ristic vCJlu.s of a 100 by 100 real symmetric motrix, ICQI.d so that the sum d 

the squares of its .Iements i •• Iightly leu than ontt, can ~ found to on accuracy of 

± 131,60013-s • ± 1.004.2- 22 , 

or "ner than six decimal plac... Curiously, although Q good deal of effort was spent to obl .. in .rror 

bound. for individual characteristic value., throu,h the us. of a recent r.sult .:If lidskil [SL for order 

100 the square root of the .um I)f the squar •• c f the errorl in all tOO characteristic valu •• is on'y 

±131,70SIl-s (Table 5 and (3.9.11». Since these guaranteed error bound. are in no s .. nl'l probabilistic 

Ilnd cre bas.d on the j)8l1imistic Gnumption thot maximum possible round-off errors occur, accumulate, 

and n • .,er canc.l, .ub.tClr't~ally more occur' ... r.!Sult. moy " .lCpect.d in practic.. For all ord.,. 

n ~ 10, the err"r in each charactoristic valu. is 1.1$ than 3n 5/ 2 f3- s (Table 4 and (3.9.6». 

The error analysi. whiCh follows will c:.,toinly be found tedious ond may be de.m.d un"eces.arily 

.1 Jborat.. This i. at I.a.t in part due to (J second moin purpose of tne study: to examina the general 

c:oncepi 01 erfOr in a hllmerical computation and to determine how the .rrar bounds are affected by vari­

ation. in both m.thod of computation ond method of estimotion. In § 2.8, we try to .... ow that the meaning 

of the phra.e "error in a calcula~ed number" r9quir.s a more subtlll ~ef~nitior, thon is commonly ,ealized. 

In § 3.~ a method of invllfting the problem of round-off err", is proposed which we plan to e .. loy in 

(6)A matr'. S .. (sI/) II 'n Jacabi fDrm If sIi" 0 for Ii -;1> 1. Such mCltric..1 a,. of Importanc.ln tt.. theory of 

op •• "'" In Hilbert .pac. [121. Flnlt. oref .... matrlc •• of thl. typo or. a'" .",dI." In " IIDole ([2J, In Runlan) which 

bec:tofiIO ." .... II'.an'y aft. ft. .. manu.crlpt WII. n •• .4y comp'.'" 

(7)Th .. yon Nou_m-Go'd.tlne-""'"O)' .rro, ",arant ••• pr •• uppa •• that at _h .t. an oH.III.gona' .' • ..,ent of 

.110" •• ,,_ ... 1 •• I. fo:nod and rototocl ..... ro. 
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other conted~ and which suggests that it may Le unwise to 1l8.,(.Iro'. the estimation of round-off .rror 

from that due to ob.ervation and truncation (d., (8), (C), and (0) of [10, p. 10:1.4-1025) for a c:I~ar di.­

cussion of th ••• ter:TIs). 

A major omission in the tollcwing is any dilcy .. i"n of th~ characteri.tlc v.ctors, since the.e will 

u.ually be wanted for chec:icing the e.,mputation and will fr.quently be d, •• i~'.d for oth.r purpo.... w. 
~Jon to work Qut the detail I of th., calculation uf charact.ristic vectors ond to obtain error bound. 'or 

th.m, but thi s has not yet been done. Th .. gef,'.ral mefhod of obtaining the characteri stic vectors i. 

r.everth.l.ss cI.ar: 

(1) .tor. the .Iements of the matri;/1' 12. It, 1", with nk a < 1; 

(2) as the plane rotation. Hi; of Theorem 1.3 (Ir .. obtaineci, c;alculate inductiv.lv a sequence of r; 
analogous to the matric •• (1.3.11) but defin.d by ',1-1; !< 7.;-1 ,_1 R jj so that T'AT. S, wh.re 

T. T"-2,, and S i. in Jacobi form; 

(3) dter finding the choracte~isti ,: values of S (d., chap. 3), calculate the characteristic vector IIi of S 

cor,esponding to the value Aj b. lolving by r.cursion (but with Ical ing difficultie.) the .quations 

511;" Al;i 

(4) form CJ matrix with columns Vi' .ay V; 

(5} calculate TV - w, the column. of which will be the requir.d characteriltic vectars of A. 

The entire computation is thftn subject to check, and, if necessary, r.fin.ment, by uling 

AW .. /ldiag (AI' ••• , A,,) 1 1 \J" • 

Th. r.lation of the method propo •• d her. to curr.ntly u.ed techniquel. which apply mainly to the 

finding of a lingle choro'!:t.,i.tic valu •• il 0110 not di.cussed. A critique of exi.ting algorithms is 

given in [4L and we beli.vot that discussion .hows thom to be unluitabl. for us ... ':.~ fully automatic 

machine. if all the choroct.ri~tic val u.s are wanted and the matrix ho. large order (-100). 

Oth.r c.missions are any veneral dilcuII10ns of the nature of computational in.truments and Dlgo­

rithms and the seriousne .. of the pollible accumulation of round-off error and fhe relultont need for 

invostigations such a. thut int.nded her.. For all th.l. matters w. r.f. to (10) and r.4]. 

Finally, the outnor .xpr .... s his cordial thanks to Mill Vi"9inia u,rlock (now Mos. E. O. KI.ma) 

for h., preparation .,f the flow di(!groml and cod... Although th.y have be.n partially checked by the 

authO!" and, in mar. d.tail, by Mill Ruth Arnett., the unavailubility of a comput.r hal prev.nted them 

from beillg mochin. te.r.i, as y.t. Th.y will natu-olly r.quir. min:>r modification if u.ed with machine. 

oth.r than the ORACLE for which th.y w.r. preptlred. 

The unexpected avoilability of the OR~CLE after the submission or, th,S pap." for reprod"ction but 

b.fo,e the codes wa •• typed mad. it pollibl. to machine te.t the cod •• In AppendiAel 3 and At to the 

e.,.,t there indicat-,d. On the Uclsi I ~f exceedingly limited experience in uling tho machine to work 

t •• t problem., the rough time estimat •• of Tobl •• 6 and 7 of chop. 3 appear to be too low by a factor of 

perhaps 3 or 4. In other rospect., the r •• ults of the machine t.lt. wore in conformity wi Ph the th~reti­

col r.sults. [Thil paragraph oc:lded in proerf an October 12, 1953.) 
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Chopter 1 
THE MATHEMATICAL PROCEDURE 

1.1 ORTHOGONAL CONGRUENCE AND THE BASIC SCHEME 

The basic problem \Je are considering is that of finding D complete ,et ot invariants of a rea: "ym­

mGtric matrix under orthogonal corq}ru,mce. For \, full understCl1din9 of the .equel, it .eem. de.irable to 

look at thi. classical problem from the following point of vi_. Let the cla.s of all n by n reo' symm'!tric 

matrlt-es, under additicm and under multiplica:ion by rOQI .calars, be regarded as a vec'/O, spa. tlI. of 

~ '1('1 + 1) dimensian,. Then, CI1 arbitrary real orthogonal matrix T induce. on Ill. a no"singular, :i.1eor, 

homogeneou,. ,m.formation 
T 

(1.1.1) A~ A~ .. T'AT , 

wh.re the prime d.,ote, the trCl1spou and TT' ... In. The transformo~ions of III tf1us incloced obviou.1y 

10"1' a group G (actllolly a repre.~ntati.,n nf the o~cgonal gNUp) CI1d, h,,"ce, subdivide Ill. into (maximal) 

var;etle. on which G is transitive. That h., two matric .. A '31d Dare orth09O"aily cangru.,t if and only 

if there exi.t. an orthogonal matrix T such /hat AT - Hi this i! 0110 the r84'irem~' tha' At'll"d B shall 

be an the same one of the mf,Jl(imol vari.ties mokir:g "P iii.. A variety containi"~ G .calor matrix consist. 

of just CI1e point; if the characteri .tic value. of A or. di s" ,1'::', the variety cantaining it wilt Le of di­

mension ~ n(n - 1), linee this i. the numbflr of essential par.c.neh" in an orthogonal matrix. Th. fact 

that a real symmetric matrix CCl1 bJ reduced to di'1gonol form by "" orthogonal congruence and that the 

numbers on the diagonal (the charactel'i.tic values) f:,rm a complete set of invariCl1t. can now b... stated 

in the form: 

( 1.1.2) 
f a maxirnal variety of tlI. on which G is tran .. itive always contains at leC'.,t on. (poln' 

l 
,epre.entin" a) diagonal matrix; all such point. ore obtained from (JnY ane .uch point 
by, at most, 0 permutation of the diagonal .lemoMttl. 

Ivty computational metf10d designed to produce from a !Ji ...... di:;ital matrix (i.e., one with element. 

,., .... tabl. by the machine) a diogol1al matrix( I) on th .•• ame variety con be regarded as a m.tt.od lor 

• the calculation of the characteristic value •• 

The diqonal matrice, form a linear n-dimensional subspace i) of rn., and (1.1.2) contai~s the &.' ...... ion 

that .ach of the maximal transitive vay;.tie. of III interlect. i) in at le~st on .. point. To characterize 

directly the,. inter,ection point., to which we ,hall refer as cbaract"ristic diagonal vectors, w. introduce 

th~ projection operator A in m, where 

(1.1.3) , 

i. the mopping of a matrix A to the diagonal matrix 0 obtained by replacing it. lIondiogonal elements by 

zero. Evidently, t\ is the identity on i) and (AA) is in ~ for every A, so A2 • A. and A is an id .. mpotent 

(rrojection) opergtor. 

(UNo" ~.t w. h .... I •• .,. to on •• 'd. 0 1_ •• clo .. of m.thod. (mainly /t ... ofly.) d."gneel to produc. 0 .'n.l. 

_. of tho ch .... ctorl.flc yalu... w. bell."., how.yat', !ha' tho math...,.,,'cal Ind. __ lnoc, of tho ,:IO,.ct ... latlc 

yoc .... cor,..,....clln. to .... paateel charact.riatlc "a'u. Indlcat •• tho n.eeI to con •• d. m.thod •• uch o. th~ _. 

,...anted h_ 

, 

, 

I 

. , 

, 

, 
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Now, introducing the norm, N(A), of a matrix A by the cI.finition 

(1.1.~) 

we ... at onc. that 

(1.1,5) 

N(A) _ [ i (IIll] 1/2 _ {trac. AA') '/2 

i.;-' 

.... {AI1) ~ N(A) 

ClItId equality hold. if and only if A i, diagonal: .4 in IJ. Since 

trac. (T'A n (T'A T)'] - trace (T'ATT'A'n - trac. (A(TT')A'(TT')) - trac. AA' , 

whan TT' - T'T - 1 • we have the well-known fact that orthovono: Iy convruent matric.s have the 
" same n,,-rm: 

(1.1.6) N(A) is .:onltant on a (meximal) tranlitive vari.ty • 

Henc., as A vari.s owr a maximal tranlitlv. variery, 
• 

(J.l.n I':~,~!\) ~ ! , 

wher. ! i. the constant value of N(A) on the vari.ty. Moreov.r, equality holdl, by (1.1.5), If and only 

if A - AI1 is diagonal. This yi.ldl the direct charact.erization of the characteristic diagonal vectors: 

(1.1.8) {
'et IAI be the Nt of matric.1 orthogonally congru.,..t to the real Iymmetrlc matrix A 
trnd let IA 111 be the projection of thi I I.t into IJ; then each of the (at molt nl) v.ctors 
of 114111 of ",ax/mum norm has as its components the II chnracteristic val u.s of A. 

A further projection of IAI OIIto (say) the on .. dimensionallpac. obtained by replacing all but the (1,1) 

component by zero would yi.ld an in,erval with end ~intl ~hic" or. the lorgest and small.lt charac ..... 

istic valu.1 of A. For, the (1,1) component of T'AT il .... value of the quadratic form xAx' for a unit 

voctor A luch that (1,0,0, •• • ,0) - xT and .very unit vector ro1G)' b. uled with a suitabl. T, so that our 

Itatement il .quivalant to the clallic description of the maximum and mini""'m characteristic valu.s in 

terms of .xtr«na volu.s of the quadratic form. Th .... criterion (1.1.8) il a dirlllCt d01cription of the SIPt of II 

characteristic valu.s without ,h. us. of a chain of conditional maximo of the quadratic Iorm. 

Ttto balic mathematical Ich.m. on which w. bal. our computationol algorithm" can now h outlined: 

(1) replac. the oriVinaf matrix A by a matrix) orthoget •• Jly congruent to A and lying In a 2n - 1 dl­

mensiorlal sublfiac. e of 111 containing IJ; 

(2) d.termin. the charoc:terlltic volu.1 ~f s, end hence of A, by a me~Jod wnich, wnil. theor.tlco!!y 

applicabl. to all of fIl, II f.asibl. to comput. only for matrices of ~ 

Th. first step "IUS amounts to the basically advantageous cancerttratlon of dota, wnich is .Ipeclolly 

"bullcy" in this problem, and the soc1)nd step d.".,ds upon talcinS! advantage of the slmplificatiH of the 

proW.... resulting from the specid form of the real Iymmetric .natrlx. Moreaver~ i:'l (2) we C'IN obi. to 

obtain odequat. information an the characteri Itic volu.1 of S by cleterminlng the slgnC'lture of.s - Al 
" ftw 1U1t"". valu •• of,\. Th. u •• fuln ... of this method appears fa depend on the fact that the .Ignature 

of S - AI" i. insan.itiv. to any variation of the characteristic valu.s (including colncldertc.), provided 

A i. not too clo .. to the on. being vari.d. Thlls, in a certain s_s. (el., il.4 and chap. 3), ... replace a 

quantitative probl .... by a sequenc. of qualitative on.s. Ally d.termination of a real number IIy finding a 

.equenc. of upper and 10_ bounds can, of cours., be regardltd In thi s Ii~t. 

s 



1.Z THI J.CO~I POIIM 

from any ..... c:. 110, II" ••• I II, of, + 1 linearly ineJ.,encI .. t wetor., the Sc:hmicft .lrthogonaU. 

action proc ... construct, a .et of orthogonal unit vectora "1' ••• , ",.., IUch "'at lIi - 1 j,s a linear com- (j 
blnCPtIOft of only the flra. i Yectora "r Fer, it I a e»nly neeeaaary to I.t ", be a unit vector plUportloaal to 

(1.2.1) 11/-1 - ("i-l'.')"1 - ("/_1'·2)·2 - ••• - ("1-,'''1-.)·'-' ' 
w .... (Jr,)') - t Jr,Y. I, the im ... product. lh .. "I I, orthogonal 10 ." "" ••• , and .1-1' one",n 

Induetion on i I. eo.lly •• tobllahecl. . , 

Applyln, thl. re,ult to a .. quenu 

(1.2.2) 110 - U, 1/,. "A, ••• I "f' • "A' , 
where " I, cr:\ arbitrary nonz..-a Yector, and the "I ewe ~Ineorly Independent ilut 

(1 2 3) .,.+'....r •• '~1 - Co" + C,lIn + ••• 0} Cl'n , 

for aul,.I. w ..... of CO' c" ...• c" we IIott'lrmiN a a.t of,. + 1 .:-rttvJtO"ol unit vedora ",f ... , ",.,. 
Of cour •• , It may happen that we muat take r + 1 - II for (1.2.3) to MId. 

Sinc. ", I. a linear combinatl.". of (at mo.t) "01 v" •.. , "/-1' "I' II a lineor combination of (at 

mo.t) "" "2' ••• , "r Henc.,;f the .et 0" •.. , ",+, la comp .... ..J In any way to an orthotonol bo.i. 
for the whol. apoce, with r • .,.ct to the new basi., the first r + T row. of A will hoye the form 

(* .. 0 0 

(* f! * 0 ... 
(1.2.4) 

(* * * . . . . . . 
Thot I., If Jr .. )' -.T •• cr'.' the ch..- fro. the orlglnat 

:",'r~T)" • )'8)' , 

, + 1 
~ r. .. 0 0 0 

• * * 0 0 

f' + 1 * • • • 0 
(1.2.5) B - ... 

• • • • • 

• 

• 

0) , 

0) , 

*) • 

bo.l. to the new • ha.la and."",' -

· .. ~ 0 

· .. 0 C 

· .. 0 0 

• 0 · .. 

· .. 
· .. 
· .. 
. .. 
· .. 
• 

o 

o 

o 

o 

, 

• 

1 

• 

., 

, 
.. 



Mareanr, B , T~ T iii symmetric, IJO the flr.t, + column' of B mu.t hoy. zerol corre.ponding to ., itt. known &..-os in th. first r + 1 roWI of B, Hence 

(' 0, 
0.2.6) B • 

I '.0 11./ 

wi"" 

41 b1 0 0 0 · .. 0 0 , 
• b 1 b: 0 0 0 0 · a2 

0 b2 ", b3 0 · .. 0 0 
0.2.7) J -• 0 0 b

3 a. b. 0 0 

o o o o 

o o o o 

· .. 

o 

o 

a, b, 

",+1 
• 

~.~" W~ can repeat ""e proce .. , atarting with a new vector n havlnSi it" first, + 1 compon.-. •• "tIlO, an 

Inductlv. Qi~",ent showI""at we can take 8 as.lf in th. form (1.2.n wit" , + 1 - n. Th. decompo­

sitlOf! of (1.2.6) with K pr.llent Is then signaled by on. of th. bl beln" ::-0. 

We shall ref., to a reai symrNfri'! matrix S such "'at 
( 1.2.8) Sit .. C for Ii - ;1 > 1 

as being In Jacobi, or triple diagonal, form. (2) Sinc. 0 di020nal matrix i. a lpecial ca.e ,1 one in trlpl. 

diagonal form, w. could have as..,ted ah initio that a real symmetric matrix i, orthogonaily congruent to 

• one In trlpl. "iagonal form. Th. above discussion shows that the r.duction does net depend on any.:om­

putatlon more Involved(3, than the Schmidt orthogonallzatlon prDCe .. , and I" partlculor does not d~pond 

on ""e determination of the charGCt ... istlc valu ••• 

-" 

Cl 

) 

1.3 REDUCTION TO JACOBI PORM BY PLAN~ ROTATIONS 

Instead of In-l'roclucing a new orthogonal bal •• by applying the Schmidt orthogonalizotion procell to 

the vecNr~ (1.2.2), we may suppa .. ""at the new coordinate sy,tllm has been IntNduced by making, in 

a...-e., G n"",. of plane rotation.. It i. an ea.y thtorem thot an arbitrary rototlan matrix (i •• ., 

orthogonal and of determinant +1 roth., than -1) i. a proci~t of ",Ian. rototion •• ( • ., Somewhat I ... obvlOilI 

I, the a .. ertlon that plane rotations in tbe coo,di1Ulte pl"".16 generate the .ntir. rotation group. Thl. 

(2'"". dl.cu .. lon .1" .. h_ I. 110 .... on _ oral r.t • .., 'WOn HeeI", .. n. "". re"ctlon ." well kno_ .n" h •• 
..... u ..... ffectl".I,. .., ".,Ioul authors {cf., Lonnoll)]). 

(3'., , + 1 < .. In (1.2.3), ° (nu",orlcall,.) 'Oth« unptoo.ont "ot .... "notlon .f • _III ".CIO, .,th0fOnoi to oil 

.1' • • • , .'+1 II 01110 roqvl,'" .. , tit. obo" •• 'fIIII'''to 

(·'In ...... , It .. onl,. nee ... .". to , ...... tit .. tit .... t.tlonl ""'Ich 1_". ,..lntwll.I"".,lont.n ( .. - 2)."'''' .. llon.1 

IUIt.OC. (- tho " ... nttefl_.) conatltut. ° ..... coniu .... cloa ... d tIt«.", ........ on I""art .. t 1U •• Up 
which "'Ult lie the .... ,. ... etI_ ... up alnc. tho 10HOf la II.,.,. wh .. tit ......... ,In, flellI II the ,..1 ... __ 
1,.1--. 

, 



too can be proved(S, without much difficulty and Ilugge.ts thClt any d •• ir.d reduction by an orthogonal 

matrix T can be carri.d o,.;t "Itepwis." by writing T lUI a product of plan. rotation. and eHec:ting the •• 

In .ucce •• ion. 

L.t 

(1.3.1) 

I 1 

s·· 
'/ 

i 

c~. + s2 - 1 , 
'1 Ii 

with z.,.,. ~ff the diagonal, .xcept for the two indicated .Iement.. Th .... ARli il obtained from A by 

the rule 

f' C 1.3.2) CAR .. ) - C i;(:); + s ileA); 'I ., 

-sj/~A)1 + cij(A), 

wher. ( >. i. the 4th column of the matrix included within the parenth ••• s. 

Similarly, 

r-R,;l' 
(1.3.3) (R~(ARi;»)" - C ij(AR i/ + si,{ARij)i 

i . 
-siiItRi/) + c i,(rlRij)' 

where ( )' I. the 4th row of the d •• ignoted motrix. 

if q ~ ; , q ~ i , 

if, .. ; 

if 'I .. i , 

if" ~ ; , p ~ ; , 

if" - ; 

if" i , 

(5,W •• Ir.~ a proo'. Flr.t a ... .,v. that tho group G genaeateel by th. totatlan. In coordlnat. plan •• op.ra ... 

" .... Itl" .. " on tho v_tor. of an" fl.eell .. ",th. For, thl. I. true when ,. - 2. and tho Incluc;,I". h"poth •• I. allow. u. 

to tron.lo"" an" v_tor Into on. of tho 10"" (0, 0, ••• , 0, *, *) and .0, by 0 tota.lan In 1ft. %"_1%,, coordlna .. 

plan., Into on. of tho 10"" (0, 0. ••• , 0, '), .6: ~ O. If, n<;)w, T I. a to.".lon Iftatrl., Iftatrlc •• R 1 ' •••• R 1 
.. 11- " 

d •• crlbln. tototlon. In tho coordlnllt. pion •• Xl%,,' x~,., ••• , and %,._1%" ",u.' •• 1 •• so tho. (eo"T)R,,.R2,, ••• 

R,,_1 " - ,~. Honc. T 1 - TR l"R2,. ••• , R,,_1 " I •• H.ctlvol" of order,. - 1 (bo,d.NcI b" •• ro. and 0 .In,l. + 1 
In tho lower rlsht com.,), ond on Induction I .... 11" •• tabllsheel. Th. ptoo' ..... lIn.d po""I •• ona to conclud. that 

.~ • .", tototlon Iftatrl. con be writtan In tho 10"" 

..... ,. Rii 1 I. 0 tototlon In tho %l'; coordlnote pi en •• 

• 
,,1 

.., ~ t 
~.., to 
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.. 

, 
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The only elements of t:-.. matrix which or. cr:tually ah.,.d in both (1.3.2) and (1.3.3) ore the four 

eletMl1ts (i,i), (i,i), (i,i), and (i,ii. Moroover, neither the right multiplication by Rij nor the I.,.. nfl/hi. 

plication by R~. alters an .Ienlent a if ft and q both are diff .. ent from both i and ;: q p, 

(1.3.4) (R~,AR .. )" - a"q ifp,t. i, p,t. i , q pi i, q I. i . " I, ,,'I " 

Also, 

(1.3.5) (R ;r,4,R ii) pi .. (R ;,.AR I;) Ip - elj",1 + S ;,A"i for p '" i , P '" I , 

(1.3.6) (R :iAR Ii) pi - (R i,,AR ii) Ip - -sii"p; + (' i;""i 'or p ,t. i , P ,I. I , 

and for the tour element. affected in both (1.3.2) and (1.3.3}, 

(1.3.7) (R ;,,AR II) ii - c iiCe i,4;; + s i,4/,,) + S ;i(c i,.a il + 

( 1.3.8) (RijARii)jj - e iiCe i,.aii si,.a i,) - S ilCc ilai; -
and 

(1.3.9) (R ;,,AR Ii) ii - (R iiAR ii)ii 

Sines the trace of R;!"R i; - trace A for R;; orthogonal, 

(l.3.10) (R;,,ARil)U + (Ri,.AR i,,);; - au + lin ' 

as is aha evident from (1.3.7) and (1.3.8). 

S il ii) , 

S IIIlU ) 

The usual reduction of a central conic in the Eud idean plane to its princiJlal Oxes is obtained by 

setting the left member of (1.;'.9) equ.:.1 to zero and determining e il - cos 0 and sil .. sin f) from the 

resulting equation. This involves determining cos 8 and sin 0 from a knowledge of tan 28 and roquires 

the computation of two square roots, the first to d.termine cos 28 and sin 28 and the other to find cos 0 

Q'ld sin (J. 17 is this bosic operation which Goldstine, yon Neumann, and Murray [4] employ to reduce 

(approxim~ely) to zero the .um of square. of the oH-diagonal elements. ThO! diHiculty of their method 

ariM, from the fact that if one coordinate plane rotation on the ith and ith component. has been uled to 

reduce the (i,i) .Iement to zero, it will in general happen that a later plan. rotation, say on the ith and 

lth component., will be required which will reintroduce a nonzero (i,i) element into the matrix and thus 

r •• ;uire a new rotation in the xi'j plane, .tc. o.spite this complication, the method, which goes bock to 

Ja,obi, ~nverges £111. It ha. the dietinct advantage that the end product i. a diagonal matrix Cexcept 

for th. "small" .Iements off the diagonal) with the approximati,ns to the characteri .tic value. on the 

diagonal. 

By contrast, the method propo.ed here us •• (1.3.6) - or, .qually well, 0.3.5) - to d.termine 

cos (J - ci; and sin 9 - $ij and to r.quires only a singl. square-root operation, sinc. the "half-angl. 

formulas" or. not needed. Moreover, we sholl ... that one. the (p,i) .I ..... nt of the matrix i. made zero, 

no later rotation inwlv •• this element, ond the accretion of zero el.ments is monotonic and nonit.,ativ. 

, -



in charact.,. The pric. paid for this advantave is that 0,.. is forced to lItop short of the actuallocoli· 

latlon of the charact.,lstic valu.s and to tum to a quite diU.ent (but, 01 it tum. out, h."hly .fflci.nt) 

method to compl.t. the cotn;Mltation. 

W. now .tot. the formoi :heorem w!iich guarant ... the possibility of obtaining !/h. Jacobi form by the 

procedure .uggested cbov.. Th. statem.nt and proof will b. cI.ar ... if it is leept in mind ihot we produc. 

zero •• ucc ... iv.ly in rlt. (1,3), (1, .. ), ••• , (1,n), (2,"), ••. , (2,n), (3,5), ••• , (3",), ••• , and 

(,. - 2, n) plac •• by 'ctationl in the (2.3), (2,4), ••• , (2,n), (3 • .4), ••• , {3,n~, (",5), ••• , (",II), ••• , 

and (n - 1, n) coordlnat. plan.s, r •• pectiv.ly. 

TH! Olt I!M 1.3. Let A - A 11 b, an arhitrllTY ,.al symmC'"iC' ,,"",ix ana d./in. inductiv./y the see 

fllI.rac. 01 ".."ic.$ 

0.3.11) A • AU, AU, A l4, ••• , A'It _ ,,23, ",24, •••• A'11 _ ",34, .,., ","...2 II , 

by tbe fo",,"lu 

(1.3.J2) 

(1.3.13) 

Th." 

(1.3.16) 

il 

(1.3.17) 

... ,h. oNe,in, is luicPI,,,,hic: 

(i~;') ~ (i,;, , 

10' i - 2, 3, ••• , n - 2 , 

10' i - 2, 3, .•. , n - 0' 

i ..: i - y, ••• , n , 

tIIi th i' - 1, ..., n - 2 , 
; # + 1 < i' - .3, ••• , n , 

(J.3.J8) (i~;' - (1,3). (1,4) •••• , (I.n), (2,4) •••• , (2,n), (3.5), ••• , (n - 2, n) • 

Fa, tbe linll1 "UII,':'" 
(1.3.19) 

We h""e • il - 0 il i + 1 < i. anJ since th. mGl,icft. ,emai" symmetric &mdn ( 1. J. H). 

(1.2.8) sif - 0 10' Ii - i I > J, 

tIIUl S is in tbtl dui1 •• J lICobi lorm. 

Proof .f the T ........ Th. eonclu.ion (1.3.16) i ... acuously fulfilled fOf' '" 1:1, .inc. (i~i1 S (1,2) 

r.qulr ... i' - 1, and then ;' > i' + 1 - 2, which contradicts;' ~ 2. For the matrlc.s Ai 1+1 the 

requlr.ment. (1.3.16) welh. same a. they are for the .quol matrix At-I II (cf., (i.3.18». 

In :1M truly Inductive ca •• , w. can suppos. (1.3.16) holds when i-I - 1, i - J - J and u,,:. 

(1.3.13) to •• tabli.h the conclusion for; - I - 1 ond i-I ~ n. From (t",i') ~ (I - 1, J), w. 

have j' ~ I - 1 < J - 1, .0 i'·" I, and t' ,:. Ii h.nce (1.3.") yield. the d •• ir.d conclusion, 

10 ....-. 

01~3 

• 

.. 

.. 

o 
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.xcept in the co.es ;' - I, i' - I (.ince (;',;') ~ (I - 1, I - 1) only whM i' - I - 1 and 

i' - I). Fori' - 1,(l.3.S)opplie.,and 

(A'-l.l)i" _ c,l(A
'
-' l-')i'l + sIl(A' -' l-')i'l - 0 , 

sine. i' < ;' - 1 - I' - 1 and the inciuctive hypothesis appli.s. For i' - I, (1.3.6) giv.s 

( AI-I 1) , .. 1-1 l-') ( .. ,-1 l-!-, 
n i'l· -s'1''' i'f., + c!l n i'l • 

lt11en i' < I - 1, the inductiv. hypothesis molr.s both t.rms in the right member I.ro. and when 

i' I - 1, the condition (1.3.14) on c
'l 

and s'l is imposaJ to mole. (A'-' l),_, 1 - O. 

1." RELATION IiSETWEEM CHARACTERISTIC VALUES AND SIGNATURI!S 

Regarding the r.ol symmetric matrix M as a point in the vec~or space "- of §1.1, the matrices ,\teA) 

M - Al,. Ii. on a straight line. Th. signature i. then an int.ger.voluecl function of the coordinate A of !:I 

point on this lin., and the ch«octerilltic value. of M ore identifl • .f with the points of discontinuity of this 

function. For sufficiently lorge positive value. of A, the .ignature cf M(A) is -, and for .ufflcl."~ly 

lorge negative valu.s, it is +no At every point of discontinuity it changes by an even int\. .... r, r.peated 

root. of M being signaled by a, jump of more than two units in the value of the silJ'lature function. 

For our purpos.s, it I. convenient to repd 1"- os 0 positive number and to denote by P M(A) the 

number of nonnegotiv. characteristic val.,es of M - '\1,.. (Then, signature (M - '\1,.) - 2PM(A) -. 

2n + rank (M - A 1 .. ).) Ordering the n roots Ai of M by the r.quir.merlt 

(1.4.1) 

we. s .. that the root. of M - A I,. or. 

and counting the number of nonn.gative Ai 

0.4.3) 

which is equivalent to 

A giv.s 

It is conveni.nt to let A be an upper bound and -:~ be 11 low.r bound of the Ai' i - 1, 2. ••• , n. AI.o, 

(t.4.3a) ,\ ~ II- is equivalent to PM(A) ~ PM(p.) • 

Th. algorithm on which we propos. to base the computation of charact.ristic value. can now be 

stated formally. W. stat. it for an arbitrary real symmetric matrix although it. approximation by a digital 

computation i. carried through only in the .pecial ca •• of a matrix in Jacobi fMm (cf., chap. 3). 

THE 0 REM 1.4. Let M H a 7Io7lzerc. real symmetric matri" with cbara.:teristic values A,. i-I. 
I 

2, ••• , I'l, ordered so that Ai +1 ~ Ai' and let A > ma"i IAil > O. De(i"e reclIIs;ve/y. (or i-I. 1, •••• n • 

11 

20S 01'1 

, , 

I 
J 



Ao . • t 

o . I. 
- -I\., A ,. - ~. • 

for j • 1. 2, ••• , '4 ' 
(1.4.4) 

A4 +1.; -
for i - 'Cl + , ••••• 'I , 

ant! 
fa' i-'. 1, •••• '4 . 

A 4+1.; .. 
fo'i - ! 4" 1, ••• , 'I 

wbn~ 

(1.4.5) 

(1.4.6) 
1 Cl,p a 

1'" - - (A + A" p ) , 2 ' a 

MId lbe int.B~' "Cl ~ " ;s d~I~'m;n.d by Ib~ '.qlli,err .. nts 

"'Pa- l 
(1.4.7) AfI.,l - A".I ;$ 8, A4

•
2 - A4 • 2 ~ 8, •••• A -A 1<'8. 

4'P 4 - -
bUI 

( 1.4.8) A a,p" _ A > S 
a,p Cl 

fa' ::0"'. find "ositit>1! S < A. 

which 

R~qlli,~ that tb. s~qu~"c~s. t.rmiruJt. with th~ first valul! of a - <1, fa' 

(1.4.9) A~·i - Ai. i ~ S for; - 1. 2 ••••• " • 

(1.4.10) a ~ 1. + "L , 

wh.,. L ;s the least integer ~ 1082 (A/8). !rtorll1ov~r. 

