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NUMERICAL COMPUTATION OF THE CHARACTERISTIC VALUES
OF A REAL SYMHETRIC MATRIX

Wallace Givens

ORNL-/E7%

The numerical determination of the choracteristic values of a real symmetric matrix is o problem ot
considerable difficulty since '*s lorge amount of informatien is given and one wants to moke use of all of
it." () A typical situation is that in which the elements of the matrix are the values of the (symmetric)
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kernel of an integral equation calculated ot the points of o plane net. With the odvent of automatically
sequenced high-speed digital computers, it is now feasible to calculate the charocteristic velues of
matrices of orders at least 40 ond, with exce'lent input und output devices and fast (magnetic tape or
drum) external storage of numbers, jossibly s high as 200. The number of elementary operations re-
quired to obtain the solution vories approximately as the cube of the order so thet a matrix of order 200
presents a' problem more than 125 times as difficult as one of order 40. It would seem to be impossible
to calculate with present devices the characteristic values of o matrix of order 1000 unless the matrix
were of some very special form,

The very large number of multiplications performed in a single calculation by a high-spesd computing
nachine’?) mokes the problem of the accumulation of vound-off error o serious one. In thair paper on
“Nurrerical Inverting of Motrices of High Ordor,”’ [10]¢® von Neumann and Goldstine established the
basic conditions for a complete error analysis. It is intended that the prasont paper adhere rigorously
to the couventions of von Noumann and Goldstine. No explicit use is made here of results from [10]
but the general approach to machine errors us established there is assumed known, Thus we suppose
the matrix elements ore given as aggregates of a sign ond s digits in « number system to base(4) B and
that the norm of the motrix is iess than one by an amount precisely specified in §2.16. No assumption
of ony kind is made as to the definiteness of the given matrix or vs to the lccation of the roots beyond
that implied by the condition on the norm,. in particular, nothing is assumed about the separation of the
characteristic vaives,

The basic mathematical scheme mechonized in the computation was proposed by the author in *'A
Method of Computing Eigenvalues and