(1.4.11) ACl,i - /\ . > 0, Cl, , 
and tb. balf·op." i"t~'vals 

,(1.4.12) HCl•i - IA; /\4.; :a A < ACl,il for i-I. 2. ••• , " , 

are .;Ihll1, "onove,la""i"8 or coincide a"d are ordered so tbat 

(1.4.13) if Pi is i" Ho.,t' PI is i" H4 • i for i > i, and H4 .; " H4 ,i' Ih." PI < Pi 

Fi"ally, 

(1.4.14) /\ :i A. < /\(1..; 
ca, i • 

for i-I, 2, • • • , n , 

a-I • •.•• Ci. • 

Befor. provine the theor .......... 11 tty to clarify It I meaning by delcribing in gen.ral t.rml how the 

proc ... of "localizing'" the root. il envi.aged. Th. theorem pr.scribe. that Ilo - O. If. fot .xamp/., 

PM (/0) • 0, w. know thot all the A I.; or. zero and 10 have -A < Ai < 0 for i. 1, 2, ••• ,,,. Th.n 

III • -2-1 A, and finding PM(IlI) ,Iv •• httormatlon about all " of the root. which r •• trictl each root to 

an iutervol of I.ngth 2- 1 A. For the cal. PM(O) - 1, we have -A < Ai < 0 for; - 2, 3, • , • , 'I, but 

o ~ Al < A. The theorem then requi,.1 III - 2- IA ond 11>2 .2-' ~or3-2-2A, d.pendingonwh.ther 

PM(IlI) • 0 or 1, r •• pectlve/y. 

Evidently, In this cal., a chain of valu •• Ilcr Ill' ••• , ilL will be u.ed which succ ... iw/y r •• tricts 

Al to Intervu/. of length A, 2- 1A, 2-2A, ••• , 2-LA, wher. L il the firlt Integer .uch thGt 2-LA ~ 8, 

or 

(1.4.15) 

12 

• 

l 

.& 

• 
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but which does not improve the information on the location of ).2' Ay ••• Of A" after .... first stt"'. After 

A 1 hal be.n found to I ie in a particulat' intervol of length 2-L A ~ 5, the next valu. of Ila is required to be 

"L +1 .. -2- 11\ and the value of l'",(IlL +1) yields informat:on which limit. each of the r.",,gining 11- 1 

rcots to on. of the intervals -" < A. < _2-1,\ or _2- 1,\ < A. < O. 
I WI r 

This phenomenon of chains of wlu .. of the Ila which give information abut only a lingle r06\, 

interspersed with occasions which yi aid inforltllltion about all the ... l\lOi,.ing root&,appears to male. it very 

difficult ~? give a really efficient eltimate of the m(')limum numbs. of steps ... qui,~d for the desired • 

localization. Thus, for the values of n, A. and a which are lileely to be ".ed in any actvar calculctior., 

(1.4.10) is c.rtainly too large an estimate. (Note that ilL is vied to ~t v(llues of ,\L+'\i ano AL +1,i' 
which Clccounts for the~orm "1+" in the right member of 0.4.10).) When,," 1, the abov() exampl. shows 

the .stimate to be eXt<ct. For n .. 2* +1, A. - 2-i ,\ and A J, .. +Ai - ,\ (i - J.,' 2, ••• , ~), and for 
I j~T / 

L - log2 (Ala) ;:: ! n, the algorithm com .. to an end for / 

(1.4.16) a .. 2lL + (L - I) + (L - 2) + ... + (L -/2·)) 

(:~L - 2') (2* + 1) / 
/ 

- (1 + nL) - [1 + 2* (i- + 1) - ~L} 

.. (1 + nL) - [1 + ~"(b,, + 1) - 12L) 

steps. 

Hence, fe-r a matrix of order n - 32 with 1\ - 1 end I) _2- 30 (about nine d .. ~ imal.place accuracy), 

L - 30 and 

Cl.4.1n " a: .. 961 - ~13 - 748 

so "'at the upper bound givtltn (961) is higher than th. actual number of .teps required (74) by 213 step. 

or about 28". For" - 64, A - 1, and an occuracy of 35 binary ;:Jlace., 

6 ! 1.4. la~ a. .. 2241 - 987 - 1254, 

," 
, 
,. 

and th. bound (2241) is about J9CJIi in excess of thv actual "umber Clf Iteps required (1254). (Not. that if 

we hod only required 30 binary·place occuracy when II ~ 64, lome of the characteril.ic valu.1 would havo 

been found together and ( 1.4.16) would not have applied: L - 30 132 .. ~ ".) 

Tho algorithm cf the theorem il based on thtr assumption that all the roots or. to be found, but it is 

cleor that only very Ilight modificationl are required to find only the larg.st (or th. t large.t or small.st) 

characteristic values. Moreover, equal roots reduce in.tead of increa.e the difficulty of the computation, 

since oqual or "nearly equa'" roetl are found,tog.ther with their multiplicity, simultaneou»ly. Finally, 

the mothod is easily adapted to a determination of all the roof. to a low d.gr .. of accuracy, together with 

a mar. preci •• determination of any selected rClOt or roots. 

Proof.f the Theore .... For 0. .. 0, Ao..i - -A < A""; - +1\ 1111 tho H.,~ coincide, (1 .... 13) I. vacuau.ly 

fulfillod, and (1.4.14) i. true by the hypothesis on A. Wo or. ttler.foro permitted to .. stabli.h tho th.orem, 

except for (1.4.10), by induction on 0., luppo.ing thot an integer p 0. ~ 1 and ~ n exi.t. for which (1 A.7> 
and (1.4.8) hold. (That tho induction is actually over only a finite number of value. of (t is irr.levant 

hete.) 

Suppo .. Ho. 1 - Ho. 2 - •••• Ha r. ,J H. +1 ~ ••• - H." ,I. H". II +1 - ••• - H". II ~ H". II ... 1 " , .,11 , 2 ' 2 ' 3 ' 3 
- ••• - Ha'll 1 ~ H". II .1 - ••• - H a for nv - n, 10 that n intwval. coJncid. in v •• ts of PI I' , v- , v_ I ,IIV 

13 
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L_ Since ..1. . '·nt ...... al. - d,'I,'oint ancl o~ered b'l "2 - "", •• • , "l - Plo\ -1' • •• , PI - PlV_l memu.r.. lT1W... • --

( 1.4.13), 

! 1.4. 19) 1\ 4, i -1\4,2 - - 1\4,11 1 
> 1\" 1 - - 1\ , 4,11 1 

4'''1+1 4'''2 1\ A ~ 1\ .. .. 1\ > - -"'''1+1 4'''2 

~ 
1.l'''2 +1 1\ 4," 3 

~ 1\ 1\ 1\ - - -4,,, 2 +1 4'''3 

~ 
~ 1\4'''4_1+1 4,11 4 A 
10 .. ••• .. 1\ > +1 - ••• .. 1\"" 

4'''4_! ' " 

~ 

1\"'''V-I+ 1 4,,,., 1\ 
~ .. ••• .. 1\ > 1\4 +1 - ..... 4 " 

'''v~1 ' II 

where, f()f convenience, we .hall not e.llcity e.hlbit .... ct.pendence of the ", < "2 <. ••• <"11 on a: 
(4) II "" ""p , actua y. 

From (1.4.6) and (1.4.8), 

(1 .... 20) 

10 that, determining" 4 by 

(1 ... .21) 

we haw 

(1.4.22) 1\4'''4 1\ 
> 1-'" > 0." . , 11 

That I., 1-'_ Ii •• in the (coincident) intervol. H _ ••• - .,lr a • 1+l - H tI" and hefic. is outsld. all the 
, 4 

other interval.: 

(1 .... 23) 

and 

(1.4.24) 

The definition (1.4.") can now be written 

1-'. > 1\4,; for; > "G ' 

(1.4..25) A.+ 1,j - A",j and Ao.+l,1 _ 1\0.,1 

( 1.4.26) 

f«; ~ "o._l or ; > "4 ' 
oncl 1\. +1,1 .. A 0.,1 

I 

fur; - II a.l + 1, II a_I + 2, ••• , '" ' 
\-. 

(1.4.21) 1\4+1,1 .. 1\4,1 and 1\"+1,1 .. 1-'4 

f«; .. '4 + 1, '4 + 2, • • • , "" • 
Evidently, (1.411) continue. to halo for a - a + 1. We agr .. that If '4 S"a _I' (1.4.26) i. omltted, ancl 

If 'a~ rIa' (1.".27) I. omitted. To .how that at 1 .. lt one of the upper CW' lower bound., Ao.,1 or I\o.,i' 

I. actually improved, It i •• ufflcient to oblerve thot ".~ I.~ "0._1 contradict. ""_1<"". Hence, 

we·have: 

(1 .... 28) 

14 

{

tho .tep from a. to a + 1 replac •• ". - "a _ 1 > 0 (coinc.~t) interval. of length 
a'''a 

1\ - Aa " by an equal number of intervol. of half thl. length and doe. not , a 
alter it .. remalnlnl Int.val •• 

.......... , __ ........ ' 'Ibot "'_ ... ..,.---, •• _-- ...... _-

• 

r 
J 

, 
r 



• 

, 
T 

• 
J 

, 

I 

The intervals which are altered are replaced by c(.jincident or disjoint (since they are half-open) new 

intervals which remain disjoint from the unaltered old ontls, and henc" we hnve the required propertiu 

of the H +1" <1 , I 

To prove tho: /\a + 1 i and /\(1 + 1 i continue to he lower ond upper bounds far the respective roots Ai' 

as required by (1.4.14), it is necessary ta consider only; - n tJ. _1 + 1, n /1 -1 + 2 •••• , n (1' since the.e 

a,e the only value. of ; far which the bounds with index a + 1 differ from ,ho.e with ind.,. a. By the 

definition (1.4.21) of n(1' tlht ~der relations (1.4.19), Clnd 'he inductive hypothesis (1.4.14), 

(1.4.:m 

"," 1+ 1 
.. A "-- :S '" ~ .\ ~ ~ .\ - (1," (1 _1" "(1 _ 1 .. ..... l' 

Since I a .. PM(P(1)' (1.4.3) gives 

( 1.4.30) 

so 

A, ' 
C1 

A, + 1 < A and A, > A + 1 ' 
C1 "a -1 a "/1 

or 

0.4.31) '1 a. _ 1 $ I cl ~ n d • 

The new bounds are now established by comparing (1.4.26) and (1.4.27) with (1.4.30): 

(1.4.32) "'a+l'''(1_1+ 1 - ••• - "'(1+1"a - /-'(1 ~ A'a S A'(1_1 

( 1.4.33) - ... -
(1 +1'''(1 (1 +1,1 +1 

~ ..• S A, +1 < /l(1 - '" - ••• - '" (1. 
• 0. 

It now remains to show that the intervals 11- . are ~II of length <0 for some et,' C 

(1.4.34) a ~ 1 + nL , 

where 2L ~ (/\/8) > 2L _1 and L is a nonnegative integer. To do this, we first observe that (1.4.n and 

(1.4.8) require that the lengths of the intervals H .. H ." ••• , H a" 1 all be equal to or Ie .. than Cl,.· 4,_ '''4-
8 while the length of H .. is greaier than o. Comparing this with (1.4.19) and (1.4.21), we canclude 4,,, a. 
that 

(1.4.35) 

and that the step from a to a + 1 does not 01 ter the intervai s /I 0., i fo; ; < P /1' It follow. that 

(1.4.36) P (1 41 ~ P (1 • 

If P (1 • P (1 + 1 - ••• - P (1 .... _ I' 

(1.4.3n 8 < /\(1+.-1,1'(1 _ '" _ 2-(.-1) (",4,1'11 
4 +.-1,1'4 -" ) S 2-4+1/\ 4,1' «I 

fora>O, 

by (1.4.28). Henc;e, ~ - 1 < (Alo), and therefore c - 1 S L - 1 (Or It. S ,~. It follows that 

(1.4.38) P(1+L ~ 1'(1 + 1. 

15 
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Since fJ, - 1, n ~ fJ, ttL ~ 1 + t 10 long as a-I + tL is a permiuible value of a. It follows that (1 .... 9) 

holds for ofirstvalue of a, say a, !luch that a :;; 1 .. nL, as was to be proved. 

1.5 SIGNATURE Of A MATRIX IN JAGOBI PORM 

The theorem of §1.4 male.s us. of the d.termination o§ the (intet;rol) \'Glue of P MC,,) for a lorWe number 

of 'talu •• of Il. Since p.,,(,...) - (the number of cn«acteristic values of M ~ 1'), this may b. expected to 

be a difficult problem for a gen.ral real symmetric matrix M. In the particular cas. of 0 matrix S in tripl. 

diagonal form, the following theotem .erves as a sl/itable basis for the easy computation of P sC",,), 

THE OR EM 1.5. Lf't S b~ a real symmetric matrix in Jacobi lorm: 

(1.5.1) lor Ii - il > 1 • 

D~/ine a sequence 01 n + I lunctions f o' I J' • • • • in of A by the recursion lormu/as 

(b,_,)2 1;_2 ill,_J ~ o ; 

(b,_J)2/
i
_

2 if 1.-1 -o • I j _2 /. 0 and b
l
_
1 /. 0 

(bf_l~ ill
l
_
1 -o • 1,-2 - o • and b

i
_
1 /. 0 ; 

illi_1 - 0 • and bl _, - 0 • 

Th. initial conditions are 

(1.5.J) 10 - , arid bO - 0 

(so I_I is irrelevant and need not be delined)' Then 

( 1.5.4) 
{

p /,...) - the number 01 agr~f!"'ents in sign between successiv~ elements in the 
sequence I - 10,1,rp.) • ...• 1,,("")' where zero is considered /,ositi,ve. 

Proof ef the Theo...... If no b i , ; '" I, 2, ••• , n - 1, is zero, no two consecutive/I can be zero. 

For, 10 ,J 0 and if li-, and I, were both zero for a smalle.t possible value of i > 1,1,_2 ,J 0 and 

I, - _(b,_,)2 "-2 ,I. 0, contrary to assumption. Moreover,I,(A) - a, - A and I, is olwaya given 

by the fi.at (or by its special ca •• , the second) alternative in the recursion formula (1.5.2). Expanding 

the cletern,inant dP .. ) of the principal minor formed from HIe firat i rowa and columna of S - AI .. by ita 

la.t row and column give. 

(1.5.5) 

and hence (b I ,J 0), 

(1.5.6) 

A real aynn.tvic matrix which ia such that no two conaecutive d. are zero ia aaid to be regularly 

arranged, and it i. a classical re.ult due to Oorboux (MacDuff .. [9], p. 57·58) that for auch a matrix 

the aignature ia the number of permanence. minua the number of variations of ai", in the sequenc. of 

C 1.5.4>. Our concluaion i. the variont of thia reault obtained by counting only the number of poaitiv. 
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term. in the canonical form (sum and difference of square;) fJf the quadratic fonn .Ir(S - A 1,,) ,,' and 

regarding zero as positi.,e. 

It is a c\irious fact that 

{

s can .. not have.a repeated characteri,tic value if 
o . .s.n 

b. ,.. 0 for r - 1, 2, ••• ," - 1 • , 
Thi. follows from the observation thot for a characteristic value A - II- 1,,(It) - a,,(") - det (S - ,,1,,)" 0 

and, since no two ,onsecuti"e Ip.) can vanish silfiultaneouslr. d" _1(W - I" -1(") ,t. 0 and therefore lhe 

rank of S - "I" is n - 1, which guaront ... that" is RC't a repeated d":,,octeri.tic value. Thi. conclusion 

permits on alt.rnat. proof cf (1.5.4) in the sp.cial cos. in whid, ilO b i - 0, lince the polynomial. 

(l.5.8) det (,\1" - S) N (-1)" I,,(A) , (_1),,-1 1,,_I(A), ••• I (-J)i I;(A), ••• , -l,P.) , 1 

form a Sturm s.quence of polynolllial., each with leadi"9 co.fficient plul 1, and hence the numb.r of 

roots of d,,(A) which are equal t~ or greater thloln ,.,. is the number ~f variationl of sign in the ••• enc. 

(1.5.8) for A - I' (cf., [3]). 

It remain~ to show that the theorem continue. to hold when one or more 0* the b i are zero. Sine. the 

thearem holdl for ,,- 1, we may ule induction 01'1 the order. Aasu," that S has at If:'O.t on. b i - 0 and 

let b, be the la.t luch bi' Then 

(1.5.9) 
(

S, 0 ) 
S - , 

o S2 

where S, hal order I, S2 order n -'1, and the sequence 

( 1.5.10) 1, 1(,2'(A), ••• , f~2'(A), ••• , 1(2',(.\) 
. 1 ,,-

." , , 
I 

d.fined by the theorem for S 7 hal the pr.rlperty (1.5.4); 

(1.5.11) P s (A) - n.i:lmber of agreem."ts in sign in (1.5. :0) " 
2 .• 

and the 1,~2'(,\) are a chain of prind'pol minors of ~; 2 - A 1, which are CIIlw,,-y'. calculated by the first of // 
: ! ~ 

(1.5.2). ,/ ~ .' , 
The se«;yence for S i I then I 

(1 5 12) 1 1(1) ,/ 1(1) (/(1).(2») (/(1)'/(2') (/(1)'/(2) ) • • , 1 ' • .," " , '1 ,..., , I ' • • ., I " -I. 

if 111),t. 0, sine. the recur.ian formu!a il hamagen.ous wft .... it i. u •• d to calculah l.,m.aft""J1). 
If 111) - 0, then we get ,/ 

( 1 5 13) 1 / ( 1) I (I} 0 "/(2) ( ') ,(2. ,(2) • • , I ' ••• ". - , I - a,+, - 1\, ••• , i •••• , .. _I • 

Sine. multiplying .ach term o)f the .equence (1.5.10) by 111) doe. not change the number of agreement. 

of .ign in it and we are amliclering z.ro to have the same sign a. plu. on., the number of agr....-nt. 

of si!J'l in (1.5.12) or 0.5.13) is the sum of th. numb., of agreement~in the .equenc •• computed sepa­

rately for S, and S,. Sine. the charactwistic value' of S are tho •• 0.f'S1 togoth., with tho .. of S2' 

(1.5.14) PS(A) - Ps (.\) + Ps (A) , 
1 2 

and we have the theor.m for all n. 

. ·17 
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It ~Mu!d perhaps be noted tl1at we do nof exclude the possibility that the,. mat be consecutive 

299'01 in the '-QUence 1, 11(1l), ••• , {,,(Il)' This will h~ if and only if G. -,\ - bi _ j - 0 for lome J 

and eivh." ,;_, - 0 or el i • 1 .-.A. vi .. u. Til. matrix ~ - "III then Jecompo .. s and tn_ eloborat. recursion 

fo""IJICJ~ (1.5.2) are t4esigned to properly "r •• tort" the .equence. 
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CIa.,. 2 

NUMERICAL R~DUCTION TO JACOBI FORM 
.. 

2.1 CHARACTERISTIC VALUIU 0' A SUM (LlDSK .. 'S RI!SUl. TS' 

In a paper pubil sh.d in -1950, lid5lcii (8) proved the foIlCl\yins. tJieorMft. 

T H EO tt EM 2.1. (Lidslcii). Let A, B, ",.J S _ A + B be thre. ,.erI symmdric m.ric •• wi,h ell.ac­

'flristic verl"u G, ~ "2 ~ ••• ~ a,., /31 ~ /32 ~ •• ~ {I,., ad", ~ "2 ~ ••• ~ (1 .. , 

,..p.ctive/y. Dwnol. by K. til. do •• d CO""." bull st,.tched dnlmd til. ,,1 poi",. 
(2.1.1) /0' i-I, 2. • ••• ,,! , 

wh.,e 13;, /3; .... , p; ;s one tJ/ th~ nt permutalions o{ {3" fi2 • •• _ ,/3,.. l.~t L b. thtl ;nt.,sttct;on 0/ 
K. with til. ,.gion K6 obtai".d by inlnchangi"B the rol. 01 A and B: K6 is the smallut conllel( '.8iol'l 

co",a"i,. Ih. tIl /Joints 

(2.1.2) - I, •••• ,JI • 

wh.,. a;is a p.""utotion 0/ the QI , Then (0,. O2 , •••• 0,.);$ a point 0/ i.. 

" For Ut. in error .. tlmot .. , it i. convenient to r.ttate a ~ of Lid_II'. r.Qult in the folf~wing !omit: 

COROLLARY 2.1.1. Lftt S - T~T + E, wh.,e A tltu/E •• r.al .ymm.,ric matric •• tmtJ T is a real 

ortbo,o.",1 mlllri". Ther.,;/ s - (a" O2 , ••• ,0,.) and a • (aJ' a2' ••• , G,.) ar.,b. char"cleristic 

tii",onerl ~ctor. ob,";".d by o,Jeri", the cbartICterist;c val"tIS 0/ S ... d A cOm/Jarllliv!'1/y, a I ~ a 2 ~ 

••• " ".mtia, ~ G2 ~ ••• ~ G,.; 

(2.1.3) 

wh.,. d - (l~" 82 , •••• 8,,) is" vector lying i" the convu h"l/ui th.,,1 points (e:; ••••• lo;), wh.,. 

the lo; are " ,.""utlll;o" o/Ih. chfllt.JCtmstic verllltlS (I 0/ E. 

The matrix E will in practice be Icnown only at tt.. difference betwoten a matrix S calculated from A 

(whh ... rors due to rouncf.off ond digital approximation to r/MII numbws) ond T'AT, wnere T is a "suitably 

choten" ~gonal matrix. W. sholl lie obi. to give on upper bound for tt.. norm, N(E), and for 

(2.1.4) ...{E) • max I€I I for; • 1, ••• ,,, • 

.• Uting the relation 

-. 

) . 

(2.1.5) 

wnlch :Ollows from the invarianc. of the norm under orthogonal congruence and the diavonal canonical 

form of a r.al tymmetrlc matrix, Corollary 2.1.1 now impH.t the aecond port of the following corollary. 

COROLLARY 2.1.2. Tb. characlttns/ic di"Bonalvec'or. 0/ S - T'AT + Eli .. i" " sphttrt/ with 

cn'" a .. d ,_i"$ NfE) and also Ii •• ill " nb" witb c.",.,,, and .dB. 2J,(E). Tb", i., 

" 
(2. 1.6) t (., - "iZ ~ N~E) 

I-J 

0 ')·' .. ~ 

....... 



anti 

(2.1.7) 

Evid."tly, the spher. and the CU" ov.lap in ,uc;' Q way "'at, in general, neith ... will contain the 

other. VriMrn E hal only Q lingi. nonzero root. howeve" !l{E) • N(E), and (2.1.6) impli •• (2.1.7). Th. 

,.tult (2.1.6) I. older 'han lid.Jeil'l theorem and follows (rom a fundamental maximllm-minimum proparty 

of the charactwri .tic values. {I) 

Th. fad that the $ I and "I can be ordered simultanoousl y in ~ .. c,.asing ord., of magnitude i •• hown 

in the followin,,: Suppos. a , ~ "I for i ~ i and (2.1.7) hold. fit, .ome ordering ofth.si' but We do 

not !cnow $, ~ 5, for i ~ j. If for IOIIMI pair i ~ j of indit: •• St < si' then St < sl ~ (,11 + .,rl!) 

and s, ~ at - 1'(£) ~ 4, - II(E), 10 ls, - ",I ~ ...{E). Similarly, lSI - "II ~ v(E), and sjld 

s I can be Int.,chan~. P..peati!'!; the proc.ss lu#ficiently oft.n l.ads to (2.1.7) for both the stand lit 

slmuItG'l80u.ly ord.,ed in c.~.c,.a.ing order. 

2.2 BOUNDS FOR TH E CHARACTE'IISTIC VALU ES OF TH E SP ECIAL FOr.~ OF ERROR MATRIX 

A rotation Rtlln th. "rl coordinat. plan. alter. only the .Jement. in th.ith and ;th row. end column. 

of the matrix transformed by RW 01 we saw in §1.3. MO~80ver, the rotatiun R'I operates on the matrix 

A I-I 1-1 (d., (1.3.13) and (1.3.16»), which i. "f the form 

al bl 0 0 0 0 

bl "2 b2 0 0 0 

0 62 
-
"3 b3 0 ... 0 

0 0 b3 
-
"4 b4 0 

0 0 0 b4 "5 0 

b
t
_

2 

0 0 0 0 0 .• b -
'-2 "I-I 

(2.2.1) 

o 0 0 0 0 "0 

o 0 0 0 0"0 0 

• • • 0 

o 0 0 0 0 "0 

o 0 0 0 0 '·0 

o 
o 
o 
o 
o 

o 

"", 

o 
o 
o 
o 
o 

o 
o ... 

... 

o 
o 

o 
o 
o 

o 

• •• 0 

o 
o 
o 
o 

• •• 0 

""" 

(I'e,., [I], p. 28. Alth_" (2.1.6) c ... tie .... to 10110"," fro", !h'. ,.'--c .... cI_ N_ann. Golcl •• 'n .. an. 
Mlm.,. u •• the , •• ul., •• p"'flc .tobnen. In the 10"" needecl CItIP"" to be cllfflcult tit find In th.I,,_,.,tu,.. W. "'_foI. ,Iv •• proof 'n Appencll. I, _.eeI on the IcI ... 0' § 1.1. 
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wh ... w. omit the Upf*' indic •• i - 1, i - 1 on 011 th.; having two lower in~ic ••• (:!) (Th. ;" ••• , 

a,_" b" ••• , b,_2 or. "nchan~ aft., th.y ar8 onc. formed and so require no indication of the matrix 

to which they .'ong.) There il ClIrtainly no need for the ~mpu.ational pIOc.du,. to alter the a.101 in 

\. the flrlt i - 2 plac .. s In th. ith and ith row and column; hence, It Is appropriate to discull an error matrix 
) 

, 

(2.2.2) 
o 0 o ~. t-I 

i o 0 o 

o 
o 

o 

i 

o 
o 

o 

wher. all .I...."ts not In the ith or jth row or column are zero, and we shall certainly arrange that 

f: .. - f:d • Sinc. we propo .. to s.t the (i - 1, ;) .Iemetlt (If the matrix Ril,i-1 I-~Ril.qual to a.o, 

Independent of an actual computation of It. valu. (u.ing, howev., thl. d_sUl.""lUm to d.termln. the 

an •• of rotation 8
'1 

and hence the computation), the amount of the .rror (._, I may r.quir. Ip.cial tr •• 

ment. BeCaul. the computatiC!ln of the (i,i), (i,i), and (i,i) .Iements is more involved thQl\ II the compu­

tation of the (i,i), (i,i), (i,i), a1d (i,i) .Iements for i ~ j - 1, i, or i, th.y too are c'=tn.,id.,.d Indivi"'Jally. 

W. now make the formal allumption that the error matrix E" - (f:,,), wh.,. w. omit the i and i 01 

luperscriptl on the f:pf' hal .I.m.nts bounded in ~b~lut. valu. a. follows: 

for/,or9 - ioriand/, ~ i - 1, 9 ~ i-I, 

(2.2.3) 

max I" •• , "If; 9 - i + 1, ••• , i - 1, i + 1, ••• , ,.1 ~ " • 

If (x" "2' ••• , x
lt

) are the co"",onent. of a characteri.tlc (column) vector x ,t. 0 of E", with nonaera 

characteri.tlc valu. A, El/x - Nt giv •• 

(2.2. .... ) 

(2.2.~) C.l"i + 1£.1"1 - Ax. ' G - i - 1, i + 1, ••• , i - 1, i + 1, ••• , II , 

(2)W. fellow tho ""' N __ n-Gold.t1n. con_tfon of r.pr .... tlng dlgltoJ quantftf .... barred letter •• 
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and 

n 

(2.2.~) t E tl1" At - .'U; fj , {3 .. i and i • 
1-1-1 

Since x, x f - 0 impli.s "1 .. x 2 - ••• - xn - 0, w. can normaliz~ so that 

(2.2.5) 

Using this condition in the form 

(2.2.6) IXII ~ 1 , I~il ~ 1 , 

(2.2.4b) Viv.s, on talci"V absolute values and using (2.23), 

(2.2.n 
P-i-l , + 1-';-1 i 

lX,_II ~.- IAI 

and 

(2.2.8) for a - i + 1,..., i-I, i + 1,...,,, • 

E~timating the absolute value llF the left memb.s of (2.2.4<:-) wit'" the aid of the lost two inequaliti •• 

gives 

(2.2.9a) 

and 

(2.2.9b) 

wh .... ln t the rang. of Gis; + 1, ••• , i - 1, i + 1, ••• , n. Henc., r.membering that "I - 1 or 

"/ - 1 , 

(2.2.10) 1,\1 2 
- IAI (Il,/ + Ilfj..,) - [,l,-I 13 (1l,-1 I + 1l'._1 i) + 2#A t #A,&1 ~ 0 for {3 - i or i • 

II. 

Th •• xpresLions in the square brackets or. botn positive, c.ld the quadratic: in IAI in the I.ft m.mber has . 
a positive and a n.votive root so that 

1 r { 
(2.2.11) 0 ~ IAI ;S 2l#A~i + "'fjlJ + (#Aif + 

for fJ - i or i, but not nec.ssarily for both, wh .... 

(2.2.12) (113 - 1-'13 1+1 + I-'fJ ,.2 + ••• + I-'fJ i-I + I-'fJ /+1 + ••• + IlfJ" • 

To simplify this unwieldy upper bound tor every choracteristi-: value, and h.nc. tar the maximum 

charact.ristic value of the error matrix Eii, we I., 
(22.13) 

(22.14) 

22 

.~.~".,--~,,,,", ., 

11* - max {1l;;,I1;;,Il;; } 

0" - max { <.Ti'O"j } 

i~ 
... , 



and 

(2.2. IS) P,o .. max { Pi _ I;' I'; - 1,J 

We then have as an llpper bound for the roots ot E;; 

(2.2.16) .. [t ] 1/2 
v(£tl) - p,. + (,,0) + "0(''; _I; + P; _ I;) + 2C7p • 

SoIlMt 10 .. of precision in our later estimateo wouid result if we were to replace ". I. and ". I' by r- ~ ,- 1 

their upper bound Po and C7 by its Ixtund (n - ; - 1),... but it will be inlltructive to make these .stima ... 

temporarily. Thus 

(2.2. m 

To s .. that ev.n the last expre .. ion is an efficient bound, we observe that it is exact for the two 

following matrices Eii: 

(1) 

(2) 

f;1I - f.;11 - P. - P.O for a - ; - 1, i + 1, ••• , i-I, i + 1, ••• , n, 

fU • f i ; • E;; - 0, so p'0 - 0, 
the two characteristic vectors corr.sponding to the nOnZt'fO roots have cOl1'f)onents 

"1 • ••• - ". 2 - 0,' ". • ". - ten - i)}l ar'!d the reots are tp. [2(n - i)p1; 
1- '1 

{

Eii .. Ei; - Eij - v and all other f.P9 - 0, so p. r "0 E' 0, ,,* • v, thfl matrix is 

.ffectively of order two and rank on. with roots 0 and 2v - :,,*. 
We can summarize these results in the following theorem. 

THIOUM 2.2. LAt T i . be any real ortho. "/ell matri" describing a rotation in the ".". coortlinat. 
1 1 1 

plane anti Ai -I i be a digital approximation to the matri" Ai -1 ; given by (1.3.13) 01 Theorem 1.3. 

Suppose that Ai -I ; dillers Irom Ai -1 i at most in th .. i.:h and ;.th rows and columns and that tJ1e ele. 

_PIts 01 Ai -I ; which are guarame.d by (1. 3.16) ~o be zero are also zero in A; -I i, and let bounds lor 

the elemenu 01 

(22.18) 

be denoted as in (2.2.3). (2.2.12), (2.2.13), and (2.214). Then the ordered characteristic valuu 01 

A~-I i, say 131-1 i, and the ordered characteristic values 01 A;-1 i-I, say ai-1 i-I. satisly 

" 
(2.2.19) 

rubere .,(Eii) is given by (2.2.16). 

2.1 THE DIGITAL APPROXIMATIONS TO f:OS (J AND SIN (J 

Basic to our method of reducing a real symmetric matrix to triple diagonal form is the d.t.mlnatlon 

of a solution of equations (1.3.14) and 1.3.15) for cos (Jil and sin (Jij' W. shall accordingly describe the 

23 
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COMpUtation ~ which we propo •• to approximaf. this,.olutlon. For .implicity of notation, ~ htmporarily 

•• t 

(2.3.1) 

(2.3.2) 

eli - c , S Ii .. .r , 

~ - 1 1- 1 V and'" - I i-I _ : 
-1-1 I .", iii -1 i ... 

", 

-" ..... 

wh.... we continu. to adh .... rigorou.ly to the convention Shat digital quantitl.. are repre.ent.d by 

barred '.tt.:., whil. the bar i. not u.ed when thl. requirement i. not Impo.ed. Our u •• of the bar o",.r 

the d" thu •• ignaliz •• the Nplac.ment o~ th. matric •• ~.'I of Theorem 1.3 by anoth.r •• quenc. 'All of 

digital matric •• approximating th.m. 

W. require that 

(2.3.3) 

and that 

(2.3.4) 

and w. writ. the .olution in the form 

(2.3.5) 

(2.3.6) 

c -

wn .... we are con.id.ring the ca •• In which 

cy - si 

1 + $2 - I , 

2 

1 

1-(~Y -+ 
2 

; 
~ --c , 

i 

(2.3.7) 0 ~ 1,1 < Iii 

1/2 

.0 that all the number. involved or. in range (i ••• , ~ -1 and < + 1). 

Regarding the .xtraction of a .quar. root os on. of our ba.lc operatlonll to be ftlad. availabl. by a 

.ubroutin. of the computation, we should calculat. in •• qu.nc. ~, w, I, II, II, c, ane s and will, In fact, 

cQlculate the corr •• ponding barred quantitl •• , wh •• 

(2.3.&) 
; 

y + i i - z , - , 
i 

(2.3.8b) z2 -w , i )( i -;; , 
w - - t , ;; + 2 -T , 
2 

(2.3.8c) 

(2.3.8d) 
2 

+ t -&I , 1 
-+ 
2 

T -ii 
" 

112 1 -- II , -+ ii -U 

" 2 
forT>O, (2.3.a.) 

----~ ...... -

r 



(2.3.8() IJ 112 _ c , 

(2.3.88) %C - s , 

{

Vy - C 

-1 - C 

- -z x c: -

forf>O, 

forT - 0, 

s • 

8y x and + w. designate specific computQtianal proCedur.s whicl1 I.ad to (rounded off) digital approxi­

mations to the product and quotl .. t, r.spectively, of the t'M' arguments, and by jj v, we und .... t«ld the 

digital output of a specific machine computation applied tQ the (digit",1) input jj that is approximately 

the positive square root of jj. It il by no means out of the qu4tstion tf) UI. (.ven in the lam. compu­

totiOl'!) more than ane type of pseudo multiplication or pSeWo division. W. r.frain from introducing a 

notational complication as a reminder of thil possibility. In C2.J.8d and e) it il tacitly aSlumfd that 

1/2 ia digital; that ii, the baa. of numeration il even. Alao, in (2.3.8c), whil. 2 il not digital, w. sholl 

s~"'Os. that "+2" is a digital operatian and Ihall r.fer to it as a "right shift, It which is (1ft oppropriate 

d.signation, at I.ast for machin., operating in the binary numb.,. syst.m. Finally, the alllumption 

(2.3.n guarant ... that Izl < 1 ond, h.nc., that the oth.r unbarred quantiti •• or. numerically <1, but the 

variation of p.eudo division and p •• udo aquar. root algorithms forbidl th. lamet conclulion for the 

barred quantiti.s. Henc., w. male. the formal assumption: 

(2.3.9) 
when IYI < iii 
when Iii < 1 

and when 0 < v < 

then Ii + Y'I < 
tllen j'i x il < 
thenO<vY<I. 

(For the ORACLE, unrounded dlvi,ian can yi.ld Ii + Y'I - + 1 anly for s - 1- 2-39 Ilnd y - -1, and we 

.hall alway. have IYI < 1 which prevent. thi.. Th. apeciol-divilion algorithm ua.o in the ORACLE 

Invariably givel one 01 the last digit in a "rounded" quotient, and so Ix + ~ YI ,J 1. For rounded or 

unround.d dlvi.ion the maximum error is the Hme: 2-39.) 

To give an upper bou,,~ for Ie - cl, we r • .,ir. bound. for the basic round-off .rror~. Sine. we de.ir. 

our r •• ult. to apply to a. ·..,Id. a range of machine. a. ia f.asibl. without unrea.onabl. complication, w. 

Ihall suppo •• that 'Ii + '9 and ., - ii are .xact (10 lon, a. in rang.) and that 

(2.3.10) 

(2.3.11) 

(2.3.12) 

whil. 

(2.3.13) 

1'Ii x q - Piil ~ fx , 

without pr.maturely sub.tltutln, numerical val.,.. for the varlou. €' •• 

With thes. convention., w. now obtain 

(2.3.14) 

(R for "right .hlft") , 



and 

(2.3.15) 

Similarly, 

(2.3.16) 

Iw - ...,1 -
~ 

Ii )( i -
Ii' )( i -

ul Ii .- ii + ii - %%1 - )(,'.I' -
ril/-I'/!i'2 - .I'll 
/' 

80th .. and ii are l~ if we CI!""1na that +2 pr • ..,Ye. 'i!J. Di.tinguishing the ca •• T - 0, as in (2.3.81>. 

w. hove T> 0 so that ii >,. Then, u.ing Iii -"1 - IT - 'I, 

(2.3.17) Iii - vi 
1 _ 112 + 1~ _ 1121 - -+ ii 
2 

'" II II 

S ~ + 
112 1 III - ;1 

ii +-
ii 2 Iii .. I 

< E+ + 21 .. - iii ~ Ex + 3£+ + 2£R • 

For number. p and f both l~, 

(2.3.18) 

.0 that 

(2.3.19) Ie - cl - Iiiv' - ii1l2 + iill2 _ v 1121 

~ Iiiv' - ii1l21 + Iii 112 _ v 1121 

Iii - vi 
~ £, + 

2"2 

1 2(.) • €rc,Ci 2.3.19) , ~ E, + _2112 (Ex + 3£+ + 
2 

wh.... for some .quar. root """I.... it may lead to an improved bound to not. that in this last formula 

(2.3.20) 

26 
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the maximum .",011 of the .quar. root routl... .hen applied to a digital £,.. number ii l ~ . 
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, 

, 

Note that i ,fa 0 doea no~ imply i x i ,fa 0, much leu (% x i) + 2,1. 0, and we muat th.,.for. discusa 

the case in which T - 0, u - !, and jj - ~ + ~ would involve an improp., diviwiC!f1. For many existing 

machin.s, the state of the ma(:hine which could reasonably repre.ent + 1 is actually used to represent 

-1 and is operated upon as befits -1; henc., it solems desirabl. to I.t C - -1 in co.e T - O. Then it I. 

neeenary to us. in (2.3.5) (and in (2.3.8f)) the negative value of th6 root to ~t 

( 1)'" 11 _ (2u) 1/21 11 - 2u1 
(2.3.1911) Ie - cl - -1 + - - -2u 12u1 1/2 11 + (2u) 1/2112u11/2 

11 - 2111 I, - III 
~ . - < Iii - "1 - IT ~ tl 

212u1 112 121-11/2 -
~ ~ (Ex + 2£ .. + 2~R) 

10 that the .,ror bound e (e,c; 2.3.19) still dominates and may be used .ven In the special ca •• T - O. 

Finally, 

(2.3.21) Is - sl 1-% X C - zc + %C - %C + %C - zcl 

~ Ii x (. - iCl + Ii %1 lei + 1%1 Ie - cl 

< Ex + Ii - %1 + Ic - cl 

~ Ex + E+ + Erc,c; 23.1r:; 

- Ex + E+ + E.; + ~ 21/2 (Ex + 3E+ + 2ER) 

B e (S,s; 2.3.21) 

To obtain a sens. of the magnitude of the error bound .. , it Is desirabl. to substitute .xpllclt valu.s 

for the various Ets. With most machines, rounded multiplication gives Ex - !P-S, where the machin. 

carri.s s places and operates to the bos. fj (P - 2 or 10, usually). Th. right.shift operation with a 

binary machine will give ER - !P-S
, but with a decimal machine, ER - 0.9p-· h the last digit Is 

discorded rather than rounded. To simplify the circuitry, the machine und., constr~tlon for the Oale 

Ridge National Laboratory, the ORACLE, yi.lds only E+ - P-s , wh.,eas rounded divi.lon gives 
~ I R-S 
'"'+ - ~~ • 

The squore root algorithm can only with diHiculty be m_ to give E.; - !P-·, wh.eas E.;- fJ-- is 

easy. Fr.quently, however, the larger errors occur only for the squar. root of a small number. The 

usuezl algorithm used to compute the square root is bosed on the recursion formvlo 

i'+1 - X. - [i. - (ii + It.») .L 2. 
I " I 

A. S. Householder, in his forthcoming boo" [5] on nwnericol methods, prove. that if 0 < jj < 1 and" 0 - 1, 

then the sequence is well d.fined and monotonic decreasing if it i. r.quired to terminate with the first 

it for which (it - (ii + Xi)] + 2 s O. This Xi - vy is .hown by Householder to II. un the halfoO,"", 

interval of I.ngth 2--: 

(2.3.22) 

For small values of ii, the error in the squate root approximation can opproach 2-·. W. are entitled by 



(2.3.20) to OfllUlne that E, il 0 bouncI for the tImN' undee· the oSiumption ii ~ !-. Th.n, sinc. 

(2.3.23) Lv + 2-_-2]1/2 < &i1/2 + ..!. r:2_h_~) < ii1d + 2
1/

: 2_b 

2 \ &i1/2 8 

w. haY. 

(2.3.24) "II' _ ; 2-' < (U.j) < ;;112 + G + 2~' 2~) 2~ . 
tt.nc., the maximum error mod. bot an s.ploct. binary IINIchine in obtaining the square root of a "Itltol 

number with value ~i n .... be no:nor. than 

(2.3.25) 

and .. the ORACLE, E, ~ 0.5tJ-- to an accuracy of better than 9welve decimal placo., .inc. 

{J- - 2-39• Asluming only {J- ~ 10-", we con certainly take 

(2.3.26) E, - O.SOOO2#- • 

In 'VlMtary, w. Iholl, when it il nec.lsary to u •• numerical vaiuel, choo •• 

(2.3.27) 

Then 

(2.3.28) ECi,.; 2.3.21) < 5.2{J- and Erc,c; 2.3.19) < 3.713-- . 

2.4 CRITeRIA POR BUT DIGITAL APftROXIMATION TO A PLA!,NI ROTATION 

When c - -1 Is the value used for COl (Jij' 01 WOI the ca •• when 7 - O. It ~ignt at fl,.t glance .eem 

ablurd to approximate lin (Jj; by i - i l( (-1) - -i when Illing lin (Jil - 0 WCKi',d make the value •• xact 

for 611 -". It appearl to b. known to comput.,. that thil need not be the co .. ; "\verthel ... , we .xamln. 

in some d.tail the qu.ltion of what conltitut •• a "belt" dieital approximation to a "Ian. rotation. , 
The .quationl cy - ss and c 2 + s 2 _ 1 are convenientl, ,..ar.w al •• cri~'ng a .traight lin. of 

Ilope ". yli through the origin of a cart .. icm plane and the unit circl. in this plane. We • ..ac on. of 

the point., fCc,.), of inter •• ction of the line ond circl. end are obU," to replCioc. it by a point with 

coordlnat •• (KfJ--,L.fJ-·) for K oncI L. integral and -Ps ~ K < fj', -{J' ~ L. < fj'. A theoretically .impl. 

criterion for the •• Iectlon of on. of th ••• lattic. point. is to choo .. the one near •• t, ar a specified one 

of the two or four n .... t, to one cf the actual inter .. ction point. (lay, c ~ 0, -1 ~ • < 1). Thl. cl.arly 

invalv.. gNGt pradical difficulti •• , .Inc. the criterion of •• I.alan depend. on the .xact MIm"" 
being approximated and it I. the impossibility of obtalni", or ,.cording th ••• in the machine which 

Introduc •• tM lattic. point.. It il n.verthel ••• true that one could accomplish IOmething very .imil .. 

to thll if one wer. to (1) calculat. c and i al ir.dict'.,ed In the last .ectlon, (2) canvas all yalue. of 

c and s lati.fylng 

(2.~ 1) 

and 
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where 

(2.4.2) 

ond 

LofJ- ~ €f,ii 2.3.3) > (Lo + 1){j-- , 

and (3) a.totet (c,.s) by so ... specific cri*,ion .uch aa mlnimiain9 an approxhnatlan to .ame function, 

.uch as 

(2.4.3) Z liz (cy - .si)z 
.s - + , 

~z + yZ 

preaumably calcylated by IllUltipl. preciaioOn method. to a hi. degr .. of accuracy. Even auch a laborloua 

and hence waateful method a. that outlined woulcl not .,Gr\ont .. a_ttlng a """,oat" point In the ab •• c. 
~ 

of CI mcrthemutlcal anoly.'e, which could be of Qlftslde.r_I. dlHlcoiIlty. (3) 

l.t ua now Inv •• tlgat. more c .. fully MW best to GpIH'Oxl:'!KIte a point of 4ntws.ctioH whMI th • 

• 10.,. % of tit. line I. small. Indeed, 

(2.4.4) r - 0 impli.. I :i ER or w ~ :'ER 

so that 

(2.4.5) 

and 

(2.4.6) 

Then 

(2.4.n 
and 

(2.4.8) 1%1 - Ii + % - :II ~ Iii + 1% - il ~ :. JZ (ER + Ex + E+) 1/2 + E+ • 

Ualn, (2.3.27) and {J- •. ~-~', aa ap,rQP,iat. for the ORAClE, 

(2.4.9) 1%\ ~ 2 11Z 2- 19 + 2-39 < 2- 1& • 

Con.,.".ly, If 

(2..4,10) 

for a typical binary machine. Uaing 1%1 < 2- 11, 

1 
(2.4.11} lei - (1 + %2)-112 > 1 - - %2 > 1 _ 2-31 , 

2 

and the beat digital approximation to c, talcing negative value., i. 

(2. ... 12) -1, -1 + 2-", -1 + 2-31, or -1 + 2-31 + 2-" , 

and c - -1 i. In error by at moat 6>2-". Sinc ... cha •• , for thia ca •• , 'i - -i, 

(2.4.13) Is - $1 - I-:i - xl - 1-. + % - % (1 + c)1 \ 
~ Ii - zl + 11 + ell%1 ~ 2~,~t + 3-2-".2- 1' , 

(3)" _ I ........ _Jd_ Oft th. tot" nu •• of ... t. _I'" _Oft ..... ,.... ....... " •• WI, ....... .., tho 
............. It I • .". ..... th .. tho ........ c ......... 1 ... ,.. .. _. to ...... ..,. __ .f'~...,. It wouW 
___ to ... of ._ I" ..... to tty ... _re ............. Oft tho • ..., _ ..... ., _I'" ... 14 ... ~Ir ...... no. 
a ... achln. k 0""''' .... Ifloll .. curacy for tho .. Iu ..... of ,rocl~ .... 1 ... 1 .......... ,. ... f , .. W~ 
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and 'i is :.nainly in "'01' I ... than 302-.. 0• By controJst, iuJd w. choHn to s.t C - •. 1, 5' - 0, S could 

hcn>. be.n in 4IrI'Or by as m\lch a» (2 112 2+2') 2-"', or by 1,482.,911 nM'Id-off ctrrOrsi 

It should be noted that w. have not y .. a..:tually proyed that oW' choic. (If an i"".rf.ct rot~tion ( 

matrix is, In fact, better 'han the cnolc. c - -1, 'i _ O. To do this, it wi'l cllltainly be n.c4lUary to 

malt. us. of the way c and sent., into the octuol computation and to know how replacin. yery clos. 

approximations to the numbers c and $ actually wanted by -1 and 0 affects the characteristic yalu.s 

"''''8 lOught. Th. u •• lrability of ~ ling - 1 and 0 is indicated by eonsidering the matrix'''' 

A 12 _ 

with chClfacteristlc function I(~ - A2(A - 2- 1) - 2-'4(A - 2-2). Sinc. {f.2- 1) ~;'IC~ 1(2- 1 + 2-.... ) diff.r 

in ,I"" on. root lI.s betWHw1 2- I and 2- 1 + 2-4 ... Th. product of th. ether roots then II.s between 

-2-.. i «:WId -2-.. i O + 2-"')-1 and their sum b.atw.on zero and -2··..... Th. ~ther roots arIP therefo,. 

do .. (J) to :t2 1/ 2 2- 23• Forming 

G 
0 

o ,C' 2-2 2-"X 0 

+~-,~ (2.~ 15) -1 _2-~0 2- 2 2-2 o 0 -1 
+2-'° -1 2- 22 0 o 0 _2- 20 -1 

/2- 2 -2-2...2-42 

o ) C' 2-2 

+2~ -• _2- 2_2- .. 2 2-2 _2-22 ~ 2-2 2- 2 

,0 _2- 22 2-412 0 _2- 22 

we flna thut the matrix gh .... n by our method tns (by dJan~I), aft., roundoaff, identically the lame charac­

t ... istic equation al does I. origina:l matrix A 12. Using c _ -1, 'i - 0 and insisting 011 setting ~fUaI to 

uro IH Vallift ollH (1,3 ·lIJ(J.l)e/~rMnl 01 All (01 is fluential to our method), leads to the matrix' 

(2 .... 16) 

with charact ... lstlc roots :.:-1, 0, 0, and the two aero root. diH., hom the corr.sponding true ya'"' by 

about 21/2 2-2 .. _ (2 1/2 216) 2-"0, or by 92.682 roundoaff errorsl 

Th .... is, of cours., nothing in any way myt.t ... lous or awprisins about the aboye Msult. It is In­

cluded In I.uch detai! to emphasla. the il!1)Ortl .,c. of keeping clearly in mind the .. alOft for computing 

a number (i ••• , what us. 's to be made of it) wnen deciding on a sultabl. method of approximating the 

number. 

(4)The ........ uH4 I •• calM to _t our Ie .. ,..,ir.nenta. 

(i)! .... )', 2'122-23 _ 2-.... .-: ~ < 21/2r 2' .. _2112r 23 _ 2-'" < A, < _21/2~-2' + 2 ....... 

2u5 

• 

) 

, 



2.5 DISYINCTION Of CASES ACCORDIMG TO SIZE Oil ELEMENTS 

Tite argument of the la~t ,ection at I.ast SU9u-sts that while it may yet prove d .. irobl. to in.,rov. 

c ." a. to minimize 1c'2 + $'2 - 1!, it certainly i. not desirabl. to r"tClin the initially calculated val~."f 

c and choos. S 10 as to minimize Ic2 + $'2 - 11. Thi. distinction "tween the symme,rically r.'.ed 

quantiti.s c and s ,.st. on our assumption l2.3.7) that !y! < Ix! 10 that c will be .eat., than -! 2.1'1 , , 
.xc~t pouibly for round-off errors, wl,iI. $' nlOY well be small. It i. not to be conclud.d, however, that " 

CII "sorting ~or size" or rearrCllliemenf of the .Iement. of i\i -11- 1 has to be done; we calculate c and $' 

by th., formulas (2.3.8) in all ca.e. and with 1:V1 < Iii; thut i., 

(2.5.1) v _ -;::; - I ; - I -x ...; - I ; - I 
, Mj _ 'i' - 'T; _ Ii' and !yl < Ixl , 

or 

(2.5.2) X- ~a' - I i-I - -i - I ; - I and Iv! < ,-xl • - i-I; , Y - aj _ I j' J 

Of course, this implie. that the dioital approximation to cos (Jj; ilt c in the first cas. and $' in the s.cond: 

(2.5. 14) 

md 

(2.5.24) 

"- -'" c, 

corresponding to (2.5.1) and (2.5.2), re.p.ctively. Thi. ia easily arrange<! in an automatic computation 

by merely interchanging the cddr ..... of the storage positions to which c and $'('1'. to be delivered. 

For:i -:v - 0, n,. computation should proceod to the calculation of i\;-I ;+1 from i\;-I; _ i\i-I i-I. 

For :i .. :V,l 0, the division y + i is improper and the r.maining computations of (2.3.8) could be s.,iously 

in error. (For some machine. z - -1, w - -1, 7 _ --!, ;; - 0, and ~ + ;; - -! + 0.) It seems best 'lO treat 

this as a spee;ial ca .. in our discussion, although some machines may be abl. to incorporate it routin.ly 

in one of the two oth., cas.s. For (Jji - rt/4, cos rt/4 _ -! 21/2 can be stored in the form of its b.st 

digital approximatio:'l and this value, say 2- 1/2, substituted f>:.. c in the event that ,il -IYI. For $' we 

then take 2- 1/2, or its negativ., accordingly as i and y agr.e or di sagr .. in .ign (which can be .... ns.d" 

by machines in a variety of ways). 

Evidently neith., c nor $' need diff.r from the .xact values of cos flj; and sin OJ; by more than .~ {3-s, 

.0 the error bounds of (2.3.19) and (2.3.21) will continue to hold. In fact, for {3 - 2, 

(2.5.3) • 
2- 1/2 - .101101 

110011 

lOQill 

010000 

001100 

011110· 

010011 

111111 

and for $ - 39, 2- 1/2 ends in 101 and 

(2.5.4) 

2.6 ESTIMATES RELATED TO Ic2 + .2 - 11 
Retuming to the general cas. and .stimatinll Ic2 + $'2 - 11 by a t.chnique talcen from Goldstine, 

Murray and von Neumann [4], we have 

(2.6.1) c2 + s2 _ 1 _ c2 + {C' x %)2 - 1 

- (C x %)2 _ (CZ)2 + c2(iz + 1) - 1 

- (C' x z + cz) (C x z - ci) + c2(i2 - z x Z) + c2(Z x i + 1) - 1 , 
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.... 

110 

(2.6.2) 

Now, 

(2.6.3) e2(i x i + 1) - 1 - (1 + i x i.~ (e + v1n, (C - vila, 

.2 -+-(
l ZXi) 
2 2 

+ (++T ii~ 
ii ii 

\ 

(2.6.4) 

Therefor., 

(2.6.5) le3 + $''' - 11 :i 3E)( + 4E, + 2E+ + 2ER 

• E (C2 T $'2 i 2.6.5) • 

To d.termlne wh.ther or not e lhould be corrected (on the bolil of the allumption that iii "corr.cttl ) 

and for u .. lat ... , __ now obtain an upper bound for the amount by which e diff.rl from cal (arc sin i). 

Setting 
-~. 

(2.6.6) c - (1 - 'i2) 1/2 - ± Y , with y ~ 'llor e > 0 
(anel), .. 0 fore - -1) 

anc4 with the oar..".ent :tIat when e - -1 the negative val". of the sauar. root is taken, 

(2.6.7) 

and 

(2.6.8) 

10 that 

12y(1_i2)1121 5 ly2 ±2y(1 _i2)1/21 _le2 +'i2 -11 

5 E ee" + i 2
; 2.6.5) , 

2(e" + i 2; 2.6.5) 
(2.6.9) Ie - (1 _ i 2) 1121 ~ 

2',(1 _ i 2) 1121 
• 

Since Is I II the line of an an,le 6 < ,,/4, Iii cannot exceed i 2112 + Ii - "I, and 10 

(2.6.10) lizi ~. (~2112 + e(i; 2.3.21») 2 S ~ + ~ em 

provided 

(2.6.11) em ~ 0.085 • 
Then 

2(C2 + i 2; 2.6.S} 
Ie - (1 ~ i 2)1121 ~ ------,---

21/2[ 1 - :£ (i,,,; 2.3.21)] 112 
(2..6.12) 

or, moIeing the Iharper but Itill weak a.lumpt:', that 
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.,' 

'~". 

(2.6.13) 

(2.6.14) 

e (S,s; 2.3.21) ~ 0.002 , 

Ie - (1 - s2) 112\ ~ 0.71 E(Cz + 5'2; 2.6.5) 

• €(e,(1-i'jI/2; 2.6.14) 

With the usual V' ,:Iue. (d., (2.3.27)), 

(2.6. IS) €(C2 + s2; 2.6.5) ~ 6.5111-~, € (C,(1- :;2) 1/2; 2.6.14) ~ 4.6311-$ • 

Thl. show. that e I, a very good approximation to cos (arc sin i) and that any Improvement In it. valu. 

must be obtaine<f by a computation which works within narrow limit. of error. 

Without prematvre commitment to the d.slr.i'lity of'<iuc:fi' a modification of e, we show that it Ii- easy 

to improve c by calculating 

(2.6.1641) 

(2.6.1611) 

and 

(2.u.I6c) 

e - (exe-1)+sXs 

e*-e-l 

a. the corrected valu. of e in cos. e,t. -1. For e - -1, For many machines (-1) x (-1) - -1 (som.times 

with an "overflow" indication) and (-1) + (-1) _ 0 (pseudo addition!) so that the routine computation 

of 7 in this CG'e 'ead. to 

(2.6.i6d) T - (-:; xi}. 2 

Then ./ 

C* - e + [($ x i) + 21 - -1 + [(5 x i) + 21 

and the routine formula provid.s the oppropriate correction. 

The computations for the error bounds are now 

(2.6.1n 

so that 

(2.6.18) 

_ e 
I - - - [(e + C) .. 2] -

'G: 

1 
+-E+ • 

2 

whenc - -1 • 

i 

i 

We shall lat. need to have an upper bound on the mognitucle of the correction mode in the value of e. 
Observing thot 

(2.6.19) 

we have 

(2.6.20) 

1 
where becau •• of round off we have used lei ~ 0.7 rather than lei ~ '2 2"2. Hence, 

(2.6.21) 

'

-II 10 [ 1 ~ 14 5€x + 4€, + 2.7€+ + 3.4€R • 
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For .... ORACLE, 171 ~ 6.4{r·, and .., 

(2.6.22) 

u.ing the digital charact.r of 7. 
w. can now obtain QI .fftdent •• tlmate of 1(C*)2 ... i 2 -11. To 110 thil, we writ. 

(2.6.23) (C")2 - c2 - 2Cr + 7'1 
10 that 

(k6.24) (C-)2 + .2 _ J _ (C2 _ ext) + (.2 _ s x$)+ (c x C + i x i - n - 'kT + 72 , 

which ,Iv •• 

(2.6.25) 

To awid carrying the term 171 2 Into 16_ •• timat •• , ~ •• the (In practic. trivial) allumption: 

(2.6 26) d 1 Q-. d Q-. 10-. • Ex, ER, E .. , an 2" €/C. ... all :Ii fJ an fJ ~ • 

Th .... (2.6.2!) paran .... 

(2.6.27) 

Hence, 

(2.6.28) 

(2.6.29)' -

In ,""'01, (2.6.14, yi.ldl 

(2.6.30) IC* - (1 - .2) 1121 :Ii 0.71£(C*2 t 52; 2.6.28) • e(C*, (1 - i 2)1I2; 2.6.30) , 

and wi th QU, •• tlmat •• , 

(2.6.31) 

10 that any N,rfher carr.ctlon of C* would certain'y cperat. on th. i1arrow margin of two unitl in the lalt 

plac •• 

It will 0110 be conveni .... t to hav. a comparison of C* with c _ (1 - .s2) 1/2. Now 

.so 
1(1 - 5 2)1/2 - (1 - .1

2)1121 - . Ii - .II 
(1 - .s:> ]/2 

(2.6.32) 

io, an .so IUch that.s < .so < ., and h .... c •• uling So < 0.715, 

(2.6.33) 1(1 - i) 1/2 - (1 - s2J 1/21 < 1.02 Ii - .II ~ 1.02e(i; 2.3.21) • 

This giYeI 

(2.6.34) IC* - cl :Ii IC* - (1 - .2) 1/21 + 1(1 - .2) 1/2 - (1 _ .1
2) 1/21 

< 0.71 €(C*2 + 52; 2.6.28) + 1.02eG,.; 2.3.21) 

• ~ (C* ,C; 2.6.34) , 

2U5 



and this 2("2*, c) can btl estimated as (0.11.3.02 + 1.02.5.2)/J-" ,or 

(2.6.35) 2 (C*, ei 2.6.34) < 7.S/r" 

2.7 THE DIGITAL FORMULAS FOR THE ELEMENTS Of A'-II 
The exact description of the c:omputotions by which we 'lIter the digital matrix A'-I 1- I If' that It 

becomes AI-I I for i _ 2, 3, ••• , n - 1 and i ... , i _ 3, ••• , n can now be based on formulas 11.3.5) 

through (1.3.9). We define(') 

(2.7.1) 

for /J - ; - 1, i + 1, ••• , i - t, i + 1, ••• ,n , 

which yields" - i replacements of el.ments in thl) ith row and th., some n ... mber in the ith column; and 

(2.7.2) at-I i _ iii-I f _ -5 x ai-I t 1 + - )( a
'
- 1/- 1 

I" P I II·" e il " 

for" - i + I, ... , i-I, i + I I ••• I II I 

where now we requi re 

(2.7.3) ai-I i _ ai-I I _ 0 
i I-I i-II 

for the (i - 1, i) and Ci, i - 1) element being "rotated to zero." 

The four elements in the itt. or ;th row and in the ith or ith column requir. the more complicated 

camp,ltatians 

(2.7.4a) "u - cli x at-I I-I 
i I + 5

'1 
x a'- 1/- 1 

J i 
(2.7.4b) Pil - e'l x -i-l 1-1 

a i i + s'l x -i_l I-I 
al i 

and 

(2.7.4c) -i-l i - e i ; x Pji + x PII at i s'f , 
together wi th 

(2.7.Sa) qil - e ii x -i-I;-1 - s'; x -i-I ;-1 
a j I a i j 

(2.7.56) 'iii - c .. x at-I ;-1 - 5
'1 

x ~-I ~-I 

" i i J I 

and 

(2 7 SC) .,.; - 1 ; -i - I j - - -. • • aj i - a i ; - e ij x qi; + sl; x qii • 

Finally, we avoid the complications of using 0.3.8) for the cumputation of ~-I ~ and use inltead(7) 

(1.3.10): 

(2.7.6) a;_1 ~ • (a1- 1 ~-I + a;_1 :-1) - a;-I f • 
This has the desirable effect that 

(2.7.n 

(6)W. postpon. to §2.16 a discussion of the scaling wftlch w •. Impas. on ~. original matrix orlC' which will . .., 

guarant •• that tho addlHons r.qulred do not allow any .I.ment 10 'grew out of rang •• 

(7}lt may be _rthwftil. to us. both formulo. and compar. tho r.",lt ••• a chock on tho o,.,aHon of th •. lllochin .. 

AI.o, tho cod. should be .0 arranged that an av.flow cau ••• no .,ror. a. may w.n be the ca •• wften w.kllOw th4lt 
tho right member I. corr.ct medulo /3. -- . 
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and hence 

(2.7.8) 
{

the propased computation of ~ Inat,i'( in triple dillgonal ~orm produces a matrix for 
which the sum of the characteristic wlues )$ exuctly the sa'i~~ a. fc..r the originally 
given (digital) symmetric maYrix. 

In all ot the.e formulas, we agr .. to set 

(2.7.9) 

and of cour.e 

(2.7.10) 

where we hove introduced the notation 

(2.7.11) 

_ {5" if (2.5.1) holds , 

51; - Co if (2.5.2) hold. 

r Co if (2.5.1) holds , 

l:i if (2.5.2) holds , 

Co • c or C'. , 

depending on whether or not it is decided tl) correct c to c·. Of course, 

(2.7.12) c .. . s .. - 2- '/2 
'1 '1 

and I 

(2.7.13) e i ; - -5 i ; 
. 2- '12 

ilLi;-1 ;-1 .• ai-I/-I 
I-I t ..1.-:.' i 

'I-i-I/-I -;-1/- 1 
I Qi-I i • -ai_I, ~ 

;I.. 0 

0 

A .equence of digital matrices ~1)pro.imating (1.3.11) will be completely defined if we agr .. , a. in 

(1.3.12), that 

for i .. 3, 4, ••• , n - 1 

(2.7.14) 
whenover ~_1/_1 _ ai-' ~-I • 0 

.-li i-I, 

and can .how that the above formula. for the elements of Ai-I; will aoetually lead to digital number.; 

that i., the additions will stay in range. To secure this, we later (d. (2.16.2)) impose a cl,"dition on 

the norm ~f the originol matrix, N(A) _ N(A 12). 

2.1 DEFIKITION OF ERROR IN THE ELEMENTS OF A"i-l; 

The chc:racteri~tic values of Ai -I i :nay differ from those of Ai - 1 ; - 1 for thr .. reasons: 

(1) c;~ + si~ - 1 may differ from zelo. 

(2) The formulas (2.7.1, 2, 4, and S) involve pseudo multiplication rather than true multiplication 

and .,.e digital numbers cfj and $;; affected by the error (1). 

(3) The program for the computation requires that (2.7.2) .hall ".,t be used to calculate the (i-l j) 

element of Ai - 1 ; but that it shall be made zero, as specified in (2.7.:3).·:~··· . 

We propose to di scuu the.e errors and shall refer to them for brevity as (1) tri!lOnometri~·~·(2) round 

oH, and (3) that due ta method. 
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If we now return to the point e)i vi~w 'rom wi>;ch we r~\!Oed our problem in § 1.1, it becomes evident 

that the meaning of the exprcuion "'ltf'l"- ;n tht. ,t,h) tilell'!8nt of Ai -, itt il seriously ambiguous. E)(­

plicitly, if our problem was the cOql'utmion of the ~UI'" of the characteristic value. of A _ A 12 (rqther 

than their individual values), then (2.7.8) would allow us to auert that the elements of A' -, ; are 

exact' That is, while the computation di ... not auist in the tri"jal task of finding (trau A), at iecnt it . 
produced a matrix with th~ same traCf! and so di'" not ruJi.\c:e the information on the value of this function 

which was availabl. to us originally. 

Since our problem is to determi"e the indh";dual ;:haracteristic values, we actually wi sh to compare 

Ai -I ; with th. closs of ell matrices orthogonally congruent with Ai -I ; _1 {since it is this closs .... ich 

determines anJ is determined by the characteristic vtJ/ues of Ai-l i- 1}. One way of doing this i, to 

select for comparison a ,ingle matrix of the class and ccnlpare the o::orresponding .Iemel:ls of the two 

matrices. How to choose thi s matrix in such .:I way as to secure an effic.ient estimote of the maximum 

alteration of any individual characteristic value is by no moons evident. Moreover, a judici,'ua chojce 

for thi s purpose need not be equally good if it is desired to at ,tain an upp.r bound for the aiteration in 

the sum of squaes of the characteristic vol u.s. To obtain any error bounds at all, hawevor, one is 

practically forced to limit the choice of a comparison matrix to 

(2.8.1) Bi - I i(O) _ R ~.«(1) Ai -I i-I R .. «(1) , I, I, 
for some ...... ;ue of 0, since these matrices are known to agree with Ai _I i everywhere outside of the ith 

and ith rows and columns. 

T wa ~bvious competing choices lor .. ' are 

(28.1) 

whore 

(d., (1.3.14», and 

(2.8.3) 

where 

(cos 0 .. ) 7i~ - I ~ - 1 
'1 , - I I 

(sin 0 .. ) ~-I t- I 
'I , - 1 I 

sin 0 '" S ond cos 0 - cos (arc sin S) ::::: Co • 

A numerical computation will be required before we can select the more efficient of those choicel, but 

it is evident thot (2.M.2) is designed to eliminate the error due to method, while (2.8.:3) will ollow lower 

bounds of error to be give" for the 4(n - ;} - 2 elementl calculatc.d from (2.7.1) and (2.7.2). Moreover, 

selecting for Co the corrected c" rather than C tends to reduce the error bounds Jl for the -4(" - i) - 2 
elements ot the expense of the error attributed to tr: -II t Referring to (2.2.11) it appears probob/e that 

1- 1 

we;shaJl want to minimize Il when n is lorge, and this implies the choices Co - C* and (J. Ow 
Thus we hove at our di sposal the choice of 0 corrected value c· for Co or of the uncorrec ,1d value C 

(which r~resents an actual variation in the computation), and we can also choose O. 0 .. or (J .. 0 •. to I, I, 
select the matrix Bi - I i (£1) with respect to which we compare Ai - I i (affecting error bounds obtainable 

but not influencing the actual computation). Using c· will reduce the trigonometric error and this can be 

, expected to reduce the bounds obtoinable for round-off error, but it will have the undesirable effect of 

increasing the error attributed to nlethod. o.oo$:"g 0 - 0i; gives lower bounds for the error due to 

method, parti~ularly when L' 0 ~ C, but 0 .. 0i; reduces the bounds o~ trigonometric error (and hence on 
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round 'f) and is especially efficient when Co _ C* and ,. is lot'ge. The edent to which the choice of 

comparison matrix h,;iuences the error bounds is brought into ahaf'p focus by the fcact that the correction 

of ,,: to C'. a""ears to allow lorg.., errors in the 6" estimate but '~cds to loI»wer bounds when the a .. r, rl 

comparison matrix is used. With numerical values appropri..,te fur tt •• ORACLE, the error bounds or., in 

d . d .tI -.:. 0 - - d ~ .cr.as.ng or er: uijlc; wC; aWc; an 0wc • 

2.9 BOUNDS FOR ERROR~ IN THE i:LEMENTS OF AI-l/ 

.e wish to compClll'o thas. el.ments of AI- 1 I which may diH. f,.,m the corresponding on.s of 8 1- 11 (6) 

and which ther.for. lie In the ith or ;th row .. d ith or ith column for botn (J - 611 and 6 - Ow Mo, .. 

over, we should distinguish the calles la~:; ~-11 <, -, or > P1:; ~-11 and alluw Co to .qual c or the 

\.o"ected value C*. Fortunately, the twelve possible -:a,es need not all be dlstlngui"h.d explicitly. 

In (2.2.3), w. us.d p. to denote an upper bound for the ."Dr In all t&!c elelMnts given by (2.7.1) 
P9 

and (2.7.2). Introducing the dependence ,:In 0 by writing p. (6) for thiA bound and r.ferring to th. form 
P9 

of (2.7.1) and (2.7.2), we see that p. (8) ie an upper bound for an expression m(O) of the form 
P9 

(2.9.1) m(O) _ (a cos 0 + ];sinO) - (a x Co + b x $), 

where we can deal simultaneously with the cases (2.7.9), (2.7.10), (2J.12) and (2.7.13), even when the 

error In the (i-1, i) el.ment Is concemed, so long as we UN nO assumption [''''1 tne relative magnitude 

of ltil and 17;1. 
Breaking up this e.ror quantity into a port cIu. to the us. of tt •• wreng numbers, Co and:s lruteC2Cf of 

cos (J and sin (J, ond Q part due to the use of pseudo multlplicalion jnstead of true IftIltlplication glv •• 

(2.9.2) m(6) ~ la(cos (J 

~ la(cos (J co) + b(sin (J 5)1 + 2~ • 

Sinc. a and b or. two .Iements of the digital matrix ::\1-1 1_1, they certainly have num.rlcal value Ie •• 

than on., and h.nc. 

(2.9.3) m(6) ~ Icol (J - Col + ISl7'l Ii - $'1 + 2,,>< • ... 
In point of fad, however, to be sure all calculated quantitl .... tay in ronge, we ale· f~rced to .cal. 111 • 

• I.ments of our original matrix down sufficiently 10 that N(A) is Ie .. than on. by a sufficient margin 

so that .ven after possible accumulation of roundeoff .".,,. 

(2.9.4) N(AI- 1 1- 1) < 1 • -
Thl. loss of u .. eful signi flcont digits immediately a'Eter the d.c:lmal (or, binary) point mu.t be token Into 

account If w. are to get efficient •• timat •• ~ •• ror bounds, .ince th. rltitt member of (2.9.3) Is certaln!y 

too large unl ••• both lal - 1 and Ibl • 1 and 111 ••• cannot happe! simultaneou.ly. 

Using 

(2.9.5) ;;2 + ];2 < 1 , -
(2.9.6) ".(8) ~ [(cos (J - cc)2 + (sin (J - Sl2] 112 + :lEx , 
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since by the Schwarz ineQUality the inner product cannot exceed in numericul yalue the product of the 

lengths of the two (twe. c"mponerlt) \'ectors. For i"divi~l.I;;: volue. of "'1'9(0), (2.9.6) will b. our be.t 

estimate. Where.~ sum of v-alues of Il i s conc.,m~, as it ill in r".2.12), '"' get a signific;ant inl-
119 

proyement in error bovnds by fhe following rna. ... l:areful ol'gYlmnt. l,ftt 

(2.9.7) "'. (0) - In .ko.O - [n; .;. ii i(~in 0 - S)I + 2~. 
'" I" ' "p 

where we omit fh. upper indice. i-I ;-1 on the ;:;' •• Then 

(2.9.8) ",. (0) < Iii .llcol 0 - c(\1 + liip,llsin,q " 51 + 2Ex • 
• p - p. 

A Slom of N values of the ri ght member wi II be of the form 

(2.9.9) 

Under the assumption that 

(2.9.10) 

it is easily P"";erci that 

(2.9.11} 

Hence, 

(2.9.12) t mtp(O) :a N 1/2 [Iallcos 0 - Col + 1#1 Isln 0 - $"1) + 2Nt!x , 

:a N I/2 (10.1 2 + 1.B12) 112 (lcos8 - col2 + Isln 0 _ 4'12) 1/2 + 2N€x, 

:a N I/2 r (cos (1 - co)2 + (sin () _ $")2] 1/2 + 2N€x, 

which is better than we would h""'e obtained by summing (2.1.6), since W5 got only N In Instead of N 

In the term in the right mtt' .ber with the larger coefficient. 

Thesl' considerations evidently apply to both 0, and 0, (el., {2.2.1_ 1 and (2.2.14», and 10, 'putting 

N - " - i - 1, we can take 

(:£.9.i3aj ° - (" - i - 1)112 {lecco>)2 + [€(.i»)2}1/2 + 2(" - i - 1)€x I 

e (C*, C; 2.6.34) 

e (C, C; 2.3.19) 

(2.9.13b) 

I) ('J r­
'" .J 

n!. 'J ,: ~ ... 

for a" e" - arc lin ~ and Co - C* I 

for (J - (Jil - arc lin ~ ana Co - ~ I 

for (J - 0" - arc lin i and Co - C I 

for (J - 0'1 - arc sin i and Co - c· I 



anct 

{
Pes. 5; 2.3.21) 

Frs) Ie 

d - ~ -lot (J .. 61; .. arc a~n S Gn Co" C or (: 

(2.9.13c) 

. 0 fu I) .. ';'11 .. arc .In ; ane.! Co .. cor;--

2.10 CONT'NUATION. D !TERMIHATION Of II, f';-1 I' AND IAI-l i 

For u •• in our basic etrOr-bound formula (2.2.16), we require on upper bound f' tor the .nor irl the 

individual .I..,.,t. of XI
-

1 i. Thi. it obtained from (2.9.6). W. def",. 

(2.10.1) ,1(0) .. [c 2(c 0) + E' ltS)j I/~ + 2Ex , 

m_ing u •• of the notation in (2.9.13b, d. 
To .. tiMOf. the mognitud. of p., \ft .~r"l it directly in t."ftI of the £'S and opproximat. ita valu. 

with OUf usual choic.: 2Ex J 2£R .. E+ .. {J-s, and e.; .. O.5IXJ02{l-s. Then, noting that Em - 0 for 

6 .. (lj; and Irlcorporating the 2Ex tllnn with the others by using 2 < 0.71.2.82, we g.t 

f 0.71 (5.82£x + 2€R + 2£ .. + 4£) ~ 5.62{J-s for Co .. c , 
(2.10.2) ,1((1 ji) < 1 

. lO.71 (4.82Ex + 2ER + E+ + 0.02#-S) ~ 3.15/3-s for Co .. C* • 

For a larg. matrix, thi. r.auction in the upper bound for the error mad. in 4(n - ; - 1) .Iement. Ctf the 

matrix at c;,ach of 1; - ; "teps and for ; .. 2, 3, ••• , n - 1 may male. corr.ction of c to c· worthwhil •• 

estimating E.; as 0.7¥-s increales the value of 1A«(ljj) 1M Co .. c tQ 6.3313-s, which is in accord with the 

obvious foe. t"'ot the poor_ the square rcot routine the more important i I the correction of c to c·. 
For 9 - BII .. arc lin s, 

[(3.162t:x + 2.863E
R 

+ 3.894E+ + 1.02£.; + 0.0142P-S)2 

~ (1.742Ex + 1.443E
R 

+ 3.184Ef + 1.02E/)2] 1/2 + 2Ex 

(2.10.3) 

[(O.70nE
X 

+ 1.4143ER + 1.122E+ + E)2 

+ (1.7072Ex + 1.4143ER + 3.122€+ + E.;)i) 1/2 + 2E~ 

and, using the oom. val u.s for the E'S as in (2.10.2), 

ifcO - c" • 
(2.10.4) 

ife, .. c • 

It I s to be noted that the chong. from lA(o ij) f\s 3. 15fJ-s to /l(OI;) ~ 10.12/1-.11 is due to ~ dlff ... "...',. in 

m.thods of .stlmation of error and in no way affect. the actual calculation. Whil! we MU.t yet cOfioi·~er 

other emH' bounds before determining wh.th., or not the I ... natural choice (J .. (II/ i. the ntant .ffec~iv., 

the reduction of the error bounds obtained by our methods from approximat.ly 10P-s to about 3p-'~ Is a 

atrlkinglndlcatlon of the desirability of a t'l'Ie.tionlng OPP"'~'" to the definition of "."or In a calculated 

nutllbar." 

.. ., 

I 



... 
f 

I 
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J 

That tt.. boul'lcf f"':'~f1-!l for the uneon'ectecf valu. c il small ... ,ilan that for C* in t+t. {}j; estimate II 

n(.lf surpl'isin9, .inee c was a eIir.ct appt'oximati?n h.I co. Ow _Iii. c· was a better valu. only in the 

...... t+tat c· anel s _. Den., CIP"roximat:_/u to COl (I end lin 0 for some 0, not nee"uarily for tn • 

desired 0'191• (J i;' 

Nothing In the abov. e.timattl. I)f ,.«(1) n •• A. to be ah ... ~ to OJ'ply thllftl to the e"or In the (;-1 ;) 

elem.,t, ~d w. ha\'. nat been able by oth .... roean. to obtain a w.wthw+,ile improvement in ."or boun~. 

Henc. _ set 

(2.10.5) for both 6 - °
'
" and (J - 8.1 .• ., ., 

Th. .rror in the (; -, ;) comronent requir •• special treaml.nt, sine. thi •• 1"",.". of A'-I i i. not 

calculat.d but ill •• t equol to zero. Thil is, moreover, th .. ex«t value of the con.Sl»Oncli"9 .1..".". of 

B i
-

I IfOi/J by definition of 0;;, mel hone. 

(2.10.6) 1',-1 ;(tJ,/) - 0 • 

(*hether c or C* is u.ed .I •• wh.r. do.s not affect the conclusion 'hat this "co"'f)utation"' i ••• oct.) 

For 1-'1-1 f(o,,) the .ituation is cliff.,ent, sir.c. zero is to bit compared with 

(2.10.7) (-lina,.)lJ~-I' ~-I + (cosa,.~-I ;.-1 _ .l: [-si + (1_s2)1/2yl , 
'1 ,- , 1 '-1.1 

with the plu. or minus .ignl in the ca ••• (2.5.1) and (2.5.2), r •• pectiv.ly. (For Iii - IY"I, the valu. w. 

find for 1-"-1 i will be valiel; d., (2.5.4), for exam"le.) 

Sine. -sx + (1 - s2)1/2y .. 0, and lil2 + 1Y"12 < 1, 

(2.10.8) I-sx + (l_s2)1I2 yl ~ {rs- s )2 + [(1_s2)112 _ (l_s2)1It)2}112 • 

Also, u.ing (2.6.33) fI: •• timat. (1 _ 5') 1/2 _ (1 _ s 2) 1/2, 

(2.10.9) 1-5; + (1_s2)II2YI < [l + (1.02)2)112 Is - sl . 

w. may th.r.for. talc. 

(2.10.10) 

2.11 CONTINUATION. DETERMINATION 0' "'it - 1'.1 • "'Ii - ",. 

In §2.7, w. gave the .xplicit formulas for tnot computation of the .Iementl In the (i,i), (i,i), and (ifi) 

politionl. Sinc. w:t leave the sum of the (i,i) and (i,i) element unchanged(l, (cf., (2.7.6», the .rron 

macl. in tn ••• element. will differ only in sign, and we can t". 
(2.11.1) 

Th. computation. d •• cribed by (2.7.41, h, c) and (2.7.Sz, b, c) are the .peclal ca ••• of 

(2. 11.2a) 

(2. 11.2b) 

'1 - ell x Co + eu )( s , 
'2 - e 21 x Co + e22 )( i 

(I'lt III., lie co.,,,_I_, to colcu!o .. bath m. (i,') ... U,i} .1_ ............ u •• the ( ........... ) In ... _c •• f 
thel, _ ... ched!. o-,~ .... of (2.11.1) I ... ot .H ..... ..., thl. en ........... the cit ...... ..1 ....... the au..' 
the (i,;) ..... CI," .1 __ , ........ ""' .... br __ th .. 24';1(8). 

.. 



anel 

C2.11.lc) 

bt I _J b choo I L_ - d - I '~..I ._J _J I f -1-1 i-I -1-1 i-I o a nwv y • n" JUt' P 11' ~ 12" '21' an "22 F'"'Opef ., II",,.,.. ana po&H'mU'.a YO u.' 0 tJ1 1 ' CIj I ' 
-~-, 1-1 J -1-1 -, .. .1. - .J - h L__ ..J _J &-. ..J.._I j - ncI- ,. -~--, "1 I' ana "1 ' --.... c ll c.'I1u $11 OW -' l'ep"CIC.a VT ,..., "fa u •• Co a $ ,In Proper-llo 

W. ba •• our •• ,1"" t •• of IAli and ~:u on the lalt tJw_ """ula., malelno anI., the .ymmetrlc assumption 

(2.11.3) 

(2.11 •.• ) 

T'". error w •• ..Ie to •• ~Imat. I. I" - ,1, wh.,. 

(~·ll.5..) 

(2.11 • .5b~ 

aM 

(2.1I.5c) 

tienC8, 
, - '1 co. (} ... "2 .in (} • 

(2.11.6) I,. - ,I \', COl (} + '2 .In (} - 'I x Co + '2 x $1 
~ h co. (J + '2 .in (} - 'ICO + ,2s1 + 2£)( 

- ""(COl (J - co) + "2(.in (} - $) + C" - r,)e, + ("2 - ;;)$1 ... 2E)( 

~ I,.,(co. (J - co) + ,,(.In (J - $)1 + Hr, - ,,)Co + ("2 - ',)SI + 2£)( • 

Sinc."1 Is the I..,., product of ('i l1,i ,,) and the unit wetor (cos (J,sin 6), w. haw 

('1)' ~ (ill}' + (e'2)' 

onel, similarly, (,.,>2 ~ (i,,)2 + ('i:'>'. Th. ouumptlun (2.11.3) therefore Impli.s C'I): + (,,): < lond 

l2.1I.n Ir,(co. (} - co) + ,.,Csln (} - $)1 < [(cos (} - co>2 + (sIn (J - i}2] '/2 • 

w. will over.stlmat. (cl)2 + (i)2 If we suppos. Co - c ,ather thon C*, sine. certainly E, ~ 0.5{3-·, 

which ., .. ont ... €(C*' + i 2; 2.6.28) < ecc1 + $'2; 2.6.5), which In tum Is I.s. than IS. 10·· by the 

o ..... ptlon (2A-as). Using'" (1 ... 15.10-') 1/2 < 1.008, 

'1. t 1.8) 

From 

(2. 11.9) 

and a .Imllar Inequality for h - '21, we how 

(2.11.10) 1(,., - ")~o + ('2 - ',)$I < 1.008 (E' + ... 2112 E E)( + 8E~) '12 - 1.008 (E + 2.2 112 €)(), 

wh.,. we haw ablr.vlCll1N [(co. (J - cO)2 + (sin (J - $)2]11:1 as E Gftd u •• d (2.11.3) both clirectly and 

,f,n.o c_ec, .". .. ",.tfon I. of cour •• I.OOGL n. ............. 1 _ 1'- _ u ................. . 
......... It --" ....., ......... _ •• _,. ..... (2.60.) .. /J-- ~ ..-' .... " .,............ ...') 

• 

, 
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) 

in the farm 

(2.11.11) 

Substituting in (2.11.6) now givu 

(2.11.12) 1,- ";1 < 2.008((cOIO - ro)2 + (lin 0 - S}:i11/2 + 4.852£)( • 

It is th .... for. pouible to ut as a commonuppH bound(and th.,.for. 01 th.ir maximum /,·)of the ."orl in 

the (U), v.i}, and (i.i> el~ents, 

(2.11.13) ,.,*(6) - 111;(0) - IIii{O) - ,,;;(0) - 2.008I.2 2(cO) + ~'2(S)1112 + 4.852£)( • 

ThQt is, 

(2.11.14) 

and 

(2.11.15) 

{ 

2.000{lccc*, Ci 2.6.34)12 + [:'(5,$; 2.3.21)1 2} 1/2 + 4.8S2f)( 

- 2.00s{IE(c,c; 2.3.19)\2 + [~(s,s; 2.:.21)1 2 } 1/2 + 4.852€)( 

1(*(0 i;) - /liia i;) - 11;;(a ii) - /';i(O 1/) 

_ { 2.008'::' (c,(1 - 5"2) 112; 2.6.:1}) + 4.852€)( 

2.00Bf(c,(1 - 52) 1/2; 2.6.1") + 4.852£)( 

Using previous .stimat.s given in (2.6.35) and (2.3.28), we have 

(2.11.16) { 

2.008((7.5)2 + (5.2)2] 1/2 fj-s + 2.4'11>lrs < 2O.7S4fj-S 
p.*(8;) < 

I 2.008[(3.7" + (5.2)2) 1/2 {3-s + 2.426fJ- s < 15.24211-" 

and using (2.6.31) 1Ind (2.6.15), 

(2.11.17) 

2.12 SUMMARY!JF ERROR BOUNDS OBTAINED 

We now have obtai,,,,'" YGilues for all of the bounds en'ering into the formula (2.2. 16), which gove on 

upper bound v(Ei ;) for the mQximum root of the error matrix. Subject only to our mild assumptions on the 

precision of the machine employed, nQmely, 

(2.6.26) 

(this also insures (2.6.13», we nove 

(2.3.19) 

(2.3.21) 2 fE.s; 2.;3.21) - E' (2.3.19) + (f!x + E .. ) , 

(2.6.5) 

• 



(2.6.14) 2(C', (1 - $"2) 112; 2.6. J4j .. 0.71 E(2.6.5) , 

(2.6.28) 

(2.6.30) c(c\ (1 - '$2) 1/2; 2.6.30) • 0.71 E(2.6.28) , 

(2.6.34) t(C'·,e; 2.6.34) .. c(2.6.3O) + }.02 E'(2.3.21) • 

Distinguishing various case. wn ... e nece .. ary, (2.9.13), (2.11.13), (2.10.6), (2.10.10), and (2.10.1) 

Qlye the val"s Ii.ted in Tot-Ie 1. 

Collecting the numerical value. previou.ly calculated 01 appropriate for the ORACLE, we have 

E(c,c; 2.3.19) 

~ (S,s; 2.3.21) 

(2.12.1) 
t ('C, (1 - '52) 1/2; 2.6.14) 

< 3.7 fJ-· , 

< 5.2 fJ-" . 
< 4.63fJ-" , 

€(C'.2 + '5 2; 2.6.28) < 3.02fJ-· , 

C (C'., (1 - '$2) 1/2; 2.6.30) < 2.15fJ-" , 

E CC* ,e; 2.6.34) < 7.5 fJ-· 

(d., (2.3.28), (2.6.15), (2.6.29), (2.6.31), and (2.6.35». Table 1 now becomel tn. following for the 

ORACLE (T obi. 2). 

Substituting in (2.2.16), ...,hieh i. conyeniently wriHen 

(2.12.2) ~Eii). (lp) 1/2 {a + ~ [(Il' . + u. .)!!. + 1-'* (11*).] }1I2 + 1-'* , 
2 I - I I r, - 1, Il \' I-' / 

we get, by comparing the calculattrci matrix with the matrix obtained when the rotan,," is through 8 .. , 
" 

(2.12.3) co. c·: ps ~E;i) 

< 4.501(~ - i - 1) + 9.127(n _. i - 1) 112 + 26.326} 112 + 20.754 , 

(2.12.4) co. c: PS~E;;) 

< 3.843[(n - i - 1} + 6.382(n - i - 1) 1/2 + 19.429) 112 + i~.2"2, 

and, using for comparisan the matrix obtained when the rotation is through aW 

(2. 12.5) co. c: Ps a,{E;i) 

< 3.3561:(n - i - 1) + 4.63O(n - ; - 1) 112 + 2O.~1l1/2 ... 11.724, 

and 

(2. 12.6) co.~: f¥ ...(Eii) 

< 2.510{(n - i - 1) + 1.15O(n - i - 1) 112 + 19.716]1/2 + 6.744 • 

The bound ...cEil) for the mC'lximum alteration in any root of the matrix i. now .... to be sub.tantially 

bett. in the ail .stimat., both whr.l Co has the uncorr-.ted yalu. c and the COtTected '1olue~. For c 
the dominant term. en 'arg.) ~ not very different: 3.843(,. - ; - 1) 112 and 3.356(,. - ; - 1) 1/2. For C*, 

the change I. from 04SC)1(" - i - 1) 112 to 2.510(" - ; - 1) 112 and 1he ............ I. "'" cut 6ft .... f. 

• 

' ... 

r --_I 

• 



TAIJLE 1 

0 0 .. 0;, ., 
Co -. c C C ~ 

peco) E (2.6.34) I :' (2.3.19) 2 (2.6.1.4) €(:z.6.~) 

~.(~ 2(2.3.21) 0 

n 2f,.(n - i - 1) + ( t' 2ee o! + E' J(l) 1112 (n - i - 1) 1/2 

",* 2.008 f f' 2(e 0) '25111/2 + : (o~ + .4.852£)( 

"'j -I ; 0 1 . .4l: (2.3.21) 

l c:' 2(c 0> + ,,;- 2(5) 1 
1/2 

". + 2~ 

TABLE 2 

In Units of {3-s .. 2- 39 Eltimating with OJ; e.timatlng with a jl 

Computing with Co - ~ c c C* 

ECCe> < 7.S 3.7 .4.63 215 

ern ;$ 5.2 0 
-

€ - [€2CCe> ... 2 ] 1/2 +t(s) < 9.127 6.382 4.63 2.15 . 
. 

",* < 20.754 15.2.42 n.n .. 6.7 .... 

1'4_1; ;$ 0 7.436 

-
Iii _ 1 i •. I' < 10.111 7.382 5.63 3.15 

- -
"'0 - max (lAo I 0' lAo 1 .) < 1- I 1- 1 10.127 7.382 7.436 7.436 

- " 

1'0 - '" 1 1 1.321 2.361 ..... 
I' 

1'* 
'" 2.049 2.065 2.083 2.141 - ..... 

po 

-

• 
• 



Mor4lO_r, 0 dttcllion to com.ct c to r >ljl()vld ap~or reoaonobl. from the 0;/ .I,imof4ri, whereal on riI. 

baaia of the I .... fficient (1i/ estimot .. s it might seem to lead Po a I«get ertOf! !> ee woe hove only 

~ baunds for th. errors, _ cannot conclude with certointy that tM u .. of ~ will actually I.ad to 

Imoll., error.; indettd, with a luitabl. choice of nUlMfical data it could _II hoppen that the use of t: 

would I.od to a canc.llation o' round-off errors, while for r tMY would occumulat.. Our pt'KiJ. clai", 

II only that when c· is uled, th. guaranteed moximum.",Of is Imall., t ... on it ;s when c il uled. 

It would be eaay to lubstitute in the obove formulol oth ... yolue, of the ets, but woe ,efrain from doing 

this .inc. reasonabl. voriotion ot th .. e quantiti •• do .. not drOillcally affect the numb.,1 obtained. (It 

WClS the intent to ",rang. the formulol 10 that they CQuid be ea.ily applied Po any machin. capobl. of 

the computation des('~ib..ld.) It il W'l:'rthwhile noti"9, ho_vlft', that if ","rounded multiplication is used, 

10 that E)( • /3--, th. do,,,inant t.rm in v(Et/ ) il at lealt multiplied by 2112 becous. of the coefficient 

2~ In the formula f.·~ (1 in T alole 1. 

2.13 IOUND 'OR THE TOTAL COMPUTATIONAL ERROR IN AMY ROOT 
DUE TO THl Rl!l)l'CTIOM TO JACOBI 'ORM 

In ",oldng the ~ation In the "rl coordinate plane to ,.,.,Ioc. the (i - 1, i) elernent of A~-1 1_1 by 

lero (thus getting A~·I I), an error of Ie .. than II(E~/) Is Intro"ced in each root of the matrix. I-t.nce 

the maxi"",,,, altetatlan In any ~t cau .. d by the entlr. Compl tat I an a I process of reduction to tripl. 

diagonal form, which w. denote by ti I~ sotlsfl.s 

,,-I " 
(2.13.1 ) 1\1.\ ~ t t v{E6/ )· 

~·2 I~.I 

Sinc. the bound. for v{E~/) giwn In the preceding •• don do not Involv. i, we need to aum an .xp,. .. lon 

of the form (n - i) II(E~/) from i - 2 to i-II - 1, or 

11.1 

(2.13.2) t (n - i) { a {(Pi - i - 1) + b(" - i - 1) 1/2 + c J 1/2 + jl*} . 
~·2 

Setting" - i-I - 1, w. requlr. 

o 
(2.13.34) t (1 + 1) [ a(At ... b1 112 + c)1/2 + jl* J 

.... -3 

1 
- II S(u,c,n) +"2 p.* (IS - 2) (n - 1) , 

where 

(2. 13.3b) 

and 

and wh .. , for COftv.,ienc. In Iat. u ... we Intloduc:e the lunctlon 

II.' 
(2.13.4) S(j.,c.-). t (l + 1) (l + 6,112 + co) 112 • ... 
• 

.... 



J 
j 

f , 

Since (. + 1) (x + b" 1/2 + c) 1/2 is monotonic Inc,.aling fM .or ~ 0 , 

(2.13.5) SCh,e,n) < 1"-2 ex + I) (x + bJr I/~ + c) In tix • St{h,e,n) • 
o 

To get lome Idea af the behaviot 01 tl'<, .rot bound fot really IMge values of n, It may b. wotthwhile 

to write out a clos.d fotm of the integrai, "lthough a tabl. fOf' small values of n is more readily calcu­

lated from the sum fotmula. Routine computafion give. 

(2.13.6) St(h,e,n) .. (0.4", - 0.351.·,/'I2)N 3/2 + -'- (3Sb 2 - 32c + 80) (N 312 _ c '12) 
120 

b(7b
2 

+ 16 - 12c) [4'" InN 1/2 + 2b(N 112 _ c I/~ 
128 

_N_I_I _
2

_+ __ ",_'_/2_+ __ b b_] , 
+ (4c - b

2)1n 
e 1/2 + ~b 

wher. we have set 

(2.13.7) m _ n - 2 and N _ m + h",I/2 + c • 

Substituting,"". previously obtained values of bond c in the various cas.s: 

N" 2 + m l12 + 
+ 22.002 In 10.377",(", + 1) 

9.6945 

and 

N _ '" + 9.127",112 + 26.326 

, . ~ 



,/ 

(2 13 10) 0 - fP A 3 { 1 112) 3/2 • • - (Iii' Co - C: fJ 1\ 1'~ < 3. 56 (0.4117 - .62OSm N 

and 

+ 1.3615(N 3/2 _ 95.143) + 3.0397 [ 4m 112N 1/2 + 9.26(N 112 - 4.565) 

+ 61.927 In tv 112 + m 1/2 + 2.315]} + 5.862m(m + 1) 
6.880 

N _ m + 4.63Om 112 + 20.841 

(2.13.11) 6 - a I/' c. - c·: f3'.' ,A < 2.510 {(D.4m - 0.7525m II'JN 3" 

- 3.2427(N 3/2 
- 87.546) + 3.1618 [4m 112N 1/2 + (4.3)(N 1/2 - 4.441) 

+ 74.2424 In + 3.372m(m + 1) 
"J1/2 + m'/2 + 1.0751} 

5.515 

and 

N - m + 2.150", '/2 + 19.716225 • 

Substituting" - 10, 20, 30,40, lOC, 200, and 1000 (which is an impoSlibly long problem with pre • .,.t 

speeds and memory capacities), we get Tables 3 and 4. It should be emphasized that the Oil e.tlmate. 

TABLE 3 

W:\,A < 

Est,mating with 0 .. 
'1 

Estimntino with OJ; 

Crder of Corrected Uncorrected Uncorrected Corrected 
Matrix cosine: c· cosine: c cosine: c cosine: C'. 

10 2,036 1,500 1,227 773 

20 10,231 7,594 6,175 3,951 

30 25,875 19,082 15,496 9,937 

40 46,lSO 35,609 29,265 19,045 

100 380,345 290,569 237,110 155,483 

200 1,832,987 1,423,113 1,170,053 782,691 

1GOO 77,555,220 62,491,073 52,521,052 I 36,814,476 

• 

-. 
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TABLE 4 

-
fl-S/2fP AlA 

Eltimating with (J .. 
II 

Eltimating with flj; 

Corrected Uncorrected Uncor,ected I Corrected 
n cOline: ~ cOline: C- cosine: C- cOline: i:* 

- -
10 6.438 4.743 3.881 2.445 

20 5.719 4.246 3.452 2.209 

30 5.249 :: 3.871 3.144 2.016 

40 4.561 '. 3.519 2.872 1.882 ., 
I 

100 3.803 t~ 2.906 2.372 1.555 

200 3.2,*> I 2.516 2.069 1.384 

1000 1.9n 1.661 1.164 2.~, 

Alymptotica"y J.~ 1.5372 1.~24 1.004 

-
are Included to show th.Jt what may •• m a "natural" way of e.tlmatlng error. I. ftch I .... fficl .. t 

than one which depend. on a dlU-r .. t concept of "8rror In a compuMtian." Few an actual computation, 

the reduction to Jacobi form cannot Introcl"ce an error In an; ~~ gNOter than the wlue tabulated under 

the flil eltlma~jon, and thu., with the correeted COline, a 200 by 200 matrix can be eo NG.Ced with a 

12 decimal-place I,lachin. wlthcNt introducing.., error of more than one unit In the .Ixth decimal ,lac •• 

2.14 BOUNDS fOR THI NORMS 

Another e.timote of the error in the let of chorocteriltie value. will be obtained if we comparre the 

norm of the originally giv .. matrix j{' with the norm of the matrix An- 2 n in triple dlagona' form. Thl. 

comparison i. alsa required to discover the .caling needed to guarant. that .very calculated quantity 

remainl in rang.. Surpri.lngly, it lead. to boundl for the error in a .ingl. characteri.tic root which may 

for v~lu.1 of n a. small a.4O be even bener than the .. timate. ba.ed on the result. of Lld.lciT. 

A. in our previous e.timate., we may u.e for comparlaon with the (comput&el) digital matrix A'i-I I the 

matrix 8 i -
I 1(8) for eith ... (J - eilor e - fill (cf .. (2.8.1». 

Since the norm is invariant under an (exact) orthogonal congru .. c., 

(2. 14.1) 

Moreover, our earli., error bound. ref ... to .Iem .... t. of the matrix EI/(lI), which I. zero .xcept for certain 

element. in the ith and ;th row. and columns, ....... . 

(2.14.2) iii-I I _ 8 1- 1 l(lI) .. Eli(lI) • 

The triangle in.quaiity for vector. with,,2 component.,i.,.., '- arlMtr.-y IIIOtrlc .. M, r.d M2' th.w.lI. 

Icnown norm inequality 

(2.14.3) 

t' _ .... 
, ~~. 



and .inee H(M) - N(-At) , 

(2.14.4) 

U.ing (2.14.1), 

(2.14.5) 

The digital equivalent of (1.3.12), llamely, 

(2.1"6) for, - 2, 3, ••• , n - 2 , 

now give. 
"-1 " 

(2.14.n N(AI'I-2 ") - N(AL - t E IN(AI - 1 i} - N(A1- 1 i-ill , 
;-2 f~+1 

and hence 

"-1 " 
(2.14.8) IN(A"-2") - N(A)I ~ 1: t N[E1i(0)]. 

1_2 i-;+1 

To obtain a bound for N(E;i), we write, uling "';-1 ; - ,..., "'i;' #Aii' and "';; ~ ",* and referring to (2.2.2), 

(2.14.9) N2(Ei;) ~ 2{1'2 + ("';-1 / + 2(",*)2 + i [(€p;)2 + (€p;) 2] } • 
p-I+I 

plo; 

The (" - i - 1) component vector. €Pl at -, €oP;' p - i + 1, ••• , i - 1, i + 1, ••• , n, have, by the dis· 

cUlllon of §2.9 (cf., in particular, (2.9.8) and (2.9.10», length. bounded by the length of the sum of the 

(2.14.10) It(€pl)1I2 ~ 2<ro>[tliip;12]112 +2(S)[E'lipl1 1l2 + 2£)«" - i - 1)112 

~ 1~2(co) + IfjI2(S) + 2€x(n - ; - 1) 1/2 , 

and (~f., (2.9.10» 0.2 + fj2 ~ 1. We therefore obtain 

(2.14.11) [t(e,,;):1J 1/2 ~ [22(c
O

) + 22m] 1/2 + 2€)«" _ i •• 1)112 , 

.... the sane bound i. valid for {t(€p/Z J 1/2. 

Abbreviating 

(2.14.12) 

and .ubstituting from Tobie 1 and (2.14.11) in (2. 14.9), 

(2.14.13) N(E;i) ~ 21/2{ (2 + 2€ox)2 + (1l;-1 / + 2(2.008€ + 4.852€)()2 

+ 2[ 2 + (n - i - 1) 1/22£)( P} 1/2 

or 

(2.14.14) N(Elj) ~ 2{(2€ox)2(n - i-I) + 2.2E~2(" _ i _ 1)112 

• -

[ ""' 1 1 ]}1I2 + t: 2 + (2.0082 + "'852€)()2 + 2'(2 + 2€)()2 + 2"(1'1-1 j)2 . • 

... .... 



Since thi II boYnd do •• not d'?pend on i, one lummation in (2.14.8) i I at once J*form.d, and 
,,-I 

(2.14.15) IN(A,,-2 ") - N(A)I ~ 1: 2(n _ ;) I .. . ,1/2 I 

or putting n - i-I - !, 

" ~3 
(2.14.16) IN(A,,-2 fI) - NeA)1 ~ 4€x 1: (k + 1) 11 .;. q! 1/2 + rl1I2 • 4£)(S(q",n) , 

where 

ond 

(2.14.17) 

,\..0 

E 
q -­€x 

Cind S i I the function introduced in (2.13. ... ). A. before, S(q,r,n) < S ,(q",,,) ond 

- - -2 -(2.14.18) N(A) - 4€xS,(q,',,,) ~ N(A" ") < N(A) + 4€)(S,(q",n) , 

where the closed form of the integral S ,(q",,,) cm be calculated from (2.13.6) and the valu •• ·of f ond, ON 

thole obtained from (2.14.17) and Table lor, lor the ORAClE, from Tobl. 2 of i2.12. 

For the ORACLE, uling only the 0i; bounds, 

(2.14.19) q - 9.26 md , - 202.363 when ~'4 - C , 

and 

(2.1 .... 20) q - 4.30 and , - 82.702 when Co .. c* • 
Tabulating the ~.( ... €)() S ,(Q",,,) - 2s ,(q",,,), al given by (2.13.6 and 7), whichred.uC8 to 

(2.14.21) S ,(9.26, 3>2.363, n) - (0.4m - 3.241m II2)N 312 - 28.287 (N 3/2 - 2,878.701) 

QI'Id 

(2.14.22) 

when Co - C, and to 

+ 131.096 [4m 1/2N 1/2 + 18.S2(N 1/2 - 1 ... 225) 

+ 723.705 In + m + ". 
N 1/2 1/2 ... 63] 

18.855 

N - m + 9.26m 112 + 202.~ , 

(2.1".23) S,(4.3O, 82.702, n) _ (0.4m - 1.505m 1I2)NJ/2 - i5.994(N3/2 - 152.(97) 

and 

(2.1"'24) 

+ 28.454 [., 1I2N 112 + 8.60(.'1 112 - 9.(94) 

+ 312.318 In + m +. N
1I2 

112 215J 
1 'i.24<C 

N - m + ".3Om 1/2 + 82.702 , 

"'. . when Co - C*, we get TaW. 5. 
) 

• 



T'~ILE 5 

---------~-------2f-l.-S-,-(·q-,-',-n-) ----->--yl--· > --" ---5/-1(-2-{t-, '-S-, -(q-,-".".)-)---

o .. 0;; _ 

E.~im"f.1 - -
Co - Co -

-----------------~----.-------r_-------~------,_--------

«> 

100 

Alymptotico"y 

21,944 

180,529 

c· 

16,763 

131,585 

2.169 

1.~ 

0.8 

2.15 Ttil SUM 0' SQUARU 0' I:RRORS IN THE CHARACTERISTIC VALUES 

c· 

1.~ 

1.316 

0.8 

We now appiy the , .. ulh of the lost section to obtain an UFper bound for the sum of sClUar •• of the 

13"01' in the charact.riltic valu.s. l.t A~2, a - 1, 2, •• , , " b. the chatacteri.tic value., arranged it; 

any fixed or.r, of the given digital matrix A _ A 12. Ordering the characteri.tic value. A~-I i of Ai _1 ; 

in a suitable fashion relative to tho.e of Ai -I ; -I, we con Il!tt 

(2.15.1) 

and wi II have 

" (2.1S.Z, t (q,~) 2 ~ N 2 (£:"i;(6) , 
4-1 

by (2.i4.2). (2.1.6}, and the foct that the charactflfistic values of the matrix 8 i - 1 ;(8) are the same as 

those of the metrix Ai -1 ; -1 to which it is orthogonally congruent. Summing equations (2.15.1), 

(2.15.3) + dJ:Z" 
.~ 

+ _p: - I R, for a-I, 2, ••• , " • 

In' (2.14.8) and (2.14.16), we obtained an upper bound for the sum of the upper bounds, N(Eii), of the 

I~th. of the ~(" - 2)(" - 1) vector. qii and can therefor. wrne, at one., 

(2.15.4) [ 
" ]112 t (A~ -2 II - AJ 2 ~ 4EXS(q",n) , 

a-I 

with q and , again given by (2.14. m. Of cour •• S(q",n) can be replac:ed by itl upper bound S,(q",n), as 

in the closed formula (2.13.6). 

Sinc. A r\ was u".d to dena:. ttce maximum alt.ration in any one root, 

(2. 15.S} 
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Henc. the valu ... of "!)(S,(q,r,n) toixllfrllM ot th., o&.~d 01 the iaJt paragraph also •• rv. to giv-e an uppw 

boUf'ld tor t\ TA. 

Thi. 'Wer bound tor '\," .. hould be upofcted to be Ie ... p<'eci •• than ,h. cOfrespoMding one fovn.j in 

~2.13, sin(:e it i. ba.ed on Tn. p ... imi.tic supposition ',",ot the entire .,ror i: concentrat.d on a .ingle 

root. Surpri.ingly, 'h. a.ymptotic value of the bound tor 'he .quar. root of the .um of th. squ«u of the 

e"ors in tho (';~~_''7"~'''r~ic value ... O.8v1 5/2{1-'c (for both c and r*), wflereos for (I lingl. chorCKteri.tic 

value, aUf us. 0* lid.lci'i's theorem gave tl," a.ymptotic error bound 1.J.42~5I2fj-.r f", C and 

1.004rrS/2 fj-.r for c'·. 
The greater relative efficiency of th. bound. bar."d on the norm appears to hl1 chle to the pollibility 

~hat at any .ingle inductive at.p (hom Ai -I ; - 1 to Ai ~ 1 ;),,,., .rror may very _II be concentrated on 

a .ingl. One of 'he root. and that _ «e unable to give really .ffective vucpan'_. tho' 'M 10fiW rot ~ 

will not be affected at each .tep. The nature of the algorithm. dealing 01 it d"e. with a matrix of .moll., 

.ize aft., each .tep, make. it appe« highly unl illely that any .uch accumulation of .,ror on 0 lingle root 

will occur, and _ ore accordingly inclined .~ b~li.ve that our ~arant_d .. TOf bound. ore in fact v.ry 

much lorger than the Qct'}al errors wh ..... can occur. Additiona! hand computation to comp«. the bounds 

fOf t,. ,A a. given in "'is •• ction with tho.e of the preceding •• ction doe. not s.em worthwhile, but 

wftlln the ORACLE i. availobl. ~or such a co"lputation, th. two error bound. may be calculated (from .... 

• um ~rmula) and their minimu.:'1 tubulateod for the values of " a. large a. «e likely to be actuaUy u.ed .. 
in practi, •• 

2.16 SCALING REQUIRI!MENT 

In the entire di.cullion abov., _ assumed "'at the computation began with a matrix A with el.ment. 

which were not only u.gital but were .mall .nnuffh .0 that at no .tage in the computation did any calcu­

lated .I.men, x violate .... '"quirement -1 ~ x < + 1. Ev.n the .trong. r.quirement thot 

(2.16.1) 

wal ne.ded for our d.trminotion of error bound •• 

De.pit. the .xiltence of an implicit assumption, it i •• (lIY to loolr boele over t~ de.cription of the 

computation and to '.e thet the Ical ing requir.m.nt 

(2.16.2) 

gives u post (acto ju.tification for our various conclu.ion. and, in particular, guarantee. tftot (2.16.1) 

will hold for all the computed malric .. and that ev.ry calculated quantity will lie i" range. 

In practice, one will not want to calculate the norm, .ince this inva!vel the extraction of Q .quar. 

root, and one will not form :h. 111m of tn. '4\lcres of the .Iement. exactly, .inc. 'hil would require 

doubl .. preci.ion method.. HeI'\c., w •• uppos. that 

" (2.16.3) E iii x ":iii < [1 - 4~S(q",n)] 2 - n2~ , 
i,; -I 

wh .... the I.ft m.mb. i. calculated by the machine and i5 compured witb the right member, which i. 

suppo.ed precomputed (for a given order" and G machine of specified characterization) and recorded, 

perhaps by u.ing the integral form S, of the uPJ'e: bound in place of S. If tho .. st far pr~ .... coling i • 
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to b. carri.d out on the machine, it is of course nec':IIsary to exercise due car. 10 ovoid having the lum 

in the left member grow out of bounds IIndet .. cted. Since one will ordinarily record only the elements of 

A on and above the diagonal, it may sometim"s be cnnv6f1ient to impose the more stringent condition 

(2.16.4) 
1 1 ~ 

'r' a .. x a .. < -[1 - 4£ S{q,r,n)]2 - -2" E 
,'-," "2 -x -x 
': , 

rath., than to form the more accuro\' •• ~" ... ion 

(2.16.5) 

Wh ... one i& Mt working near the limits of accuracy obtainable, the required scaling can even be ac­

coItpO.h(!.I b" ~and or machine methods by the device of counting the number, !lay "j' of the iij; with 

num.rical value. between p-i and (:J-i -I and, oVe\'e.timating each of the elements, requiring that 

1 

(2.16.6) E ni<l~-j) 2 < [1 - 4ExS(q,r,r.)]2 , 
, -, 

wh., •• ith.r • - s - 1 or n. il the number of a" with numerical valu. Ie .. than f3-- (and not neee .. .. " 
.arily ~f3-.-I). 

2.17 NUMBER OF OPERATIONS REQUIRED. TIME ESTIMATES 

Sine. the tima required ,0 multiply or divide two numbers will normally be much longe. than that 

needed to add or subtract them, it i 1 ulual and proper to giv" rough estimates of the I.ngth of time r .. 

quired for a computation by coun~in9 only the multiplications and negl.cting the usually much less fr .. 

quent divisions and the more rapidly performed odditions and subtractions. The actual computation will 

also involv. a rather larg. number of operations which cm be classified loosely as logical in nature 

(storing numbers, computation of variables governing inductiv. proc .... s, .tc.). With the current d.sign 

of machines, computations involving .xtlPr.lIive IOrting or other operations Involving conlbinatory analysis 

are .specially onerous, difficult 10 cod., and tim. consuming. It is one of the advantage. of the method 

under dlscullion that it do,. not require anything analogous to tne d~t.rmination of the numerically 

largost noodiagonal element and so aVQids this and all other lengthy sorting operations. W. can therelo,. 

reasonably baso our tim. 6stimat.s on multiplications «rid divisi,.,ns alone and d.pend on multiplying the 

tim. of th.s. ofM'rations by two n. allow for the additions and logical cperations. 

Yttry much more serious than the omi Ilion of tim. allowmc.s for additions, subtractions, and logical 

operations is the failur. to e.timat. the tim. n •• d.d to use an external .torQ9. during the cours. of the 

cOt!'DUtation, all would b. r.,quired for a larg. matr'x. A m.thod, in use at the Institut. for AdvCl1ced 

St"dy, based on the iterative us. of plm. rotations ~o obtain a diagonal form (cf.,[4]), is applicable to 

matrlc.s of ordar ~ 18, using only the int.mal memory. TIti s code 0110 produc •• the characteristic 

vector., and if th.y are not. required, our reduction to Jcx:obi fonn might very w.1I be mode to apply to 

matric •• Qf ord., at I.ast as high as n - 36, sinc. !-.36-37 - 666, leaving 1024 - 666 - 358 storage 
~ 

spac •• for orders. Th. speed, of .xt.mal memori.s vary wid.ly, so w. make no attempt to estlmote the 

2l'\ r:' 
J .:") 
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additional time required :.omen the intemol merrlOi'y cIoe. not suffice, but we do wish to emphasize that 

the following fioures re""r to whef ma).' be only a fraction ot the total time in this case. rIO) 

Ak.r calculating Co and s, we r'lqyir. only 4(11 - i + 2) + .. multiplications to calculate the 

2(n - ; + 2) - 1 value. for thoss olemen .. of .:{i -1 i which may b. diff.rent from the corresponding 

ones of Ai-I ;-1. For c and s, two multiplieatif;::I, 1wo divisions, and a :square root opet'ation are required. 

The square root operation is a seauence (If computations xi" i i + 1 - :r i-ex i - jj tit) + 2 or a .equence 

of oper13tions u.ually taking 181. time tllen two divisions. (Notlot that t 2 is usually VfIfY fast, since it 

is a right shift on bincry machines.) A tedious discuuion (which need not be given het'e) shows t"at for 

the ORACLE, Householde,'s routine will always terminate with an iq for q ~ 14 when it is applied to 

find the pseudo sct4iare root of a number jj:!~. Since the sequence is terminated when it is calculated 

that <X'" - ii + iq) + 2 ~ 0, we estimate a maximcJm duration of 30 division times for extracting the root. 

Hence the calculation at c cnd i wi II talce at most two multiplications and 32 divi sions. For C*, two 

more divisions (one is "+2", however) will be n .. ded. 

The multiplications and divisions in 0 'ingle inductive step can thereforll be estimated to require 

no morG !han 

[4(t: - i) + 141rx + 341'+ 

seconds, where 'Tx is the maximUM time in seconds for one rnultiplication and '1'+ for one division. There 

are (n - i) repetition. of the pracess before i is increased by one. Summing to get the total time required, 

we have 

,,-1 

E {[4(n - ;)2 + 14(11 - i)1rx + 34(n - i) 1'+ } 
;-2 

,,-2 

- 1: (4k 2 + 14k)1'x + l4k'T+ 1 .-1 
- [~ (n - 2){1'I - 1)(2n - 3) + 7(n - 2){n - 1)] 'Tx + 17(11 - 2)(n - 1)'1'+ 

1 
- 3'(11 - 2)(" - 1) [(4n + 15)'Tx + 51 '1'+] • 

For the ORACLE, multiplication requirea approximately !millisecond and division about a third more. 

Replacing 51'1'+ by 68'Tx and taking 'Tx as a full millisecond 10 allow for aclditlons and logical operations 

as suggested above, we get the values in Table 6. 

(10'lnd_cI, In tho Ihstitut. for Advanced Study cod., tho repeated calculation of tho nonn for chodcln, pUlPos •• 

COfllUm •• more tim. th., tit. Halc computatlOfl. (Oral r • ..-Ic of H. H. Gold.tlno.) 
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Ord. of the 
Giy.., Matrix 

10 

20 

30 
40* 

100* 

1000* 

TA~LE 6 

Tim. to Recluc. to Jacobi Form 

~~II - 2)(,. - 1)(" + 83)10-3 s.con"', 
3 

3 seconds 

191econds 

55.econds 

2 minut •• 

26 minut •• 

15.7 day. (of 24 hr) 

-For matrlc ••• f oM ...... .., th •• Mu. 36, tho Infemo' ....-ry will n ••• uHlc., M4 tho ... 1"' .... will r .. 
.,Ire ohorp upwaN ro"I.lon. no rallobillty of pro.on' ",eehl .... _14 ..,.boW, no. ,.;.. •• 0 "'..,. •• f ..... lOGO 
•• be N4ucocl In on)' ro_nobl. tl", .. 
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Chap~., 3 

NUMERICAL COMPUTATION OF THE CHARACTERISTIC VALUES 

3.1 INTRODUCTION 

The second stage of our computation is by no mlllons uniqullly det.rmined by the first stag •• What we 

have ac ... .,mplish.d so for is no mare than the concentration of data impli.d by the replacing ~f a g.neral 

real symm·atric (digital) matrix r.quiring 211(n + 1) numbers for its description by Q new matriJC, n.arly 

orthogonal congruent to the first, and having no mar. than 211 - 1 nonzero .Iements. Any m.thod which 

yields th.characteristic values can no", b. applied to the calculated matrix S - A"-2,,, which is in Jacobi 

form. Some methods will be unsuitable in that they make no effective use of the lorg. numbers of zeros 

among the components of I. Other methods can be expected to be quickened an,j facil itated by this fact. 

This is esp.ciolly true wh.re storage in the internal memory of the computing machine of 2" - 1 numbers 

is ~asy but ~n(n + 1) numbers cannot be so stored. 

The metftod we pres ... t in detai I here, for which we shall obtain guaranteed error bounds, appears 'a 

have the following advantag.s: it is not based on ;he assumption that the matrix is positive definite 

(or even that it is nonsingular); any given root or roots may be obtained indivi~ually without the neceuity 

of finding all the roots (for example, the root or roots of smallest numerical value can be found as .asily 

as the largest); multiple roots facilitate rather than complicate the computation; it is feasible to determine 

some or all of the roots to a limited accuracy, and to follow this, if desired, by a more precise evaluation 

of c.rtain ones; the accl6acy is high and is ind.pendent of the order of the matrix (cl., (3.9.5»; and the 

number of multiplications required is approximately proportional to the accuracy d.sired and to the square 

rather than to the cube of the order of the matrix. An obj.ction to the method - 01 least in the form 

proposed - is that it requires scaling of numbers and so involv.s a floating-point technique. 

3.2 INVERSION OF THE ERROR PROBLEM 

Considered in brood terms, a m.thod of computation should be regarded as on operator which is applied 

to a selected one of a class of permissible M-compon.nt data vectors ~nd which yields an ord.,.d set of 

N numbers, that is, a solution vector.(!) This single-valued mopping of a region ofth."data space" 

onto some region of the "solution spac,," is what we m.an by a numerical me thad. 

Along with the numerical method, one has a theoretical "IIethod which amuunts to a Single-valued 

mapping of the same region of data space onto a region of the salution sOGee which presumably 0110 can­

tains the permitted digital approximate solution vectors. A striking difference betwe"" the n"merical and 

theoretical procedures is that the former maps only a finite number of data vectors onto only a finite 

number of solution vectors, while it is of the very essence of a large class of theoretical solutions that 

a continuous variation of the data vector is possible and leads to continuous variation of the solution 

vector. It is also true that even when the theoretical op.rator has a many-valued inverse, it will usually 

(l)Strlctly, 0,. will ollow Itoth AI and N to ""y and /II may de,.nd on both AI and the ,.tlculo, c!ata ".ctor ,Iv.n. 
Thu., If 0,. calculot •• the ,.01 ,oot. of a poly_mlal of de._ AI, the numbe, N of the •• ,eal ,_t. will d.,.nd Itoth 
on AI and on the ,,01_. of the coefflcl.nt.. The distinction .tw •• n a .In,l. _thod and • cia .. of _thod. I. 

Ilk.ly to be a mIIttet of convenience and to ... a •• oclated wah a .,.clflc code _Itten few the .olutlon of a ".bl .... 
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be 10 that a continuous variation of the Jolution vector roan be shown to IlIOd to a continuous variation of 

each of the corresponding data wcton. (That la, j.*'hapa after excluding exceptl""al loci of low.., di· 

menaion, the complete inver.e map of a suitable neighborhood of 'l solution vector ia a nonoverlapping 

.et of neid'tborhooda of the corresponding data vectora.) 

On. of the reOlOnl new methods seem to be n..ded to obtain Jatisfactory e"ar analyse. af numerical 

methods appears to be this lack of conHr.uity in tho numerical operator which resulta from the discreteness 

and which implie. the lack "f a significmt topulogy in the data and IOlution spaces. 

What we now propose as a device for 1+Ie error analysis of certain types of computational mei10ds is 

this: replace the given (digital) data ve<:to, d by anoth., data vector d' (not necerlSarily digital) which 

i. choaon to be near to J and h) have the proper~' thor 

(3.2.1) J(d') • ned) .. 5 , 

the given solution voctor, where n is the theoretical operator and It is its numerical approximant. The 

error function, which should be a measure of the discrepancy between ~(a, anel ned) - s, can be calculated 

for ;J(d) and ~(d'), with full advantage now being talcon of the continuity properties of ~. 

More explicitly, we suppose, given as a data vector the 2n digital numbers 

(3.2.2) 

. {a" i • 1, ••• , II, the elements on the diagonal of S, hi' i - 1, ••• , n - 1, 

d: the elements in the (i, i + 1) positiona, and ii, a number the relation of which 

to the roots Ai i a 1O"9'lt, 

where S ia a matrix in Jacobi form, however obtainad. The computation, n, will yield a singl. integ., 

s - n(d), or its digital counterpart s - sf3-s, which is intended to be the number of nonnegative roots of 

S - iil ,," Evidently, a bound for the error in the integer s will be of I ittle use, since if it ia not Z(ffO it 

will only be possible to conclude how many roots of S may be incorreli.'tly located relative to ii without 

having an eatimate of how for the erroneoualy ploced roots are from ii. It now provea f.asible to find a 

data voctor d' - (a ;,h ;,p:) that is close to d and such that ~ (d') -~. If we now I.t S ~ - (s;,) be the matrix 

with elements s;, - a;, s; i+1 • s;+l i - h;, and oth., S;j - 0, we can show that no root of S' can differ 

from the corre.ponding one of S by more than a certain small quant'ty I!.l~' Then, since exactly s roots 

of S' are ~ ;;. at least s root. of S are ~ ii - tJ..}, and at lea.t ,. - s root. of! are ~ ;t + tJ..;.. ~be com­

plete algorithm for obtaining all the roots then co"sist. of obtaining the valu. of s fM a s.quence of 

values of;;' as is de.cribed in detail in § 1.4 and 1.5. 

3.3 THI RECURSION FORMULAS 

Th. recursion formula. of Theorem 1.5 for a chain of principal minors of S - ~ 1 .. are now to be trans­

lated Into a .equence of digital computations. The fact that the basic mathematical relation between 

slgnaiure oncI the slgnl of the principal minors fail. when two successlv. minor. ar. zelO must be ,.. 

flected In the computation. Moreover, two successive small value. of the minor. CCWI occur at any plac. 

In ot,. Mq..enc. and will result In a 1011 of accuracy ,~ the remaining tems If not co .. en.ated for by 

.Q.1(ing. Despite thes. apparent sources of Instability, we shaU find that the signature of S - Al .. (and 

h~,~ eventually the characteristic valu.s of S) can be determined to a high d .... of accuracy by using 

a limlt~ type of fl~atln~lnt operatian. 
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Observing that the roondiagonal .I.wnents 

(3.3.1) -
b. <­• i - 1. 2, • • • , n - 1 , 

e.,t ... tn. cOq)utat!on only In the *onn of thllir squants, we Ar.t calculate tn. comple .. 2$ place .quare 

of hi' 

- 1 - -
(3.3.2) (hi)' - hi x ~ bi ' 

and tnen .hift this 2$ plac. number to tn. I.ft by a sultabl. number l3i of plac.s (i •• ., multiply it by 

13~) and di.card(2) all aft., the flret s plac •• to obtain a dlgikil quantity 'iii and a nonn.gativ. Int.ger 

13, that .oti.fl •• 

(3.3.3) 

wi'" 

(3.3.4) 

or 

(3.3.5) 

R-1 < ~ < ~ _ 'ti 

o ~ l3i ~ 2.1 - 1 , 

i, .. 0 and f3i - 25 jfb," 0 • 

(Note that a qu •• tlon of tactics II In'lolvN her... For bi - 0, .... mairlx it a direct sum of two 

matrlc •• , and the problem can be split Into two Pft'lblem. for .moI'", matrlc... Whil. we are obliged 

to r •• pect fully thl •• Ituotlon In specifying the datai'. of the computation, we refrain from doinn it 

formally in advanc., .Inc. the computation would .tlll be affwcted'by (sufficiently) small valu •• of the 

hi In much the .am. way a. ~ a Z~ valu., and no ....... tlal dlHlculty would be avoided. Also, memory 

r.quirement. are not •• '1 .... and the so'ution I. therefore not Ift.Ich facilitated by an .xpliclt ,.clIction 

to two .maller prob'em •• ) - -. -w •• ventually calculat~ the s.quenc. of mInors of S - ,\1,. for a number of ya'u., of A, but for tne 

pre.~t re.trict attention to a .Ing'. val". ,\ - fl. Scaling a. before, w. have for the diagonal element. - - - -tI, - " of S - "1,,, 

(3.3.6) 

and, .ince we do not .,arant .. lat - ;II < 1, 

(3.3.7) -1 < a., < $ - -
or 

_ 1.wlth { 8 

181 

- 0 

< 1 

if a.t ~ 0 , 

ifa.,--1, 

(3.3.8) P, - 0, a.t - $ if at - it - 0 • 

When a.t - -1 and the (ri~t) shift Introcllc •• an emw, 181 - 0 or ! for a binary machin., and a reasonabl. 

~n"H proeedvrv could be " •• d to get 161 :a! for a declli:.,1 machln., but we do not anum. thi •• 

(2) 
For ~ - 0 th.s amounts t. us,''' unlou ... d _h'plleet'.n. 
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Th. expon .. t to be associated with z.ro in (3.3.5) «'Id (3.3.8) I. of cours. _Itrary. The valu •• 

cho .... may b. conY .. hmt .Ine. the Inoqualitl •• 

(3.3.9) 

and 

(3.3.10) 

will certainly hold In all ca ••• , and the maxil1lUm value. of fJ, and a, occur wh.,. all the 2.1 and .I binary 

digit. of (;;,)2 and ii, - p., r.apectiYflly, en uro. 

Neglecting, for the moment, the po •• ibl. occurrence of zero ydu •• In the ..... e. of mlnor,",(ji.S), 

we sub.1i tute 

(3.3.11 ) 

Into the rwcur.ian formulo 

(3.3.12) 

and get 

(3.3.13) 

Sine. we or. In_ •• ted only In the .ign. of the m" we need to calculat. dnd record only the dIH.,.. 

.nc •• between .ucc:. .. ive valu •• of II,; th.,.foN, we introduc. 

(3.3.14) 

and writ. the formulo for "., In the two form. 

(3.3.1~} 

In § 3.6, the corre.ponding digltol computation. en given in full detail, a choic. be.,.. .. the two form. 

being made .0 that the exponent in.lde the pennth •••• I. nann.,atlve. Be .... doing thl., however, w. 

con.ider .... general ... tion of .collng and .... apodal PNcauti« •• which need to be tak .. .At ... on. - -or both of ""-2 and ".,_, en zero. 

-
3.4 SCALING AND THE DECOMPOSITION DP S 

Th. determinant. 

(3 .... 1) Ilii,S) 

ore u.ed only to determln. the number of chan .... of .Ign in ........... ce 

(3.4.2) 1, I" 12' ••• ' I,. • 

, 

'. 
Each I. could th.,.fore be multiplied independently by a po.itl\", factof with.t aff.cting this count. ."" . 

· lJ 
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Slnc.li _ 2 and '.-1 are used topth.r In the reamllon fonnula for '" the scal. factor "tween succ ... ive 

'. must bG calcuiatec{ (lld used .xcept when on. of the " Is zero, In which ca ••• t.. NcursiOft formula 

nto.c •• to a .Ingl. term. W. shall th .... for. ac:tuc;lIy calculot. a •• quenc. 

(3.4.3) 

wh ... , however, ~. record only the r.l"tl". scal. foc:tor II, - IA. - P._l and the digital quantities m" 
with anly ;;;1-2 and m'_1 being Ntained in th. memory whil. m,ls calculated. 

Taking i"to account the possibility of r •• caling th .oquenc. of I, by on arbitrC'llY positive factor 

(which n.d not be a power of f3) whenever a zero occu~, we will have 

(3.4.4) - 1, ••• ,,, , 

with 

(3.4.5) ", > 0 and n.,.1 - ". ' 

eXII:ept wh .... "-I - 0 or I; - 0. Even thl~ rother loos. connection between the d.terminonts '; and the 

digital quantiti •• Wi, must fail if the s.quenc. {. contains con •• cutlv. zeros. This is the r.sult of the . -' 
theorem connecting the signature of S - iii with the number of changes of sign in (3.4.2) being invalid ,. 
if con •• cutiv. zeros occur. Neither can we permit (3.4.3) to contain cons.cutive zeros, since the r .. 

curaion formula could then yl.;d only zeros fo, all the remaining terms of the s.quence. 

Despite th.s •• videnc.s of instability, the Jacobi form is so special that the difficulty is easily 

evaded. Thus if '.-1 -0 ior i > 1 la the fi,.t occurrence of a zero In the detennlnontol sequence, (3.3.12) 

gives 

(3.4.6) 

ond I; - 0 only if 1,,;_1 - O. Hence, the chain of principal minors of a symmetric matrix in Jacobi form 

can contain consecutive zeros ,;_, - " - 0 only if the matrix decomposes into a dir.ct sum of a matrix 

of order i-I ond on. of order" - i + 1. Sine. the number of characteristic valu.s of a direct .um matrix - - - - ... 
S - S 1 + S 2 great., than ~ is the sum of the numb.rs for S I and S 2' w. n.ed on Iy to arrange that the 

initial valu •• 1;. reinstated whenever "-I - 6._ 1 - 0. w. th.,efore assume that (3.4.4) and (3.4.5) hold 

und., the condition that the I. ore the exact values of the minors o! a submatrIJlofS'-~I,., ~ .... S' 

is a symm.tric matrix in Jacobi form with .Iamenta "near" ~,ose of S and which d.compos.s as S does 

whenever both b;_1 - 0 and mi_ I - ~ •• The .ssentlal !.tep in the error analysis is to find bounds for 

the amount by which the .I .... nts of S must be changed to the .Iements of S' so that (3.4.4) holds lor 

the digital m" as calculated with the usual uncertainty ell. to round-oH error. The pr.senc. of the scal. 

factors "t in (3.4.t) da.s not mat.rially old In the error analysis, slnc. w. must make the digital,.. 

~irement analogous to (3.4.5), namely, ft. > 0 and "t-I - ft •• xcept when mt_1 - 0 or m, ~ o. 

3.5 THI DIGITAL 'OIMULAS WHIN .'_2 - 0 OR •• _1 - 0 

As in~tial values af ii; -2' mi _ .. and 1';-1 we agr .. to store 

{3.S.1) 

61 

o ti'! 



J 

With "-2 - 0, the ba.lc recur.iu. Jflmlla reduc •• to 

(3.5.2) I; '" (ji~ - ;Mj _ 1 

Sine. I~_I ,J 0 cc:n be allumed, the r.om,,,,t.d partl~ •• quenc. 

(3.5.3) 0, 1 . p-., m" ••• , ;;;i-2 .. 0, mi _ 1 ,i 0 

can be .... caled after the zero and .Ht.nded to 

(3.5.") O 1 ROo. - -, - f"'I , m l' ••• , m; _ 2 

wh .... we haY. Introduc.d the digital lign function 

(3.5.5) 
if" ~ 0 , 
jf,,<O 

and wh.r. +1i~ - mi If mi -I ~ 0 and -1i - m~ If ;;;~ _ 1 < O. (A mer •• trai.tforward digaal trm.lation of 

(3.5.2) would be to d.fino mj - D(m, _ I) x P., but ther. I. no need to do the multiplication when the .ign 

of II; -I hal alr.ady been .... n.ed .. by the macnine unci P, or It. netgCltiv. can be a •• a.ily .tor.d a. 

the vah,. of iii') 

Th. fonnM definition m.dll:ni zed in the co. and o .. "",eeI in the later error analy.i. i. the following: 

(3.5.6) 

ifm~_2 - O(andnec ... arilymi __ 1 " 0) , 

replac. iii; -I by iii-I • i(iii, -I) 

(iij - P, 
and •• t~ 

l mi - -1i 

also put 1I~ - at 

If ;;;i-I ~ 0 , 

If iii _ 1 < 0 ; 

Evidently we can even hov~ ;;; 1 • 0, so it i. appropriate to con.ider next the co •• iii _ 2" 0, m,_ 1 - O. 

Th. recur. ion formula reduc •• to 

- 2 -,'\ 1 
(3.~.n Ii IE -(6i _\) ';.2 ~ -p - 9;_1/;_2 • 

For 'wOol • 0, hi-I - 0 and the motr~x decompo ••• with i' a characteri.tic valu. of the aubmatrix 

of the fir.t i - 1 row. and column. of S. Th.n the co,..utatian .hould continue by d.allng with the 

_minora of the matrix S2. ($'f) for p ~ i, 'I ~ i. Thi. I. accompliahf'!d by the definition: 

(3.5.8) 
{

if m; .. , • 0 (n.c ... arily ii,_2 ,J 0) and 9,_1 • 0 , 

r.plac. mi _1 by m; -I • 1 - p-- , 

and Nt mi - P" II, .. a, . 
For 'i-I ,J 0, I; ,I 0 in (3.5.n «Id the •• quenc. can be r •• cal.d after iii'_1 - 0 by •• tting 

(3.5.9) iiii .. O(-9i_I/~_~ - ~,_~ • -0(;;;'_2) , 

wh .... i~_1 i. n.c ••• arily po.itive and 1~-2 hal the .ame .Ign o •• '_2 by the inductive hypothe.i. 

(3 ...... ). Hence w •• fin.: 
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(3.5.10) 

if;;;,_1 ~ 0(necessarilym,_2 -I 0) 

and ii, _ ItO (necessarily fi, _ I :-- 0) , 

set m. , {

-(1 - 0-<) 

1 - {l-" 

if 111,-2 > 0 

if ;;;,_ 2 < 0 

Ie-avO/) " Vi_I' since its value is irrelevQflt. 

3.6 THE DIGITAl. FORMULAS WHEN m;_2 • 0 AND ;;;i-I '" 0 

While it is necessary to provide in the code for the possibility that soO'le m, sholl be zero, in actual 

fact tilis will happen for I > 0 only when jL is, to within round-off errors, a characteristic value of a 

principal minor of S formed from the first i rows and columns. The lormulas of 1his section will ther~fore 

be tnose UI ;011" employed in calculatir.g the sequence. 

To calculate Ii' we must odd the terms 
-n, -/1. 1 

(a - jL) f I ~ (Ii 1 7) )(/'j 1 - ", I;;;' 1) 1_ f'l 1- 1-

and 

- 2 • -{1i _ l _ (-l-'-i_2 -) 
-(hi_I) li_2 ;,:: -Ill 'Ii-I) f3 " i _ 2ln i _ 2 • 

Since "i-2 = "i-I' it would be possible to compare the size of these terms and scale the larger to the 

interval {3-1 ~ Iii < 1 before adding them. Thi 5 refinement is unnecessary for accuracy, as our later 

analysis wil show. We have not even calculated and recorded the individual exponents II; -.1 and 11;_2' 

and we do not know the value of,j 1'" n. 2' Instead, we rt;~ire n . .. n. I" II. 2 so that when (3.4.4) 
1- 1- , 1- ,-

is sUbstituted into the basic recursion formula (3.3.12) and ii. - -,I and (b. 1)2 are replaced by their 
I ,-

digital .JpproJ(!",ants, we can divide through by "i and obtain (3.3.15), w',ic!' we rewrite as 

(3.6.1) 

where 

(3.6.2) 

11/ 
1 

CT, p. 
I~ '(Pi m,_l - {1 'ii,_l iiii_2) 

Vi - a j when P; < 0', .... ith o. 
1 

and 

l
tl(/~-Pj r, iii. I - q. 1m. 2) I', 1_ 1_ ,-

with OJ '" ~'j + 10';_1 - f3;_1 when P; '= 0 , 

The value of 0; is determined directly by the machine as the ;Iumb., of shifts neeenary to scale the 

numerical value of the quantity in parentheses to Ii", between Ij-I CIi1d one, and then II; is determined 

by the appropriate formula. Since many machines (and in particulol', the ORACLE) can easily accumulate 

correctly the sum of two digital quantities and detect any overflow and sea!e for it, we permit 0 - ~1 

for a single right shift and so allow -1 $ 0 $ S - 1. When the value of m; given by the formula is ZMO, 

tI; is indeterminate and so ;s Vi' but this is appropriate since the computation of m;+l from m; - 0 and 

m. 1 involves, by (3.5.8) and (3.5.10), no use of the value of II .• 
1- I 
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Th. preci •• digital formulo. or.: 

(3.6.3) 

(3.6.4) 

{

if Pj < 0, I.t 'j 

If Pj '= 0, I.t 'j 

if'i ~ 0 and Pi < 0 , 
IT. 

t - R , d •• mj - ~ X'j an v; 

wher. -1 ~ D j ~ S - I and {J- I ;S ;mjl < 1 , 

If'j ~ 0 GrId Pj ~ 0 , 
fr • 

•• t mj - {J' x 'j and v, 

where -1 ~ a; ~ $ - 1 and {i_' ~ Wi; < 1 , , 
if'i - 0 I 

s.t iij - 0 and I.av. "; - vi_I' .inc. its valu. i. irr.l.vant • 

(In coding th ••• formula., CI technical di"lculey may intervene, a. It do.G for the ORACLE, to 

prevent a dintct order to .hift Ipil plac.., .hu:e " have not guoranteed that Ip;1 < s. For the ORACLE, 
orden for more than 63 .hift. are ...dueeci modulo 64 before they or. performed and thi. could cl.afly 

lead io CII •• Ious error. Sinc. we desh·. that s or mor. shifts shall reduce the number to zero, or at any 

'ate to %13-&. it ........ 1I"ple.t to •• omine Ip,1 Qftd replac. P; by fA if Ipil shift. c~not be ordereeL) 

3.7 TH! ALTlatATION 0' S TO S' 

The lubtraction 0' two term. of nearly equal liz. In calculating m, can ".i1y lead to an incorrect 

d.termination of the .Ign of the corr •• ponding minor of S - iI1. What wa ore abl. ~o show is that enly _ _ n 

Im.all changes in 1M .Iement. II and hi of S are re",lred to make the calculated • .i~1 e.actly correct 

for a new matri. S' - iI1 ,where ,. 
(3.7.1) S' - (s' ) p, wi," s' - 0 If II' - ,,1 > I I p, 

, , 
sp" - ap , 

.; ,+1 Q .,., P - h; • 

Th. computatian of the •• .,enc. of m, f« a slngl. choice af ii Involve •• och il, and hi at mo.t once. 

Thi ••• oratlon of the whol. problem into part. In each of which a data nu .... I. used at mo.t once 

male •• it pCIII bl. to replac. the fOUn"H .".". by alteration. in the given con.tant •• 

Th. alteration of the .Iement. il,"1 to ";'h; i. to be made .equentially 10 that to guarantee the .Ign 

of ml to be ·th •• am. a. thr. of the ;'towed principal. minor of s' - iil we IUppO" ii I' ••• , il,_I ond 

b" ••• , 6'-2 hove been prevtoUily altered to the corN.paneling primed quantiti •• ond that we have at 

our ~spolOl il, and h._I. A number of .p.cial co ... mu.t be con.ldllNCl becau •• iii may be calculated 

by on. of the .p.cial rul •• of p.S or by the genet"Cll rul. of p.6 and al.o beccr .... 1f .ith., iil _ 2 or m,_1 



was computed by n Jpeclnl Nle, th. following induc1ive assumrtion re~ires minor modification (typi­

cally, 1 - 13-· is used where +1 should have been). It is, hoy •• ver, eesy to se. that the modifications 

in a, and b,_1 which may be required in the !J'DI'eral case dominate those for eacn of the special coses. 

For the main lItep of the imfudive proof we therefore suppose that m'_2 ,i 0, ;;;,-1 j. 0, .,nd that bath 

went computed directly rather than being obtained by a rescaling substitution as in (3.9.6, 8, or 10). Th. 

indudive hypofhesis is 

(3.7.:l) -I'· 
I; .. I~ '" i ;;;1 ' fo'( i - 1, 2, ••• , ; - ~ 

with 

(3.7.3) 

This implies 

(3.7.4) (3.7.2) for 1 - i, "'_1 - "" and v, - 11-, - fl,_, , 
where the I; satisfy (exactly) the recursion formula 

(3.7.S) I; - (a! - p.)fi_, i - 1, ••• , i , 

In terms Qf the primed values of th6 matriJt elements. We have the ri~t to choose ai,b;_I' md the 

integral exponent -Il, and are to show that, after dividing (3.7.S) for i - i by n, _ 2 - ",-1 - n,; 

(3.7.6) !3-~1 m - (a' - ji)!3-1"j-l;;; - (b' .)2f3-~/-2 m 
t I i-I i-I i- 2 ' 

where Il, - v, + 11-,-1 and mi and v, are given by the rules (3.6.2, 3, and 4). 

When m; ... 0, II; may have any value in the last equation, and this case may be subsummed in Gther 

respects und.,. the cases in which mj ~ O. From (3.6.3), 

{

- if Pi < 0, '; - Pi m;_1 ~ iij _ 1 ;;;i_2/~Pi + 110 ' 
(3.7.7) 

'f 0 7: - ./ "'Pi - - )' 
I Pi ~ , 'j - "j m j _ I tJ - qi-I mj _ 2 + "'0 ' 

where the terms involving a right shift by Ipil ploees contribute less than #-. to the erlOr(3) ([tOJ, 
Eq. (2.22», and so 

(3.7.8) 

Forming m; from 'i by I.ft shifts introduces no error, but if 1 ~ 1';1 < 2, the single right shift (without 

rounding) introduces a maximum ."or of no more than (13 - 1)f3-.-I. Hence, 

{

HP; < 0, inj -lt~p;;;;;_1 - Qj_l mj_2t!·) + '7, 
(3.7.9) 

'f . 0 - OJ[_ - -Pi - - ) , 
I Pj ~ , mj - f3 pj 1n j _ 1 f1 - qi-I mi _ 2 + , 

where 

(3.7.10) 

(3)ThI. i. eyldent If we form the complete 2s- place product •• hlft the nUIII"" to the 'Ight It, IPjl pi ....... , 

filling In zero. afto, the /3 !tolnt, and then discard all afte, tho flnt • placos. 
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Sublti",tlng from (3.7.9) in (3.7.6), "',. tit. iott., ha. bHn multiplle" by {f'-o., giv •• , 

p.iii._ 1 - I'i._, iii._ 2 + fJ-tI·'1 

fa
4i(' ~l- .J',rtl, .. I(b' )h-

• lp ". - 1', m,_ 1 - p lp , .. 1 -JID._;! if P, < 0 , 
(3.7.11) 

-Pt _. -tI, . 
8 p. iff,_1 - '._1 171 '_2 + fJ ~ 

- fJ-P'l(J"'(a; .• W)iii._ 1 - l/l'_I(b;_I)2]iii._2 if p. ~ 0 • 

-6 _a . 
Sinc. Ip.1 mvy be larp, the entl,. .,.".. fJ I" or fJ " muat ba absorbed by the choice of a; In the firat 

ca •• and by the choic. of bi_1 in the .KOnd ca ••• Moreo ... , It II cOr.venient to I.t 

(3.7.12) 

In the firat ::0 •• 

(3.7.13) I/'lfJ,8'·~I(b;_1)2 - i ,_I)iii._ 21 < 11'-1 S /3-_-1 , 

b).' (3.3.9) .. Simifarly, if p. ~ 0, 

(3.7.14) 
if a, .. -1 , 

by (3.3.6) and (3.3.n. When Pi < 0, (3.7.11) will th .... for. i.e valid if when P, < 0 w. choo •• at so that 

the terml,. 171'_1 and jJo,(a;._ mmi • 1 diff ... by the amount of the .rror t.rma, which are now bounded by 
-nil ~ fJ,8 '11 + fr --. Sl~ilarly, when p. ~ 0, we ar. to choo •• bi .. 1 ao thati,_1 iii •• 2 ia different from 

It i.l(b~I)2mi_2 by an amount not great., than P.o'I'1 + fJ--- I • Replacing p. by I{'fii,_- m when 

ti, ~ 0 and by fJ~ [ca, - jI) - 0Ir8
), with 101 < 1, -hen a, --1 and replacing it- I by /3 1- I(b '_1)2 plus 

an ... ror term I ... than p--, w. !cnow that 

(3.7.15) {
f/·'Ia;.- i.1 Im'.11 S P-tlil'1l + fJ-_·I 

fJ,8'·IICbi.i)2 - (b,_,)21 Im,.21 S /3-oil'l ... fJ-_·1 

if P, < 0 , 

Uling CI, ~ -1, lii,_11 ~ fJ-l, a, ~ -1, {fi_1 ~ 0, and Im,_21 ~fJ-l, therequir.dalterationofii.ond 

b._I i. to 

(3.7.16) for P, < 0 
or 

for p. ~ 0 , 

wh.r. 

(3.7. In 
or 

(3.7.18) 

66 

2U5 



.... 
Taking E'x - W3-., the alterations in S requir.d to ",ake the calculated sequence of ligns of the 

minors exact satisfy: 

< 12/r$ and b;_, ... b;_1 
(3.7.19) 

and ICb;_1)2 - (b;_1)21 < 6f3-· , 

and, when 

(3.7.20) 

Looking bock at the source of the large error bound for f3 - 10, we I .. that it il basically due to the 

crudenell of Ica'ing by powerl of 10. ThuI, in (3.7.17), the factor f32 in the right member could be r .. 

placed by f3 exc.pt when ai - -1, md It il clear that 'h. righ. Ihift to form Pi from a; - l' il walteful in 

that a quantity lying Letw..,. on .. and two nos been Icaled by dividing it by f3 - 10 rathttl' than by 2. If 

thil right Ihift wer. performed with round off, tfl. t.rm (f3 - 1){3- .-1 in (3.7.10) i I r.duced to JjJ-., and 

this impli.1 that 

or, for f3 - 1'" 

(3.7.22) 

Th. improvement in «curacy which il luggelted I,y this improvement in en'or bound may well be illusory, 

since we have to compute the leQUenC. of aigna for varioul valuel of ii and, whil. lome characteriltic 

valu.s could be milplaced by an error in the lignl of the m; for on. ii, it il unlik.ly that the lame ."or 

would be repeated for diff .... nt valuel of ji. It th.,.fo,. .eems likely that the .ntir. computing proce .. 

we have detail.d in this chopter is unnecelsarilyaccurate and that in particular the roth., tim .. conluming 

Icaling might be relaxed. For .xampl., in a binary machin .. thr .. binary digiti might be treot.d 01 a 

unit and (J thul effectively mads ~c;uol to eight. 

When a z.,o OCCurl in the Hq!H'lnce of valuel of mi,the above conliderationl require , .... aminotion. 
4 

Thul the computation of m, by (3.5.6) giv.I the .xactly correct value f3 Ira, - ;n,except when CI, - -1, 
-41 and then altoring a I by I ... than f3-. will make f3 P, the volue of the (1,1) element of S' - iiI. Thll 

fl lell than the change permitted by (3.7.17), which th.,.fa,. continues to apply. The 10m. conclusion 

holdl for the required change in ii; when."er (3.5.6) il uI.d to calculat. ml' Iince the rescaling is by 

1/;_11-1 and, by (3.5.2), 

C3.7.23) I/i_ ,1- 1/; - iii - l' • 

Th. pro"., r.lcaling of 1;-1 far ule in the comput'.dion of the correspondingly ICf2led li+1 would be 

Sinc. +1 is not digital, t(1 - f3-.) is used inst.ad. This introduc.I anewe"orofle .. than {3_,9in 

~ . one of the terms uled to calculate m;+I. It Is not nec.ssary to Incr.a .. the error bounds given, sinc. 
~l 
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in •• timating the term in question ~ ov .... timcated liii; .. 21- ' or l;;;t_,I- ' as f3, wher.al w. could now 

UH the Imall.r Lound (1 - {J-S)-I for thi~ facter. 

Finally, Inlpection of the rul.1 (3.5.8) ond (3.5.lO) chows that In all COl •• the bounds (3.7.1n OM 
(3.7.18) will hold. 

. 
3.8 80ll"OS flOR 16; - ',1 

Befor. detwmlnln, the .Hect on the characteri.tic Ydue. of S of itl alteration to Sol, ~ n_ to 

obtain a bound for Ib; - 'bil from the bound fw ICb;_1)2 • Cb'_I)~ II"... in (3.7.18). It will be •• sentlal 

to u •• the fact that (b; .1) 2 hal been .cal.d to 

(3.8.1) i._I - ,li-l(b._1)2 ;I: fJ- 1 . 

Se"ln, 

(3.8.2) 

for nonnegatlv •. 0: and " w. have 

(3.8.3) 

und hence 

(3.8.4) 

Sinc. fJi _ 1 6': 0, (3.7.18) giv •• 

C3.8.S) 1%lfJ - fJ ' -
tli -

'
14.,1 < fJ

l
-

2tJi
_ 'CE,.: + fJ-+1 +p ••• I) 

S P(E,.: + fJ-·+I + p-.-'>. 
ay over.ltimating 1%113 under the allumption. ~~ $ 1, 2 S 13 $ 10, and p-. ~ 10-·, 1.113 ~ (l1P + 'l)fJ-· 
S 0.011110 that Il ~ ,(0.9889) 112 ~ 0.994),. Thl. rough •• tlmat. of Il now yield. 

I I 1%1 
(3.8.6) III • ,I - • < < 0.ftJ2fJ 1/2 1.1 . 

Il +, 1.994, 

Hence 

C3.8.7) 

or, using (3.7.18) and Pi- 1 ~ 0, 

(3.8.8) Ib;_, - bi_,1 < 0.S02fJII2(ex + 13-+1 + p ••• I) • 
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3.9 ERROR BOUNDS fOR THE CALCULATeD CHARACTERISTIC VALUIS OF s 

The number P(ji} of changes o~ sign in the .iigital sequence 1 - P-II
, ;;; I' ;;;2' ••• , m" Is now kr.~wn 

to be exactly the number at charactwistic values of S'which are ~i'- Also, 

-
(3.9.1) 

,., - S .' 

wit" 

(3.9.2) 

'11 71 0 0 0 

71 "2 72 0 0 

0 7l '13 73 0 

c 

0 1j -I "; 7. 0 
I 

0 0 ';. _I '1" 

{

either 1j_1 = 0 and 1'1;1 < p2(f:·xW + {3 + {3-I)p-1I I 

or'1; = 0 and 1T;_11 < O.502pl/2(€.",~ + f3 + {3-I){3-s , 

for i - 1, 2, ••• , n as follows from (3.7. 1n and (3.8.8). 

II E , 

Let ,\ be a characteristic value at the error matrix E and let" be a corresponding vector normalized 

so that its component of maximum numeric.a' value is +1, say "i - + 1. Thftn the ith of the equations 

e" = Ax yields 

(3.9.3) 

Hence, using the maximum values of 11j_ 11 + 1'1;1 and of 11j1 from (3.9.2), 

(3.9.4) 

Since this inequality holds for eoch characteristic: val • .., of e, it holds for one of maximum numerical 

value. Using the form of Lidslei"s theorem stated in Corollary 2.1.2, we have the following theore", 

THEOREM 3.9. I{ PrpJ is Ih. number o{ changes o{ sign in thl! sequence 1 - p-s, ;;;,. ;;;2' •••• in". 

computed from S and ii by the ruLes (3.5.6). (3.5.8). (3.5.10), (3.6.2), (3.6.3), and (3.6.4), the" at Least 

P(iV characteristic values of S tlTe equaL to or 8r.at.r than ji. - 1\2" and at least n - I'fji.) characteristic 

values of S are equal to or less than ji. + Ai'" where 

(3.9.5) 

(3.9.6) I\~ < 15f3-s {or f3 - 2 arid Il~ < 1077f3-· for f3 - 10. 
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Whether or not one will acc."t as Q malCimum pouibl. error ,077 unit. in the la.t significant figure 

(for a d.cimal machin.) will, of cour •• , depend on the eirc~m"tanc •• of the probl..... For matric •• of 

or.r 20, T obi. 3 of §2.13 shews that the bound for the error in the .. cond .Ioge of the probl.m I. cdIout 

ana fourth of the minimum error bound obtained for tho first stag.. Moreo.,er, it I •• trilclng that A~ do •• 

not depend on tho order of , .. e matrix 10 that onc. a matrix has been reduced to Jacobi form the .iz. of 

the matrix which can be tr.ated ia not limit.d by round-aU .. ror. It Is clear that scaling by powers of 2 

roth., than by powers oi 10 would reduce the error bound for a decimal mach In. to a flgur. comparaW • 

• ,0 that obtained for a binary on.. W. r.frain from carrying thr,jugh the detail., sine. it ....... of great. 

inter •• t to contrast tho eHiciency (ot loost for the obtaining of error bo""d.) of binary .coling with that 

of decimal .c.~ling. 

A s.cond bound for the error can be obtained from the norm of the matrix E, sine. lIy (2.1.6) the 

characteristic values of S' and S, A; and A;, r.llpectivelv, can .,. order.d SO that 

(3.9.7) t (A; - A.)2 ~ N2(E) • • 
From 

II 

(3.9.8) N2(E) - ('11)2 + 1: [('1;)2 -t. 2('i_l)2], 
;-2 

1~11 < fJ-· and (3.9.2), ¥to get 

(3.9.9) N2(E) < (fJ-.)2 + (n - 1) fJ4(~p + fJ + p-I)2 (fJ-·)2 , 

sine. on •• a.ily .hoWI that the maximum of ('1;)2 + 2('i_l)2 i. obtained for the ca •• 'i-I - O. Henc., 

simplifying tn. formula by using the some upp" bound for 1'111 a. for the other 'IiI 

(3.9.10) N(E) < nl/2fJ2(~f3. + f3 ... fJ-l)f3-•• 

Taking ~p - t as usual, 

(3.9.11) N(E) < 1211 1/2 2-. for fJ - 2 and N(E) < 1060II 112 10-. for fl .. 10 • 

.. 
3.10 SCALING REQUIREMENT POR S 

Th. only normalization we ho.,. required so far in thi' chapter I. that the .I ..... nt. of S be digital. 

In the actual eomputoYion of the charact~i.tie .,alu •• , w.:- n. to Icnow a value of A ~ max I~I. Two 

po •• ibiliti •• for A are tho maximum of Ihi_11 + Iii; I + Ihil and the norm of the matrix S. Th. for .... r I. 

ea.ily caleulat.d and is certainly ~3. Sinc. it \·.'Ould be quit. incon.,....iMt to u •• a value of A gntCINr 

than on., w. shall suppose that either 

(3.10.1) for; -' 1, 2, ••• , .. , 
- -

with ho - 0 - hll , or that 

.. ..-1 
(3.10.2) t (4i;)2 + 2 1: (b/)2 ~ 1 • 

i-I i-I 

Th. latter condition will be rNtomatlcally fulfilled if S hot Hen obtained by the reduction to Jacobi 

form of a matrix normalized a. i. r.quired in §2.16. Then w. can talc. A - + 1. 
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3.11 TIME U'!U.ATE5 

Ccuntlng two multiplications for a singl" use o§ riM! recursion formula to calculat. Wi, and Gllowing 

a third multiplication time to perform tho scaling operatiOO'l~ wnich may b. rsqulred, 3n multiplication 

times are requiFWd mr the computation :1f each nquence of mi. By (1.4.10), no more than I + "L 

repetitions of the sequenc. will be needed, wt.."e L is thel"ast integer ~ 1092 {AIm and 8 is th.l.ngth 

of the interval into which the II1Qchine is required to plac •• ach characteristic valu •• 

Talcing A-I, appropriate valu.s of 8 for a 39.pICKe binary macnine (such as the ORACLE) would 

be 8 - 2-2°, 2-3°, or 2-35, and for an l1-place decimal machine, they would be 8 - 10-' or 10-1• 

Allowing a millisecond for each multiplication time to cover additions and logical operations, as is 

roughly appropriate when the true multiplication time is aaout 0 hilif millisecond, w. g.t Tabl. 7. 

TABLE 7. TIME IN SI!CONDS fOR THE COMPUTATION TO AN ACCURACY 80f THE PI CHARACTERISTIC 
VALUES OF" MATRIX GIVEN IN NORMALIZED JACOBI fORM. 3.1(1 + nL) 

8 10 20 ~ «) I 100 

2- 20 6 24 54 96 600 
2- 30 9 36 81 144 900 
2-35 11 42 9S 168 1050 

10-' 6 24 S4 96 600 
10-1 a 32 73 1~ 810 

AJfI. , .. "..f Jan." J 5, "54. 

Th. method discussed in this report il now in UN on the UNIVAC at the AEC Computing Facility of 

New York University. The codes were written by J. H. AI.xander and W. Mironker. As a t.st, the ch .... 

acteristic valu .. of a symmetric circulant of order 32 and witl10ut UfO components, but with multipl. 

roots, were found. Th. maximum error in CI'Iy root was 18 units in the last (.I.venth) d.cimal place. The 

errors in I.Ai and I.(Ai)2 were 2.10- 11 and S 21.10- 11, r.spectlvely. 

Th. existing cod.s for the UNIVAC will also calculate choracteristic vectors but it is cl •• that they 

will fail for problems for which some of the E'; of the Jacobi form are "small." Another method of finding 

the characteristic vectors, when the Jacobi form ane! its choracterl,tic values are known, has been d .. 

viNd and is now under study. 
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App .. dix 1 
BOUNDS FOR THE NORM OF A SUM OF TWO ~ATRICES IN TERMS OF 

THEIR CHARACTERIS1'5C VALUES 

Since the characteristic values of -T' AT, for T orthogonal, are the negativ.s of the characteristic 

valu.s of A, the r.sult of (2.1.6) will be .stabl i shed H _ prove the following somewhat stronger theorem. 

THEOREM Al. If A a"d B are real sYrtrnldric matrices with characteristic values a j and hi' 

i-I, •••• rio respectively, a"d if C .. A i B, th.e" 

(AI. I) 

where the mi"imum and maximum reler to the n! pemrutalions tt(i) of I, 2, .•• , ". 

PNO' of tho Th .. ,... Writing A = TO A 0 T 0 and lJ '" U 0 B oV 0 for TO and V 0 orthogonal, 

Ao - Iidiag (a I' a 2' ••• , a,,)11 and Bo - IIdiag (b I' 62' ••• , b,,)11 , 

N2(C)i~ one of the values assumed by the function 

(A 1.2) 

where T and V are allowed to vary independently over the munifold of all orthogonal matrices so that 

V - vr- 1 is also an arbitrary orthogonal matrix. Henc., N2(C) lies betwe.n the minimum and maximum 

values of 

" 
(A 1.3) N 2(Ao) + N2(V'BoV) + t (I\O)ij(V'BoV)ij 

i,j -I 

" 
= N 2(AO> + N 2(Bo) + t (Ao)u (V'BoV)ii ' 

i-I 

I sinco tho norm is unchanged under an orthogonal congruonce and 140 is diagonal. 

Grouping together the oqual characteristic valvos of A, wo may write Ao as a direct sum in the form 

(A 1.4) t • a~l.. ' 
4 CI 

whore a~".~ lor a.,i fJ, and %"4-'" Wo now praceed to show that if V'BOV Is not a diroct sum of tho 

same form as AI, thon N2(A o + V'BoV) does not have an extreme value. Let the (i,i) eltlmont of V'BoV 

be clifferont from zero where the ith row is a row of the matrix of ordor "4and ; refe,. to "1J1or a. ,i {3. 

Then we consider N2(Ao + W'BoW), where W - VR ij and Rii is tho rotation (1.3.1) affecting only the 

ith and jff\ rows an<d colulMs. The only terms in the last member of (A 1.3) which are chonged when V is 

repl aced by W are 

(Al.S) 
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and, for W, thl. become., by (1.3.n and (13.8), 

(A 1.6) (a el co. 2 8 + III~ Iln 2 6)\. + ("CJ ~ln2 8 + IIIJJ co. 2 ffIIaJi + (ain 2(1) (a el - (I~)"ii ' 

wh .... (V'8oV)" .. ",,' Henc., 

Ii 
(Al.n ti8 [N2(Ao + W'BoW)] .. Cael - "~)[(lt.iI - iii) "In 20 + '}Jail co. 28) • 

For 8 - 0, thl. MUe.. to 2("eI - II ~)I&ii wftG(h i. diff ... .,t from z ... o, .Ine. we allumed "ii ~ 0 with 

C1 ~ fJ 10 that "eI ~ fl~. It followl that N:t(II) + W'BoW) cannot hav. a maximum or minimum value for 

w - V. 

A .. ~mlng now that AD I, wrltt..., os a dir.ct sum, 01 In (A 1.4), and that V'BoV decompol •• Into 0 

direct .um In the lame -or, if R .. Z • Rei i. a direct sum of rotatlan matrie.1 of liz •• "", 

and, for a .uitabl. choic. of the Rei' V'BOV CIS'! be replaced by eh. dicgonal matrl. R'(V'BoV)R without 

changing the valu. of the norm fun~t'o:l, tM •• t .... ". value. of which are belnv sought. It follows that 

the ma.imum and minimum value. of N2(T'li oT + U'BoU) are attGlned far one of the .. I numb .... 

N'<A o + P'BoP), where P II a permutatlan matrix, and th. theorem follows. 
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App.dia 2 

MEANING OF T~tE SYMIOLS OSeD ~N THE MNEMONIC CODES 

A full account of the symbtllism of either mnemonic Qr machine codintJ for the ORACLE would InvoSve 

a great many details of t .... construction and operation of the machin. and would be 10 long a. to he 

quite inappropriate here. This information can b. ... btoin9d from memorandum. i .. ..,ed by the Mathematic. 

Panel of the Oak Ridge National Laboratory. Th. fl.)lIowing ai.scu.sion presuppos.s familiarity with the 

general mode of operation of an automatically .eqver.ced high.~ digital comput.r and i. limited to 

those featutes of the notation believed necessary to an understand'1 of the cod •• in the followinG 

appendix. 

The arithmetic unit of the ORACLE contains two regiltors, called the accu otl)r (-A or Ace) and 

the Q regist.,. Addition and subtraction orde,. permit all eight combinatian. of hoi':b." or clearing the 

accumulator before adding to or subtracting from it .. ith., the nU:'ilber or the magnitude or, numb., in 

the indicated memory location. The symbols are: ' ..... 
'. 

H a - hold the content of A and add to it the numb., at a, 

Hm a - hold the content of A and add to it the magnitude of the numb., at II, 

H- a - hold the content of A and acid to it the negoti"e or the number at a, 

H-m a .. hold the content of A an-i add to it the negotive of the magnitude of the numb.r of a. 

The orders C, Cm, C-, and C-m or. obtained by replacing the wori"ho~d" by "clear." 

Multiplication involves both tite number prltviously .tared in Q and thi'-number stored at the add .... 

indicated in the Mar Mr order. The M order gives the correct 2s.place Ffoduct ;n.~. and Q. but the port 

in Q use. the sign digit poSItion of Q for the ($ + 1) ciigit of the product. Where the cOitnplete uaplace 

product is used in the .equel, the A and Q regi.ter. are treated as a .ingle (15 + l).place regh .... and, 

aft., .uitoble shifting to scale the product, only the part in A is finally .tored. Und., Mr, the rounded 

product is at once available in A. 

Th. only division ord., we use is denoted by D. It produces the quotient of the number In A by the 

number at the given oddre.s and positions the quotient in Q (not in A) In a form suitable for immediate 

storag •• 

Th. multiplication and division ord.,s us.d are: 

M II - produc. the 15-plac. product of the number in Q by the number at addr ... a, 

Mr II - multiply, and round to s place., the number in Q by the nunaber at II, 

D a - divide the number in A by the numbe, at add, ... II (quoti.nt I. In Q). 

Th. ORACLE has an elaborate s.t of shift ord.,. of which anly thr .. are of Int.,est her.. Th. right 

.hift ord.,s a,e: \ 

R -". - p'oc!uc. in A 2-P (contents of A) and drop II plac •• after the first s. (Not.: the .isn i. 

C3lwaysunchangedunderon R order, so ewnR ~applied to a negative numb., giv.s _2- 39 

and not zero.) 

Rq.". - regarding A and Q as an extended (15 + 1).plac regist ... AQ, produce 2-P(contents ofAQ), 

drop the lost p places, and record in AQ. 
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for the l.ft •• h4f~ ordor L, it becom •• Important to not .. what tho accUIfiIolI.or A actUGUy hal 41 tonle!l: 

=te ..,,,1., A_I' OI,ed In detecting overflow, on. ,Ign digit toggle, A", eM,j 39 "ploc." toggle. AI' 

i • 1, ••• , 39. If the Initial contt:!lts of the •• are [0._,0. 0 (;1.1 ••• 113,1 with 11, .0 or 1, ~: j 
L .pe • CJrOCIuce In A [l1p_ 1 ap ap +1 ••• a" Ii 0 ••• OJ • 

7hu. L may well alt. the .Ign of the number In A. Indtted, L ·2- applied to -1 in A giv •• zero III' A. 
w. 1h~1I u •• l In two ••• emlally dl.tlnct ways: to .hift odcIr ..... aM _ 0 device for .coling a number 

b)' • powet' of 2. 1'he «der L -~ .hlrt. the addr ••• of 0 right or_ .nto po.ltlon lor .ubstitution a. the 

addr ... of a left ord •• When we u •• L for Icalir.g, w. wili hew. 11_1 • c;, (which I. alway. true If A 

5. ~illeci directly front the memory by a .. cI .... order), and L -,. will "oduc. the numbot 2P (cont.fa of 

A) o. the new number in A _ long a. a_I .. c;, contlnu.. to bot tru.. When 11 __ 10 C;, w .. debet thl • 

• Ituatlon by the "setting of the overflow toni.," order R -h and obtain 0 lColed number beginning wlcQo 

el~hera.O • 0, I1w ., 1 or with Q, • 1, 0. 0 • O. Since thw contMt of,.. I. Interpreted o. 

Jt 
-co + t ai 2"; , 

I-I 

a numlocr In A wUl be ~ ~wh.,. 111 - 0, "1 .. 1 a"d will b. :i - i when c; • 1, I1t • O. 
The tran.f. order. may be unconditional, conditio "l on the .I,n of the number In the occumulator 

(+ If ~ 0 or - If, 0), or condltloMI on the •• nlng of ~ o~.flow toni. (y - y •• or n - no\ cmcI may coli 

for !he .xec:~lon of .Ither the right or I.ft orclclr of the indicated oddre •• (r or -l}. The right order. Gre: 

Tr ... eX3Cute next the right order ". addr.,. ~, 

T + r... If 1M number In A I I ~ 0, .xecut. etc., 

T ~ ... If the number In A i. < 0, execut. etc., 

T", .. - If the o".-'Iow togglf: hal not been MI, execue. etc., 

Tyr II • If the ov.flow to"le hal b ....... t, •• ecut_ "c. 

The I.ft ord •• are obtained by r-rlaclng r by t and right by I.ft. Th.e i. also a .tall order: 

NTr - • proceed to the next order in Mquenc. (right Fecede, I.ft). 

The ack4t",~. of such 0 "no tran.f." ord. i. err.levant and I. gen.ally 10 Indlcateel In the following 

code •• If tho condition of a conditional fran.f., Clrder i. flGt .(lfi.fied, the machine of cour •• proceed. to 

.xecut. the n ... order In .equenc •• 

Ther. are 16 .ub.titvtion or1lM' from A to the memory an<d a .Imi lar Mt ~m Q. Denoting the ten 

toggl •• 110 at ••• a, by I, 0.,0 ~11 ••• 11w' by II, 11 20 1121 ••• 112, by III, and 11,. (LSI ••• (Ln by IV, 

00011.. - replac. part II at memory po.ifion .. by part II of the accumulator and por~ IV lit .. by port 

IV of tho accumulator. 

Similorly, 000a. .. u ••• only part tV of the occumulator (which retain. It. Inltlol valu.), whU. a.aaa. .. 

• ub.tltute. the entlr. content. of A (exc..,t that ta"l. A_I I.Mv. Involved In the .uoltltutlon.) Into 

ih. memory at .addr ...... 
Th •• ub.tltutlon. from Q are denoted .imilariy, with q replacing a. To put the number ot Q InID 

po.itlon .. , theord. I. qqqq G. To bring the number at II into Q the order I. Q ... 

1he_;~cI,p~'of an,ord. I. alway. denoted In machl,.. code by two •• xodeclmol .yt .. ~I. and 

tho' ••••• bythr., whetM. I, II, III, and tV or. eoc:h ten biriary symbol. which equal two and on..hatf 

Mxodeclmal .ymbol.. Thi. would appear to make It difficult to modify the cod. by .ubAtitutlon ord .. , 
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and, jndeed, complication. do ari.e when the machine operate. with it. full 2048-worc* IM',nory or with a 

t.sting featur~ coiled "bre,*:\OOint." In the following codes, ~Ith., of th ••• is done; so the initio' 

symbol of on addre .. i. alwar. 0, 1, 2, or 3, and hence no more than ten binary plac •• art! .ve, required 

to specify an ud~,·eSl. The symbols I, II, ill, IV may ther.fo ... , for pr ••• nt purpos •• , be understood to 

denote command of Ie'. order, addrou of 141ft order, command of right order, and oddr ••• ~. r.ght order, 

r •• pecti."ely. 

Tt. notat!on o~ the following mnemonic cod., i, intended to make po.,ible the r.ading olthe cocle 

with a. li"'. ~ou9ht of the machine 01 is consistent with the requirement ,hat the tralS,lation Into mOo 

chine code Ihall be e .. entially routine. (It II 1YK'f. than routiM If the storoge il conlolidllted, that io, 

iI in the assignment of storag. ~ lingl. memory location il uled to Itar. diHerent quontitie. at diH.,ent 

time •• ) We therefor. \llTite "H V, It and undentand it to mean "add the number- V 1 to the number In the 

acCUMulator." Since, in tho cod. of Appendix 3. V, i, o .. igned memory position 100 (.2.56, decimal) 

and H is 20 in machine code, thil ord., bGCOIMI 20 100 and is in.erted in m. meMOry as the half word 

00100000 0001 0000 0000. Similarly, "a.aa,a T s" i, re::HI ""Jiot.titut. (th. number in the) accumulator for 

T s" and is translated into sexadeelmal "SF 12F" or birJary 0101 1111 0001 0010 1111. When it becom.s 

nec ... ary to r.f., .xplicitly to the memory position at which a number is stored, we "",ite Me ); thus, 

M(V 1) - 100 and M(T 5) - 12F. 

For leveral purpolel, and in particular for treating integral variabl.s luch 01 counting indic •• , It Is 

convenient to introduce the notation: 

*. _. 2-", 4* -. 2-39 and ... - _. 2- '9 +. 2-39 • 

Som.tim •• , for convenience in .ub.titution, addr ..... are .tored as *M( )*. Thus, since, in Appendix 3, 

ii 11 is stor~d at lAO, M(ii 11) - lAO and *M(ii 11)* i I OOIAO 00lAO. 

If an addr ... is supplied .Is.whlll'. in the code, we normally indicate thl. irr.levance by a dash and 

und.rstand zerol'l to be supplied in the initial code. 

n 
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ApponcUx 1 
FLOW DIAGRAM, MEMORY ~ART, AND CODE FOR THE REDUCTION OF A 

REAL SYMMETRIC MATRIX TO JACOBI FOU 

Th. following code I. d .. ignGd to be •• If., •• torlng in the "" •• that It need not be reln.erted Into 

th. memory before " MCond probl.m Is solved. All that I. nec ... ewy I. that the new matrix ...... nts 

be reacf in, beglml"" at lAO, the ord.,. of the matrix be In •• rt.ci In Q in the form *,.* (- ,. ,2- 1' + .. 2-' '), 
ana the control be .ttarted at 005. If a fa.t Input ..,. availabl., this feature could be sacrificed and 

the code .ub.tontially .hortened. 

A part of the flow diagram r.f.,.. to t •• t. which are ••• entlally far malfunction of the machine, .Inc. 

they are not otherwl .. r.quired. In partic'Jlor, the (approximate) con.tancy J the norm could b. te.t.d 

only at the beginning end the end rather than aftw each plane rotation, a. in the pr ..... t code, with a 

.aving of about on.~alf the rn •• nt computation time. The total time, ho .. ver, i. abouc 8 fltinute. for 

a matrix of ord.,. 32, which i. a. lorge a. the pr • .."t code will hand I •• 

nl. limitation ,. ~ 32 "rmlt. the precomputatlan and etorage 01 ..... addr ••••• of the .1 ........ In 

the two column., the J 1 and J 2 column., affected by the rotation. Th ••• or. calculated in advanc. of 

the manipulation. involved in the actual rotation and ore .tared for conv.nlenc. In the farm *M( 3;/1 r ' 
beginnlngot 160 for the J 1 column and, .Imilorly, beginning at 180 for the 12 column. Th. addre •••• af 

the J 1 column thus need not be recomput.d .Yery tl ... J 2 I, Increased by one. 8y .acrlficing this 

featur., which allocates 2" storage posltlona, con.olidatlng other .torage, and .implifylng the code by 

dropping the .. If-preparatory f .. w., matrlc.. of order " ~ 40 could probably be tr.at.d. It would 

also be de.lrobl. to Include the calculation of the product of the "plen." rotation matrlc •• , but then 

one could ha~. only " ~ 23 (about), mlnc. ,,,(,. + 1) + ,,2 .pac.s are required f .... the original matrix and 

it. tran.forming orthogonal mat,ix. 

79 -080 
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LEFT ORDER 

I " 
FF FFF 

00 001 

40 000 

00 000 

80 000 

5tan-qqqq .". 
H .". 
H- ·1· 

C .... 
~ A,. 

M ·11· 
0q00 A,,, 

C A" 
H A,,, 

r ·1· 

C A". 

0a00 5, - 052 

(](ba 068 

()c01 57 

C A,,, 
I 

0aI00 5. 

C 0 

C Au 

RIDUCTIOM OP A RIAL SYMMETR!C MATRIX', 'JACOBI PORM 

MnemCiQlc CocJc, 

RIGHT ORDER STORAGE aox EXPLANATION 
III IV ASSIGNMENT L R 

FF I fFF 000 "-I" 

00 001 1 I .," 

00 000 2 l2- 1 

00 000 3 0 

00 000 4 -1 

T<' 017 5 05 E,,* with .... In gaM .t_ (ot 110) 

0a0cI An 6 A" • [OOIAOOIAO) 

()a()a 
A"" 7 

•• M(i,,). 

H "I· e 1.'2- ·a(3,al· 
A"". 'M(i,.,.). 

g A,,, 9 A, ••• M(J,J. 
Rq ·2· A • ·(11.0 + ,II(" + I) - I). 

()O()o. A,,, B 

H- .,. C 

()a()a A,,, 0 

0a0m "'I· e S.t/,·1 

0$ 53 F 

C Z2 010 53 • Q. ill,,' Mo, i •• 

C Z, I 5, • C, i ... H, T, 

C Au 2 Zi -052 ,..t_. "flrat tI_ only" 

.tor ... of troce In R2 

0$ 061 3 Z3 -068 .lInllorly for <_111)2 -R, 

Oancl S$ 4 57- Q, '12' Mo, iu 
5, • g, I, .. Mo, i,. 

Tt CMtI 5 5 •• g, I, .. Pq, 000 
6 

-. A,. 7 

Tt 006 8 

9 

A 

B Canwct_ ot 011.: .... 1.,.'0 OlIO will 

C co leu"" At. correctly 

0 

E 

F 

1 
\ 

I 
~ 

I 
j 
I 



Not.: in c:ompf ... ." ... Ion. -,CIt I •• I"on (P. Q) 

LEFT ORDER RIGHT ORDER STORAGE BOX 
EXPLANA TION 

I II III IV ASSIGNMENT L R 

C ",," H D, 020 20 lJ, - (00160001601 

H- "2" ~ 02" I • """"M( I. I I)·)" 

OCOO 009 H ·32· 2 
·1,".0,-*2" 

- "W"M(I I - I. I,)")· 
000c1 rtJ.7 000c1 OSA 3 

C 0c00 070 " II ,. .cIdr ... at which M(I I - I. I,) I, 

OcOO on 000a 073 5 
atot.d In Iaoth II ..,d IV 

0000. 079 000a 07C 6 

~ 07F C 7 IV - acIcIr ... at which NO, - I. I,) I. 

0c00 071 OCOO an 8 
atoreel 1ft Iaoth II end IV 

0c00 07C 000a 07E 9 

000a. 071 GOC).1 07" A 

C "/2" H 0, 8 0, - [0011000180] 

H- ·1" IldQ4 T. C - """"M(I. I,'·)· 

C "I," H (\, D 
T. - """"""12' 12'")" 
T, • "M("M(I I' I,'"'· 

H- "I" - ,. E T to - "M("M(I I' I,'·'" ~ 

H "32* aaam I T '0 F 

C T. 0cI00 031 030 

C 00Qa. 032 I 

O@' Y, C 2 Y, - "M(/2' 12'" 

- X, C T, 3 X, - (I,. I,' 

0cI00 03S NTr " 
C 000c1 036 5 

0c01 Y4 C 6 Y4 • "M(/,. I,)" 

- X4 ~ T" 7 X4 • (I,. I,' 

0c00 039 NTr 8 

C 000cr. 03A 9 

0c01 Y, C A Y, - "M(I I' I,)" - X, Tt 070 B X, - (I,. I,' 

C 

0 

E 

F 

0-C '"I," H "I" ()C() «» 1,+1-1, 

0c01 "I," O@ "I,· I I, -I,.IM cf. CM6 

000a V, H- "I" 2 V,-l," 
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LEFT ORDER R1C'HT ORDER STORAGE BOX EXPLANA TlON 
I I II III IV ASSIGNMENT L R 

0000 I v, C Zs 3 V, • i", '.', - I initially 

000c1 OF3 NTr • Z, - 0, (), 0, M(C,) 

C 00 Tt OEO-Adcl. Sub. 5 

@)-C 
"' 2" 

H "I" 6 ~ '2. 1 -'2 
0a0a. "'2" 00011 V2 7 V 7 ·/2" 

C Z, 000<1 I OF3 8 I, - 0, 0, 0. M(C2) 

c "" " 
H- .,. 9 

oooa VI NTr A V, - "", i - " - 1 Initially 

C 048 Tt OEO - Add. Sub. B 

C 0 aaaa T, C .C O-T, 

C 3" H T, 0 .0 Add 3ii to T 1 

QQQIJ T, C (.\40 E T.,t far i." 

H- S, T.t 052 F S, _ C, """, H, T, 

C 040 H ·1" 050 50 i + I - i 

0cG) 040 Tt 040 1 

C T, aaaa R2 2 52 T, • ~-R2 first ti_ 

C NT aaaa 052 3 NT • [40000 40000) 

C T, H- R2 -4 -052 destroy' 052 

- R. C-Ift R. 5 Fractional part of .. x ••• actly con,t ... 

T.t 057 Tt 3EO-Stop 6 56 

C 0 NT, 7 57 0-S2 -' S. 

aaaa. S2 aoaa 5. 8 

Q ill, t.\- ill 9 59 Add "/I I( ilii to 52 

H S2 ctaaa S2 .\ T.,t far i -" 

C 059 S, 
A 

H- B $, _ Q, """, 11;, i"" 

r.t 05F C 059 C 5C 

H "I" ()@ 059 0 I+I-i 

n 059 NT, I E 

C S, H "I" F 5F S, + *1* - Q,.,I' 11;, iU 

0a0a. 061 NT, 060 

Q II; I 61 II ancI IV - iii/' i < i 

H S. aaaa S • 2 Add i'l I( i'l to S4 

C 061 H- S5 3 S, - Q, 1,,,, 11;, i,,, 

T+r 066 C 061 • 6-' . . 
H "1- 0a0a 061 5 ..... 'iI,/'n 061 

Tt 061 C S. 6 66 

(\ 
82 



.- _.---' 
I 

LEFT ORDER RIGHT ORDER 5T~iAGE OOX 
~ EXPLANA TlON 

II III IV ~S.41IQ{iMENT L R 

L ·1· H 5~ 7 S. t 2.52 ft (.-",)2 'A ~, 'i", ,,_ 

<lIJt1lJ 5. ,1ll0{1 R, 8 
only 

"'" C NT 00= 068 9 C.llroYI 2nd ard.. 068 

C 5, Cl<J<JI1 059 A S, - Q. '"!I'''. all 
"",-

~ 040 C 57 B 57 - Q, in. ,.. iu "-
"-

o.:.:)a 061 C S. C "-

H- R, aaao. Rs 0 ; .. 1(.-",)2 - (initla' notlll)21- R,; if 

C ; H-m Rs e Rs < 0,· ,top 0' 3El 

T.{ 020 Tt 3EI-Stap F 6F 
'. -" 

C-Ift T-t on 070 70 

C- ... T.t 002-0 71 - 1, 12) 

em H-III 2 n II-(J,. ,),IV-(J,-1./2) 

T+{. 079 C 3 73 

a.aaa y C .. IV - (J, - I, f 2' 

Q/1a<1 i C Y 5 i- (J, • I. 12) 

0 i qqqq i 6 y- (I, -1, I,) 

C W2 CWJO 095 7 W2 .. O. lin. O. coa 

000a 096 re 087 8 lin -II of 095, COl -IV 
., 

C H- 9 II - (I, - 1, J 2)' IV - (I, - I, I,) 

aaaa T2 e-m T2 A I' (I, - I, J 2) - (J, - 1. J,). 110 to 082 

T+-t 082 NT. B 

e H ..: 7C II • (J, - 1, /2) 

IV - (/, - I. It) 
oaao. T2 C·", T2 0 T .1' (/ I - 1, /2) • -(J, • 1. / ,) 

T+{ Os.c e E 7E IV - (J I • I, 12) 

0 qqqq i F II • (J I - 1, II) 

C w, 0a00 095 080 w, - 0. COl, 0, lin 

000a 096 T-t 087 

e 21/2/2 a.aaa. COl 2 82 2"2/2: [W27999FD) 

a.aaa. aln T-t 09C 3 COl (I. lin (1.2 112/2 

C 2"2/2 a.aaa. coa • s.c 

e- 21/212 a.aaa. ain 5 COl 8 •• lln (1.2"2/2 

T-t 09C NT, 6 

Q i ,. i 7 87 
.e 

R .,. a.aaa. COl a (ixi)+2.T 

e·", coa T +r 097 9 Avoid _'1_ at 08C " T • 0 

1 . 
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-
LEFT ORDER RIGHT ORDER STORAGE DUX I!XPUNA TION 
I II ASSIGNMENT R III IV L 

o 
C. coe H 2-' 4 IA 

Q!IQII co. e 2-' 8 

~ co. ..... X, e I 2-' . (2-' tT)-P .. X, 

e- -1 H -1* Q (I - 1*) to X,: .t_. 11 - ~I"'I .. 

- XI e- X, E IE to IT'll 

0 XI "" X, F ~ +F1"'X. 

e X. H XI 090 If(("'; '. ~I) t~l) + 2 < '*, .. to ON 

R ·1· - X. • 
H -.* T-, ON 2 With ~, - ((..cr, + 11) t 1/) + 2 _1, ., In 

e XI H- X. 3 93 
ecc_ltrt .. to .. OlE 

Tt OlE e XJ • ,. 
- R" .. S II "- OlIO ., an 

* I - 6 IV fr_ OIl ., 071 

Tt 09C e 095 7 VI s.,e. ... tute -I .. co. (I _ .In (I .... -« 

0.., 091. e - S 
... In' __ ' 

0IJI)s 098 e -I , - NT, A 

e- I - 8 

e COl R" .. I- e 9C T ••• (c_ ,,1 • (.In ,,1 ~ I 
~ COl - %, D A.el4 ....... _ 11, .... '" 

_I(C"+ 2)."c. 
e lin R" ... - E 

* .In H %, F 

H- 2-' - Z, GAO T ... c.-p ......... 

c... Z, Tt • .e 1 Rotwft ... 0A2 

Q co. * X, 2 A2 - ',I Q .Mt 3 

* X. H '" • '" - (J" I ,) I( - , + (I" 12) )( lift (I . - ',I Q COl S 
,. X. - 'II 6 

11 .Ift ,. X. 7 ,'/- UII II) I( eM'. UI' 12) I( lin' 

H '11 - 'II I 

Q coe * "'" 
, 

- T. Q II" A 

•• * '1/ H T, 8 T. ',-U" II) - Ts Q 11ft e _ '.,1(" , + '1/1( II" , 

* X, - ii/ D o . 

.. ....... .. '-----".--.. ~""'::-----............... 



-_. 
LEFTORDE •• RIGHT ORDER STORAGE BO~ EXPlANATION 
I II III IV ASSIGfiWEHT l R 

I fif • -(I" J ,) lC lin (I + (f" J 2) lC COl (I Q CO, • X • E 

H- '/f - ii, F 

Q lin Mr X. OBO I 

aaaa. "If Q co. I 

• X. H- 'iii 2 'If. -(I" I,) lC .In (J + (I I' II) lC COl (J 

- iif Q COl 3 

Mr "f - T. 4 

Q lin "" 'II S I T, • new CI" I,) 

H T. - T, 6 . "I II co. ,+ i" )( ain tJ 

C X. H X, 7 T 7 - new (I r 12 ) 

H- Ts - T7 8 
.. old (J" I,) + old (I,. 12) 

-new (I" I,) 

c 0cIl0 08C ., 89 Q22 .... II • (J, - I, h' 

0r:C:I0 OC, C I. QZ3 .... IV • (J, - I, J" 

0a00 06D 00I)a. OCC B 

C - Y, C OB9 .... II • (i, I,' 

C - Y, D 088 .. t. II • (i, I,) 

Q Y, Mr COl E 

-. YJ 
Q Yz F Y, • (i, J " lC co. (J + (i, I,) lC lin (J 

Mr lin H Y, OCO 

- Q Y, i Stor. new (i, I,' 

Mr lin - Y, 2 Y J • -(i, I,' )( lin (J + (i, I,' lC COl (J 

Q Y, Mr COl 3 

H- Y, - 4 Star. MW (i, J,' 

C 089 H *1- S i + I -; 

0c:(I0 089 C OBI. 6 

H *1- 00I)a. 08A 7 

C 089 0aCJ0 T" 8 

R .~ 00I)a. T" 9 

C T" H- */1- I. 

H- D, T-! 089 8 "i < ., .. urn to v.l9 

C Y, 00I)a. 0Cf C CC (I" I,' "'IVof 0Cf 

C Ys 00I)a. 000 D (J " I,) "'IV of ODO 

C Y, 00I)a. 001 E (Jr J a) "'IV.f 001 

•• C T. - F St •• new (carfWCt) (J " I,) 

C T. - GOO St_ new (carwwct) (J I' J 2) 
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LEFT OROER RIGHt' ORDER 

I II III !V 

C '(, -0-C .". Ii<' .". 
®--r .. t CW6 c "' ," 

H- ~" ... ' H 0," 
®--T-t CWO N,(, 

Q ill Pq 

C 006 H- S, 

T~'" 
,/ 

OOB C 006 

/H *,0 0a00 006 

Tt 006 NT, 

C "000 C1IIa1 0D6 
/ 

It 3FE NT, 

Q ill Pq 

00 000 00 I 000 

00 000 00 OCX) 

H .,. Oe«) OFC 

'C 0 - V, - V. - v. - v. NT, .. 
C VI H- v., - V, On v, - v. C .,," 
H "". H-III V. 

'., H- I _Ie 00I)a. V, 

Q I v. M V. 

Rq ·2· ~ V, 

C V, T+.e OEE 

C V, H V, - V, T, OEF 

C Va H V, . - VB C I." 

H -1· H V, 

0II0cl ~ . • C V. 

L 020- H V. - v. C 

H V, «.Om OF5 

C V. 
_14 

16 

I STORAGE BOX 
i ASSIGNMENT L R , 
I 1 

2 D2 

3 03 

.. 
5 OS 

6 

7 

8 01 

9 

A 

8 08 

C 

D I 
I 

I 

E 

~ I EO GEO 

1 El 

2 

3 

.. 
~ 

6 

7 

8 

9 

A 

It 

C ~C 

0 

E EE 

F EF 

CfO 

1 

2 

3 

.. 
I 5 

EXPLANA TION 

St •• - (c.ree.' (II' I~) 

If la <.". tel., + , -/~· 0 
1,<·-1, .... ',+1-1,· 

• If 

o 
Punch ..... , •• "_~'" 1" to :ii,,, (oil) 

S, • Q, I,", Pq, 0 

To _illlClt,l. eI_t 

RH'fllt I" at 0D6 

End '" "._, c"""': c~ ... 
3F' 

Ad •••• lUbroutlne 

EntOl" "of acculllUl ... CGIItoln, 
./U8 

o-v" V.' ''' .. ..., v, 
v,oo,·,vaoor-"··'a· 
V, .. (i - n· 
V.ooli-/I· 

-
V J • (211 - I' - II + I)· 

V • • [2-' Ii -II (2R -Ii -II + 1) 

If i it I, ,Ie te oe" 
iw ..... (i, J) 

, ..... (i, J) 

V •• eYei, ne 

IV .III(C,) .... ~c,) , 
c, • [0015' 001$F] 

I 
r.:, • [OO17F 0017t=1 

C~'l 

o 

.. 

.10 

(j 

i 

j 
I 
I 
! ; 

. i 



n ___ 

o LEFT ORDER RIGHT ORDER STORAGE BOX EXPLANATION 
I II III IV ASoSIGNh4ENT L R 

--. 
NT, I NT, 6 °M(i, n· -ISF + j if I, 

e 0 ... 00Cic1 V. 7 
-17F + j if 12 

e- v. 11 V, a 
r+t OFe c v, 9 f-9 \f ~ ", go to OFe 

Ii- -I" 000cl V, A. /.+ 1- j 

Tt (lEI HT, 8 

Tt NT~ C FC OEO pr.,." II for ••• , to GC6 or 

0 

I E 

F 

00 000 00 000 1m V,, j., I, - lSi' " 

00 coo 00 000 I v2: I,' or 12·· r 
00 000 00 000 2 V,: (; - n· 
OD 000 00 000 3 V~: Ii - II· 

00 OOCI 00 000 .. V.: oM(i;;) • 

co 000 00 ono 5 V.: ,,0 

00 000 00 OC!O 6 2, 

00 lAO 00 lAO 7 A" - .M(li, I)· 
00 000 00 000 a Ani 01006: Mei12)-1I .,. IV 

00 ana 00 000 9 A",,; Of 001: ~.,,) -II .,. IV 
". 

00 000 00 000 A A,,,; of 002: MC3,,,)-II'" IV 
~, 

00 ISF 00 ISF B e,i ISF - Me·MeI, I,)") - I 

00 17F 00 17F C e2i 17F • Me·MeI, 12).) - I 

40 000 40 000 0 NT _ NT" 0, NT" 0 

24 000 20 IOF E 5,l at OIl): Mr. ... )-II 

00 000 00 000 F T ,: _ ....... I.,. of trace 

00 000 00 oca 110 .... : f,_ Qet .... 

2. 10F SF 112 I Z2 -e, T" -, R2 

GO 000 00 000 2 R2: .'ew •• Inltlol "-

OIl 000 00 000 3 ·1," 

00 000 00 000 " .12• 
. 

OQ 000 00 ~ 5 R. 

00 000 00 000 6 52 

60 000 3D 000 7 ',; Of ooF: MC2".)-II'" IV .. 00 000 00 000 • $.: Itor" currwnt ( .... )2 

60 000 I 3D 000 9 55i tit 01 .. : MCI,,,)- II .... IV 

87 



" " 

" 
" 

~ 
I', ;' . 

. -;: 

LEFT ORDEA 

I II 

60 lAO 

60 000 

00 000 

• • 
00 000 

oa 000 

00 000 

00 000 

00 000 

00 000 

00 120 

00 I1F 

00 000 

5A 827 

00 000 

00 000 

00 000 

FF FFF 

00 000 

00 000 

00 000 

C)(I 000 

00 000 

00 000 . • 
00 000 

00 0il0 

00 000 

00 000 

00 000 

00 000 

60 000 

00 000 

00 000 

00 000 

00 000 
I 

, , 

!II 

3D 

3D 

00 

• 
00 

00 

00 

00 

00 

00 

00 

00 

00 

99 

00 

00 

00 

FF 

00 

00 

00 

00 

00 

00 

• 
00 

00 

00 

00 

5F 

00 

IC 

00 

00 

00 

00 

AIGHTORDEA STORAGE cax 
EXPLANATION 

IV ASSfGNMENT L A -
'1\0 A 5,. Q, lAO,". lAO 

em Eo 57; .. 013: M(ln' -II cr~ IV 

000 e Ra: .... Inltl" (-.. ,~ 

• D 1f _ (_,2 tol._o 

,000 E AS; ..... S.-R, 

1
000 F co. 

000 120 .... 
000 1 Y 

000 2 a 

000 3 r 

11F 4 .z . O. MC.ln', 0, M(co.' 

120 5 ., .0, MCeo." 0, ~.In' 

000 6 f2 

9FO 7 Dllltoloppul-'len: 2"2/2 

000 • X, 

000 9 X2 

000 A 1(, 

FFE B ~ 

000 e X •• U,.I,' 

000 D X •• U,./2) 

000 E x •• Ur 12' 

000 F T. -c--' .... U" I,' 

000 130 T, • e.rod - U " II' 

000 I T7 ._.-UI' II' 

• 2 i, - tol._o III boa 9C 

000 3 '" 000 • '" " 
000 5 i" 
000 6 'II : 

11e 7 z,.o. 0.. -, R, 

000 • Z. 
0il0 9 Sr" 015: M(J,.,-II , 

Y, - (I, I,) 000 A 

000 8 YI -(1,/,' 

000 e Ya - .... (i, I,)" - (I, I.) 

000 D Y •• *M(J I' I,'· 

(\ 

205 



--. 

() 
LEFT ORDER RIGHT ORUER STORAGE BOX EXPLAN; rlt»l 
I II III IV ASSIGNMENT L R 

00 000 00 COO E Y s· 'MO I, I,)' 

00 000 QO 000 F Y •• 'M(! 2' ! 2)' 
" ~ 

00 002 00 em 140 *2" 

00 160 00 160 1 DI 

00 180 00 180 2 D2 

00 020 00 020 3 '32" 

, 00 000 00 000 • T •• ·M(·M(/2, 11)')' 
~ 

00 000 00 000 5 T, • 'M('M(! I' I I)")· 

00 000 00 000 6 T 10· 'M('M(I I' 12'")· 

00 000 00 000 7 Til 

00 000 00 lOB 8 Zs • 0, 0. 0, M(CI) 

00 000 00 IOC 9 Z, - 0, 0. 0, M(C,) 

00 000 00 000 A Z, 

H- 1'1 T+t 3E2 B Inaertl .. at GAl 

Tt GA2 NTr C 

(St ..... D - F 1".I.y.,t) 

, 

.. 

: 

.89': ...... 
/ ........... 

2 !<:J 090 ;;, j 
~! ..... u.'"".v~ .. ~.>':~ ...... "'." ...... -' ....... ' .. .:~,._ .• • 1.f1.;.;...". ... ,;:..,;;.wroA~~#. .. ~ . .-~~j.~.'n;..tI.-;'" .f.~~~,n"liI ... ' .......... *' .. 'h'..,tn •• ,. 

;w_ 



9, 
05 Preparation BOI 

Restore change.,; mode in previous 

usQ! of code and adopt it to 

matrix of order n. 

r-----., M(O'2) = lAO + n, 
I Enter with *,,* ,..1 ___ ... M(a",,) = 'AO + n""T' 

I in Q reoister ! M(a,,,) = 'AO + ';2),(11 + t) -, L _____ ...J * 
5et J, =, in ./1* storage 

Adopt S" 53' 5!j' 5 r , and S8 

l From 
flor 03 

-4-
to n; restore 052, 068 from Z2' Z3 

*(J, + fl· - *J,* 
*(J, .. 1)* - *J2* 

(J, +.,* - V2 

r.------' 
I J2 = J I , V2 = J, *' I 
I V, = ; * = (J; - 'I * I t,-:----- __ J 

I 
I 

EO 

Calculate addrp'ss, 

",* - V, 
~ !--......... -i elemo!nts ,n J, evil 

'OB - I V of OF 3 to 
,rcpare address subroutine to 

store as J, column addresses 

Acc = C, 045, TI, OEO 

store (d., address 

routine I 
-

4C 
40 No 

Clear T, 
--==----1 to zero ~...L.--t 

Tt +Oil-TH' i ; = • initially Yes 

;;;.,,1 I 

Test for elact constancy of (fractional port 01 

64 = 5T 

No 

52 + 0" ~ D;i - 52 
i = , initially 

(i-n)~O? 

Tf'st for approximate constancy of (norm)' 

54 + fiij ~ aij - 54 
Mla'i) - "'I(a,,,) O!> O? 

66 

52 + ';2 54 = (Norm)2 - 54 
First time only: 

2 
(Norm' - P'3 

Restore initial conditions ~-, 

bales 59, 40, and 61 

e -IS4-R31 ~ O? 

---------------------------------------------------

r.-----;;, I (J,-f,J,'''O I 
I or I 
.IJ,-·,J2,,,O. 
'--T---' 

I 
I ~12~ _____ ~~ ____ -, 

I(J. - t, J,ll ~ IIJ, - t, J2 11 
No 

IJ, -t, J., =7, IJ,-',J2) "X, y+T-z 
Square root in box BE is sin 8: lOin - 095, cos _ 096 

1",. (J, -t, J2' -+ (J, -I,J,) 
Square root in box OBE is 

cos 8: put cos in 095, 
sin in 096 

Reduction of 0 Reol Spa .... trie Mat 



------, 
J 2 = J" V2 = J, * I 
v, = i * = (.I~ - t):+ I 
r------l 
I EO 
I ~------------~ 

From 
Box 02 

r-------------, 
I J, + , ~ .12 ~ n I 
I V - J * .... = i * "" (.l - 0* I ., - 2' , , I 

46 .12 Box L~ ---J .------""------.--, --,-------
*(./2 + ')* - *J/, I EO I ~------------. 
(.12 + 0'" - V2 I Colr:ulote addresses of 

IJNCI.ASSIFI(O 

OWG.12003 

I Calculate ad;!res~es of 

elem.ln!s in .It cu\umn and 

store (ct .• address sub­

routinel 

'DC - IV of OF 3 to prepare t----~~ plements in .12 column 
odcress subroutine to store and store (ct., address 

as ,}2 column addresse5 subroutine) 
Ace = C, 04B. TI. OEO 

= STOP 

11:0 52 

First time only; Tt + 0;; - T, 
i = , initially 

i~n? 

Yes Yes 
T2 = trace - R2 ~:.::--~ a 

T, - R2 = a? 

ncy of (fractional port of I trace 

6F 20 7' 
[Denote 0pQ by (P, 01] 

Yes 
8 I Transfer 3E' I = STOP I IJt -', .121 = a? b--

JNt> 
Find *M(IJ, - ' • .1,1)* at 160 + .I, - 2 No 

, 5 - ( 2 . ~2 4- Norm) -54 
. time only: 

(Norm)2 - P'3 
ore initial conditions i,-. 

5 59, 40, and 61 

- 154 - R 31 ~ a ? 

-1,.12' + (.1,-1,.1,1 
root in box OeE is 

put cos in 095, 
)96 

and store M«(J, - I • .I, I) at II of 

070, 072, 07F and at IV of 073. 079. 07C 

Find *M«J, - I, .121)* at 180 + .I, - 2 

Yes and store M«(J, - " ,}21) at II of 071. 079. 
07C and at IV of 072. 074, 07[ 

Find *M«(.I2, '}2))* at '80 + .12 -, and 

store at Y6 ; store (.12 , .121 at X6 

Using 160 +.1, - ,: *M«(.I, • .1,1)* - Y4 

I 
and (.I" .1,1 - X4 . Using '80 + ,), - I: 

L *M«.I" .12 1)* - Y5 and 1.1, • .12' - X5 

cos 8 - - I, sin 8 .. -7 if through 7£ 

7=01 

if through 73 

SA 

2-' + 12-' + 71 = v to X, 
Successive approximations 
to V '/2 stored at X2 
I - I. - Acc 

Real Symmetric Matrix to Jacohl Form. 

70 Yes 

: (.I,-I,.I,)=O? I 

8E No 

Acc- X2 
[I-v + X2) + X2] +2 

=X3 X3 <1*? 

• 

No 
~ 

X2 - cos or sin 
'7. X2 -sin or cos 

91 



l\J. 
o 
clln 

tj. 

From 
eox 7. 

TRANSFER _ STOP 
TO 3E2 . 

A2 

7';; - (" .. ",' ~ cos B + (",,"2'. sin 8 No 
~j - (",."2'. cos B + ("2."2'. sin B 

. Icos. (cos + 2 T, - new (", • .1,) -7J/i • cos B + 7Jij • lin 8 
+ sin. (sin + 2»-'Yi~..-4liJj - -(",.",'. lin B + (",."2). cos B 

-2-'1<., ? "",i --(0'.."2). ,in 8 + C"2.J2'. COl B 
T6 - n.w (.1.""2) - t1;j • cos 8 + tljj • sin B 

T 7 - ntW ("2'.1.2, - (.I.,. J,' + ("2' .1.2' - new (o't,o't) 

08 

B 
r---f M((/,J» + 4'" Me(i,/» 

0& No 08 
Punch 711} from Restor 

~:...-.... '" < (n -., ? ...-NO_ ......... 0, I • / - f initially t-V,;,;;',;:;.I -e-t in box 

I 
I 

"'------' M«(i,J» • M(Ct,n» r,an,i 

I 
_---1--------, i (" •. "1) rotation completed;' 

Lor..!.~~~~r!.'.!.. from 7tJ --

Addr@ss Subrou~ine E. 
Clear V3• V4, V!5 ond Va to zero + 
V, -v2 .. (I-J, .... V3 ! 

EO 1/-"1* ... V4 r-L 
I In +*. 2(·~·'-I/-JI·-t·"'Ace L!_;a..:, 

! ; ... OFC ~ ~, (2I'J -/,. - J 1- ., .... V!5 r/~-: 
I II -"I*(2n-li-"I-U* ~ Ace and 0 L.;-r 
i [~'I-"'1(2n -I;-JI-t~* ... V!5 I I V3 -Ci-J)· ... Ace 

r---·------, I 
I V,-I* L .-J 
I V. - .1.* -.1.* or" '" I' ---2 • 2 L _________ .J 

The box number r,f." to the I 

Reduction of a Real Symmetric 



sinS 
8 
9 
)SIn S 

- new (-Ie."') 

89 VI. 

(1 • ..1,) ~ cos S + (; • ..12 ) * lSin 8 - (i,J,) 

1-1 ...... -.1 -(i,J,) * sin S + (1" • .12 ) * cosS ---(; • .12 ' 
1- ..I, -. initially. i ... 1-i, I'MW i .. n ? 

t - M«(i.}» I 

~ ~O_8 __________ ~ 

Restort M ( f. f ,) 

cc 
Store new (..I, • .I, ) 

St!)rl new (..1, • .12' 

Store nt. (.12 • .12 ' 

ially ... Y .. e ... , --e-.l in box OS - End of problem. control count.r ,hew, 3FF. 
,n)) Transf.r to 3FE -

F9 

ti + 1 -+ i l 
r--------------------~ 
I V5 - ['lzli -"1(2n -Ii -..II + t~* + mln{i~J*} t 

EE L _______ ~------------~ 
ro + I 

L ~ J*+Vs-+Vs t-- I EF No 
I 

rr~.I' 
I *M(t,t)* - *t* + Vs -. Ace 

:c L..: __ ~ I Extract IV - MCI,.I'*, form *MCI • .I)* Yes 

ri-;'J'" and store in tSF + ; If .1- tIf. or store 
• Acc and Q L..:-r..J in t7F + i If J • .12 • i'il4n? 

EC -Vs I ~ i* + Vs -V5 

umber ref.rs to the memory location ot which the box begins, with on Initial z.ro btin9 omitted. 

tal Symmetric Matrix to Jacobi Form (continued). 

Fe 

UNCLASSIFIED 
DWG.22004 

Exit to 
next order of 
main routine 



OaF 0'0 

000 
-I· "," 2-' 0 -I PRE~~~~-~~lJ- -- 1= -r-l- r-.+- ---

:~ ;:~ ;~~~EK>~20 - --. -- .. - -.t~,= ____ = ~_--+-t---If-_'I+-'_"-+r---1f--f---+I-_--I+~--~I---_t+---:--.~+---_1~---~I---++--
60 
80 I--+--+-+-~-+-+-_t--+-_;- r-+- ---r 1-++-+-l-t-+-t--+---1~t-+-t--+-t-

AO 
r+--+-+-

co 
! .- --+-+--"1--+-+-.- - -- --t-t-t-+-

EO ADDRESS SUBROUTINE ! 

I 

1--

AO MATRIX ~L£MENTS: (I. I I. (2.21 •...• [n. n I. (1.2 I. (2.31.···. (n-I. nl. (', l'. ···.(n-2. nl. (1.41. ···.11. II! • 

CO 
t-+--+-+-+-+-+ 

-. r--r--

~O 
200~+-+-+-~~~~~-+-+-+~~~~~~~~+-+-+-~~~~~-r~~~~~ 

---20 J 
r--~~~~- -~~-+-r·-~·~~--I-4-+-+-+-+-~-+-+-+-t--~+-+-r~-r~ 

40 
~+-+--I-~-+-~~~~r--+--+--+--I-+-+--+-+--I~I--r 

60 
t-+--I--I-~-+-+--I~r--+--1-+--I-~--I--+-+~~-1 

80 
t-+--I--I-~-+-+--I~~+--+-+--I-~~-+-+--I~--I--+--+-+--I-~-+--+--I~r--I--+-+-~ 

AO 
~-+--+-+-4--+--+--+-+~t--~+--+-+--t 

CO 
t-+-+--I-~-+-+--I~--I--+-+--I-~'~-+-+--I-1 

EO 
t-+-+-~~-+--+--I-4--r--+--+-+--I--I--+--+--I-4--r--+--+-+-~-I--+--+--I-4~r--+--+-~ 

i :SOO 
20t-+-+--I-~-+--+-+--I~1--+--+--+--I-+-I--+-+-~--1--+--+-+--I-~--I--+-+--I~1--+-+-~ 

40 

60 
t-+-+--I--I--+--+-+--I~I--+--+-+-+-~-I--+-+- • f--

80~+-+-~~-r-+-+~--I~~+--+--I-~-r~-+~~~~+--+--I-~-r-+-+~--Ir--~~ 
. 

AO 
COt-+-~--I-~-+--+-+--I--+--+--+-+--I-~-+--+-+--I--I--+--+-+--I--r-r-+~--I~I--+-+-~ 

.. 
EO 0 0 TEST FAILURES Et4D 0' PA08LEM: 0 

lEF 3(0 

Red.fI •• f • Rool $J"u".trlc Motrlx .. Joce'" ,.,. - Me..." Chewt. 

,F 

BF 

OF 

F' 

21' 

3F 

!SF 

1F 

9F 

BF 

OF 

FF 

3\F 

:SF 

5' 

7' 
9F 

8F 

OF 

FF 

.' 

'" 

(-' . 



" 

Appendix ~ 

FLOW DIAGRAM AND CODE FOR THE CALCULATlOH OF THE CHARACTERISTIC VALUES 
OF A REAL SYMMETRIC MATRIX GIVEN IN JACOBI FORM 

Tbt mnemonic ~. which follow. II included for compl.teneu ancI to give a detailed d.v.lopment of 

the flow diagram. Whll. it i. beli""ed to be a workable C4de which tran.lat •• tit. thGllOl'Y of Chop .... 3 

into practicfJl form, error. found on machine .... ing wer. ClGrrected ~."er memory lpace wal availabl., 

and the r.lultant organization of the memory I, IOIMwhat chagtlc. A tMioUI but .traightforward .... 

writing would correct thll and 01.0 maic. the cod. Gpt)licobl. to matric.I of orclef 01 high 01 138 (about). 

Sinc. the code wal envi laged a. being applied to th. Jaeobl matrix produced in the flrat It age of the 

problem, where the memory limitatlonl ore much more I.""., no attempt WOI mode to coni.",. memory 

spac.. The pr ... nt .tor'~ge a •• ignment. permit the cod. to be u..cf if the orclef of the matrix i •• qual 

to or I ... than 89. Thi. num"-r occurred *GUlI. it was delired to t •• t the th.ory on .pecial numerical 

exampl •• ofth.follo.-Ingea.ily proved theorem: If, 10'1' II symm.tric mlllri" i" Jacobi 10",,- III/ the di"110""/ 

~ll!me"'s are I!qual, "i - a, and all the (i, i+1i I!I~m~1Us a,,~ f!f/ual," bi - b, thl!" thl! "oots 01 the m"t";,, "". 

b 
A. - a + 26 cos __ , 1 • I, 2, ••• ," • 

,,+1 

Th. cod. of this appendix was u.ed to calculcri. the 16 root. of a direct .um of a matrix of thi.lcind 

of oreler 11 and on. of ord. S, with a - 0 and 6 - 2-2• The mochlne gave all the an ...... correct t'o the 

required accuracy of nine cbcillK.i plac •• in a computing ti,.,. Qf no more than 1 or 2 minut... Th. cod., 

nevenhele .. , contained on error, now corrected at me~y pn.ition. 060 and 20A to 200, which was 

detect.d when the root. 

1" 
Ai - 2-3 + 2- 1 cal -- - 0.125 + 0.5 co. (:JA)o 

90 

of a Jacobi matrix of order 89 W.II c:alculated (requiring about 45 minut •• ). For 60 of the r •• ulting 

an.weri (including the firat 11 and la.t 20), bath the upper and low« bound. had exactly th.lr theor.tical 

value. under the requirement 
- - 30 U. - L. < i - 2-

I 1 

and at leolt on. of tt. bound. was correct In 11 oth", ca.... It was not po •• ibl. to ... t the code aft.r 

the correction at 06D was mad., .Inc. the ORACLE was then dismantled for .hipment to Oalc Ridge. 

However, it i. now thought probabl. that the code il correct. (Th ••• detail. or. mentioned by way of 

caution to any coder. who may regard a routine G. fully checked when It doe. not give "obviou.ly" 

incorrect an .... in a problem for which the correct an.wer. or. unknown.) 

Th. ord •• at 300 to 309 are used to ltore the initial valu .. of the U. and Li, and th.irlocation. 

could be reu .. d aftet their computation. h~ ... been performed. From 30A to 313, the order. refltr sol.ly 

to the abo",. ;; .. t probltlfll. Storag. for the order. at 300 to 313 i. at 2CD to 209 and 320 to 324 contain. 

~ a load code; 10 five portion. of a .ingl. tape will be .tored OUfOII'Iatically at the proper po.ition •• 

95 

zn :j 

I 
.~ 



CALCULAnON 0' THI QtAItACTlRISTIC VALUES Of' A RIAL SY_ETHIC MATRIX GIVEN IN JACOBI PORM 

Mnemonic Code 

LEFTOROER RIGHT ORDER !fORAGE BOX EXPLANA TICN 
I II III IV AS$IONMENT l. R 

FF FFF FF FFF 000 -1* 

00 001 00 001 001 *1* 

«) 000 00 000 0J2 2-' 

00 000 00 000 003 0 

80 000 00 000 ~ -1 

Start-C a aaaa S2 005 2 Ent. eocIe; ,_t., "- OIl. 

C-III /1, T-t 009 006 Ifil "0, .. to bo ... 

aaatl i, C • (lI)* 001 3 O-il , (78)· "'/J/ - fJ, Tt 011 OOB T, ... ,., ..... 6 

C' b, M b, 009 .. F_ i: _actl.,; Ief) .hift all 21 '" _s; 

Lqy ·1· /.,t' OOF 001. .5 tron.'" 011 _11_; ator ... th parts; 

aaaa. T, T2 008 
count "_'* of left .hlft. 1ft 5,; Ir .... 

qq41Q ,., .. ,.".at thlft 

C- -1* H 52 OOC 

- S2 C T, 000 

Q T2 Tt OOA OOE .. 
R .1· a.:Jaa i, OOF Undo I .. t I.ft thl:. 

C S2 aaaa. i3, 011) 5, not I_eel I •• t ti_ 

C 006 H- S, 011 6 S, • c ... , b"_,, T -f. 009 

@"T+t 028 C 006 012 7 

H *1* ()c(IO 006 013 

0a00 009 R .2C). 01 .. 

000a 009 C ca7 015 

H *1* ~ 0i11 016 (i + I)-I 

R .20- 0ll0t1 OOF 017 

C 006 H *1* Oil 

Oeal 006 R .2C). 019 .. 
000a 010 Tt 005 OIl. 

®-e u, H- L, 018 43 If iii· L, < 7, .. to". 45;7 ~ 2· 

H- i T -, 023 ole 
e u, H £', 010 .. ~cul'" no .. ~ .. _ ... 01 iii .... 
R .1. - ji OlE L; 

NT, NT, OIF ; • 0 codecI for flr.t us. 



" 

i , 

• I 

.. 

,: . 

LEFT ORDER 

I II 

c 5, 

e 0 

e 1-1* 

@-Tt 028 

H .. 57 

e ! 01B 

O!()a. OIB 

~_Tt 018 

fi, -e i, 
, 

Tnt , ox: - " - Or - T, 

T -r J2F 

r.: (39)* 

0-Tt 037 

L ;.1. 
, 

, e 030 , 
0cG0 030 

R ' .1. 
, 

Tt (»7 

I R .20-
I 

e *1* 

0-e- 1II ·'_2 
e-III .,..;, 

0-e .. ,.', 
H- fJo - T, 

H- ,(39)* 

H (3;')* 

e (39)* 

Q " - r, 

Mr '·'-2 -, T, 
! 

H- T, I 

RI<iI1T ORDER STORAGf BOX 
EXPLANATION 

1/1 IV ASSIGNIIENT L 
,., 

- --
5, - 0, 0, 0, 213;~L ,) ~ 21! 000c1 T? 020 

(D:II1 ·'_2 021 ~t, P • 0, iii., • 0 

QaOIl Iii I. 1 022 iii, • 1 - 1* 

e 018 023 45 
Pundt - -

T+t 09A-An._. 024 57 - C, U"' H-, I." 

H *1* 025 46 , + 1 - I 

0a0a. MD 026 

, NTr rt11 Go to ..... i ... ne.t root 

H- ji 028 10 iij - ii. i • 1 r.,tor'" at 07E 

R .1. 029 11 12 T,an' .... if no o_flow M t.o. 13 

e -1* 02A 

Tt 037-0 048 

ie-III T, ox 13 If., - ii ~ 0, go to box 15, ot"-wi so 
, 

0-" - " 02D 14 ,- eli OlE 11., :- 39 

e 'T, 02F 15 I 

Tyt 033 ' 030 
'. -; 

H *1- 031 

; Tr 02F ; 032 Sc nl., iii - jl , , 
I 

, , - " 033 

, H- *1- o:w 09l: 0 - el" 030 .. Ace, and roturn, 

CIOO4 a.. 035 ttl 034r 

0cGI 030 036 "t. · ...... i .. T+t 0»-0 0J1 16 

T+t 05C-G) 036 17 II '''',_1 - 0, go ",bo. 23 

H Or 039 31 I'i - ",., + OW - 13,., 
T+t 065 03A 32 If t ~: 0, .. to M; ,. 

c:...i T, 
I 

03B 33 I P, T, ' 

IT+.t o:JE I 03C 8t!C.., •• tltlft cou.Jt • ..-....... 6t, 
I lfor. 1111" 11,,1,3911" IV of on~ coIevo Tr I G3E OlD 

000a. Gel (l3e' 
I".r, In lin 33 

I 
Mr ·'.1 03F 

Q i, 040 IVa.-li,_, 

R IMI IVtr-03E 

C r, OG I 

Trt 051 00 :os Ifr, ................ 36 

97 

20!J 09«; 



LEFT ORDER 
I /I -- r, 

T-r 047 

"" -'-2 
@c-Tt 

L~ L 

C 

0 . ~ 
_ :... A .-

It .1· 

"" ·.-2 
Tt 095 

R .200 

NTr 

0a00 048 

It .i. .... ·'-2 
c -,-

@-4C ., - ",_I 
0-4C .,-, 

C F. 
Tr CB 

Q -1+ 1-.... .,-, -- "'-I 
0-4C-" f. 

C 1-1-- ·i-a 
C eI, 

® .. Tt 071 

T-r 062 

Tt 063 

Q 0 .... .,-, 
H- (39)& 

H (39)-

c (39)-

I;:'GHTCROER 
III 

C-III 

Q -
C 

T,t 

H 

T, 

Q -
H-

0CI0c1 

C 

Tt 

Q ---
H 

Tt 

T-r 

Q 

C--
C 

Tt 

T-r 

Q .... --
C 

C-

C --
Tt 

T+t 

T, 

OCOA 

.V -
r I 

.1,_1 
·i-I 
" 
(wB 

-1-

047 

"'-I 
·'_1 
~1-

tI . • 
·1-

054 -46) 

·'_1 
.,-, 
", 
a., 
071 -4 ® 
051 

1-1-

", 
·'-1 
a., 
071 -4 ® 
060 

" ·.-1 
".-. 
111,-, 
1- ,-

1-1-

·.-1 
071-@ 

067 

067 

06A 

n (! rJ· ..:. ,-' . 

STORAGe BOX 
AS5I~T L It 

OU 38 

06 

a.~ 39 

(w7 ., 
ewe 
M 

u.A 

cwa 
ewe 
0.0 

(WE 

I (Wf 

Il50 

051 36 

052 

0S3 

054 41 

055 

0!6 .. 
057 19 

05S 20 

0" 

05A 22 

058 

Q5C 23 

050 24 25 

UlE 24 25 

05F 
=»1 27 060 

061 la 
062 ·29 

063 

064 

06S ,. 
D66 

067 

EXPL»tATIOt 

If r." 0, ....... ., 

.'_1 -4 111._2 , 0 -4 _'_1 

Se".'. 

093: 0 -4 •• , oa .. Ace, ,.,, __ CNQi 

T, ........ , un'''' ....... _ "2 
1Iy06C 

En'. 051 "- oa 

If .'-2 < 0, ........ 2D 

o.wr _ OSAtu. 1ft .. "' ... It _ 

... 21" 
0,""'-1 
Ili,_, ,,0, .. _ .... 11 

(1 - 1-)" -.-1 ' ..... -. 
a., -4 "._1 
1f1ll._2 < 0, .. to ... 29 

s.Allt'lUIton ... '" IIDtft ... a .... 
... 29 

Ent.t'-03A 

" l 0: ...... tute." I, .. 3f1 In IV 
ef06A 

(., I 

• f 

(~i· 

-I 
I 
I 



" 
LEFT ORDER Rif.HT ORDER STORAGE BOX. EXPLANATION 
I " iii IV ASSIGNMENT L R .-.. __ . I--

Q f. II" m ._2 068 Colculat. , / In 1.0. 3" 

= " Q Til 060 

Mr ;;;/., R 06A 

Ill1ao1 Til C S. 068 S •• 0, 0, 0, 061: 

00C).1 C!I) C Tll 06C P. __ 050 .... It tc> -2 

H- , I Tt 20A 060 At 2DA: •• It ....... ~1 If 110 _fl .. , 

@-C ti, H flo 06E 42 n"'-lM "-2 

H- "/-, aa.n "/-, 06F S, - 0, 0, 0, c.s. 

C S, COO .. O~ 070 R ....... _, at il50 

@-C iff/.2 T-I'. 075 071 56 If "',.2 < 0, go ...... !II 

C ;;;,-, T-, 077 - (if;; on 57 If ,;;,., < 0, go to 110. 8 

C T7 H- -1' 073 58 T 7 i. n.d to _t P 

aaaa. T7 T, 077-0;) 074 T 7 • 0, 0, 0, M(L " - I + P .wlth P .. 0 

C M/., T +. 077- 0J 075 59 ,.stored at 020 

C T7 H- .,. 076 60 

aaaa. T7 C O3A-@ 077 8,9 Bo ••• 8 onel 9 cocI.cI tote"-

H .. ' 0cG) OJA 078 

C 06E H-

I~ 
079 (i + 1) - i 

000a 06£ C 07A 

H- .1" 000a 040 078 

L .20- 0cG) 068 07C 

0cG) OSC C 028 070 

H 'I' 0<4) 028 07~ S, • C, MIi,,' + 1, H-, M(Ji) + I 

H- S. T+, 080 07F If i + , > " + I, , •• tor. i .. I ... 

@-Tt 028 C T, 080 T, .. [OOloooIC2I, Melf,' .. 10 

0cG) 03A 000c1 06E 0111 

C TIO 000a 0..0 082 T 10 .. [OOI6A1lO16A), MC'f,' • 168 

OcG) 05C ~ 068 083 

C T. 0cG) 028 084 T ... C, it' H-, ii 

NT. NT, 08S 

6)-'C 018 ~a T. 086 47 T ... 0, ii" 0, L, 

c T. 000a T, 087 T J - 0, 0, 0, L, 

000a 088 0000- oeD 088 ... j InI.I"1y 
I 

0aG0 oaF 0aG0 091 089 (' + 1)-' at 094 

C T7 H- T, 08A ... (P - l" -Acc 

T-I OlE I C- 088 ~ IV contel". E, 

, 
l • 

99 -



-

-. , 

· . 
"'tel I" ...... polltlon. OAO te 089, digi" not otherwlM Indicated aro coded •• a_ () i 

I 

·1 
"' 

j 
\ 

i 
LEFT ORDER RIClHT 'ORDER STORAGE eol: EXPLANATION 
i Ii III IV ASSIGNMENT L R 

H ii T-, 091 IIIC , . 
I 

C ii aaoa. OlD 50 IV con,.II" 10" 

T. 091 C 11 os: 52 

H- T •• 091 OIF II con,"n, ii" ! 
NT, i C 11 090 53 - C T. 091 .51 II cont.ln. V. 

H- T. T+' 018-6) 092 T •• 0, U", 0, U" 
C T. H ·1· 093 ~ (4+1)-4 

0lOI T. Tt c.1 (JIU T,an.'" to next co"",.,i_ 

C 0 ~ a, 095 ~octlon lit 0«); cl_ ", In ca .. 

C De T, 0.tD 096 ", • -I· b.fer. 

C 0 - :1, r:m ~ac'IOII at 034; cl_ a, in caM 

C 030 T, o:u 098 a, • -I" b.foro 

OD ODO OD ODO 099 , . 
Q ,," NT, O9A ,," .tar'" at 203 

P 211 Tt 09C 098 ",,,,cit tho " .,.,.. ......... 

Q n· NT, 09C 
' .. 

p 27. ~t 3FE 090 Punch tho .. 1_ 1IMMf. 

00 ODO 00 000 09E 3FE contain. 0; contrel _,. ah_. 
00 ODO 00 000 09F 

3FF at and .f _I. 
00 COO 00 ODO OM " 
00 ODO 00 ODO 04' at 

00 ODO 00 ODO 0A2 ", 
.~ 00 ODO 00 ODO GAl .. ,-, 

00 ODO 00 ODO OM " 
00 ODO 00 f¥lJ OAS (39)" 

00 ODO 00 04D 0A6 (71). 

00 ODO 00 ODO 0A7 ~ 

00 ODO 00 000 GAl " 00 ODO 00 000 0A9 .'_1 ifti".aly 0 

7F FFF FF FFF GA"-

I 
.,_ ,I Initially 1 - I" 

00 000 00 " GAB i ~ 2-'1: ....... ace-ocr 

CIO ODO 00 273 QAC 5, 

00 000 00 ODO GAD 51 

'II " 48 ClOP ME Sa' III. 112+ (II - 1) 

100 

L __ .~ 



,-. 

() LEFT ORDER RIGHT ORDER STORAGE ElOX 
EXPLANA TION 

I II III IV f.MIGHMENT L R --
(X) 000 00 I.'6E OAF S,: oJcIf ... of ., .xi' 

.. 00 000 00 ()5.t OBO 5.: oJcIr." of ., pi' , . 20t · 22 . 081 5,: II I, 21A + II; IV ioO '11J + " 

00 000 00 000 082 T, 

00 000 00 000 083 " 
00 000 00 000 084 T, 
06 000 00 000 085 T, 

00 • 00 . 0B6 T,: II i, 21A + "i IV i, 273 + " 

00 000 00 000 087 T. 

00 000 00 273 088 T, 

20t • 22 OAB 089 5,: II i, 089 + (" + I) 

00 000 00 000 08A I Matrl •• 1_" betin 

CONTENTS CELL NUMBER EXPLANA TlrH 

ii, 08A FI, .. d.ogonal .1_, of "",tri. 

i. 089 + " 1..0" <iIClfCM'al .1_, of """,I. 
(" :i 89 089 + 0S9 • 112 89 (eI.ci",al) • (15'} ( ... cMoci_l)) 

•• b, 113 Fira' oH.dloganal.I_, 

b"_, 112 + (II - I) I..aa' off-diagonal .1_, 

[In tho cod., io i, unclor.-.I". 16"" th. adelr ... i. olway~ incroo"" !:or _ ....... i' I. uaoel) 

9, 168 Sculed (b,)' 

i._, 116A + (" - 1) Scoled ~._,)' 

[In tho code, fJo i, "".nfOod 0' lCl; t!1O odclre .. i, alway I Inc, .. aocI by _ bofw. i' I. uM«l1 

fJ, 10 Scalln, •• penon' of Ci,)' 
fJ .. _, ICl + (" - I) Scalln, • ..,.,..,., of (6. _ ,)' 
u, 21B Fin' u ... bauncI 

U. 21A + It La.' u ... bauncI 

L, 274 fl", kI_ .. und 

L .. 273 + It La.' 10_ """net 
[" :5 89 :t XC) 

(1 
101 

100 



LEFT ORDER RIQiT ORDER 
I II III IV 

00 lel 00 le2 

7F FFF FF FFF 

80 000 00 001 

00 16A 00 16A 

00 000 00 000 

24 OBA 22 0A7 

00 000 00 
, 

24 :lCF 5F " 

2. leE 5F , 

• • e , 

2. 206 5F • 
• • , . 
U 208 5F 16A 

4F lOB 43 cw.c 
I. 001 5F OM 

7F OA9 3F OM 

2. 000 .1 06E 

00 000 00 000 

00 000 00 000 

e -1+ I" aaaa. LI 

e 300 H- TIJ 

T+-t 305 e 300 

H "I' 000a 300 

n 300 NTr 

e I-I' <KID4 U I 

e 305 H- T .. 

T+-t lOA e 305 

H 'I' 000a 305 

T-t 305 NT, 

e TIl - i l 

e lOA H- TI• 

T+-t 30f e lOA 

H 'I' 000a lOA 

T-t lOA NTr 

e T 17 .- "I 
e 30f H- Til 

102 

STORAGE bOX 
ASSIGNMENT L R 

2CD 

2CE 

2CF 

2DO 

201 

I 202 

203 

204 

205 

206 

207 

208 

2D9 

lOA 

lOB 

2DC 

200 

20E 

20F 

300 

301 

302 

303 

300C 

305 

306 

7:17 

D 

309 

lOA 

JOB 

30C 

JCX) 

JOE 

30F 

310 

lC 1 

EXPLANATI~ 

T ,; Ie • M(JJI) - I • W.fJo) 

1 - I' 

-I • I' 

T 10' 16A • MCiI) - I • M(i., 

Til 

T •• e, "I' H-, ji 

T 12: contain, ,," 

T IJ - e, -I + I', 0IaIIIG1,. i. 
T" • e, I - I', _, ii" 
T IS: contain. 'I • i J for ... t 

T .... C. j IS' atDl, ill 

T 17: contain •• - 'iiI for tnt 

T .. - C. T17, _,&",,_1 

Co,rectlon I' P, ~ O .. d r, _'10_, .. 
to "2 

C"2 CGOIIPleteci at 06E) 

tI, • -I' - /lv:c 

Stor., ii, • I - I', L, • -I + I' 

T" • C. -I + I', 211D, i" 

TI •• C. I-I', _, ii" 

lOA - 313 ,.,., to ... t probl_ 

TIl • voIue of., for .... 

T ... C. Ttl' -. '" 

T.7 • value of i, ...... 

1 ... C. T.7' -" •• 1 

" .. 

, 

.. 

.. 
• 

. " 



. . . 
4'~ • \y 

• 

, 

, . . , 

.. 
• 

. " 

LEFT ORDER 
I II 

T+t 003 

H ·V· 

Tt 30F 

Ld 000 

Ld OAS 

Ld leD 

Ld 300 

Ld lOA 

RIGHT ORDER 
III IV 

C lOF 

0CI0c1 30f 

NT, 

(314 - 31F 1".1 • ., ... ) 

Tt 321 

Tt 322 

Tt 323 

T! 324 

Tt 003 

, . 

STORAGE BOX 
EXFLANA TlCl'I 

ASSIGNMENT L R 

311 T,..,.,., to 003 • "otI 

312 

3i3 

For •••• : lill + 21b.1 < 1 

I 320 I Ld • I .... to ..,111. apac.; _.t be 101. 

321 lowed ........ f., order 

322 

323 

324 IT, ... , ..... 003 • "otI 

-

103 
102 



4 

2s -place hi :1 

-A am' 0 registers 

19 

5 __________ . __ _ 

Shift A ond Olp.ft J 
- 2 -po-ll,. places,.}i = f3 'qi 

11 0

•

1 f Q,. < 4, 

Store 11;. q; 

6 

7 

i=ln-ll~ 
No 

m;*-I = II -1·,- mi-I 

m, = P; 

20 

'";*-1 = -II - 1*) - m;_1 .--_ .... 
iii,. = --If; 

33 

r,. = Pi ~ m; 0 1 

- Iii; _ I ~ 

Exit "1 -; 

p; = II; _I + 0; - fJ; _I f------~ 

m,. = 0-1 I - I * I !-----r---~ {32 
I ,.. ___ L __ -, 

I "i irrelevant I 
L--r-_-J , 

L-_--.---' 

(::;, UD m;Aol.; .... 
7 Q;-1 I 

EXIt "2-

iii; = II - I *1 !------''-----i 

\ 
\ 
\ 
\ 

\ 

\ 
\ 

\ .... 

47 

"a.j 

j '" I in code 

Cef .. boa 461 

~~-------------



10 

i'" I, Ii = 0 
,n,tlOlly, 

I tt I r_t 01113 

/ 

~ ~, r-------------
L~ft shiff 0, ~ ", "hJU·". 
Ii .-- ~ti·a,p- "-'.<I-p-I<I 

, 1". " " l' 

r-----------~~ r 

39 r-;- -;-----
~O. "i IS I'frt!~y()nt 

ll!ft 5hif! r, <Y, It""'~ 

m, '{3"';r,-, /3-4"1;;;,-1<1 

43 Yes 

No 

Thef'e ~e no boln numbered 2.,30, 37, Of " • 

• of • s,._trlc "etr'. GI .... I" Joe.bi For .... 
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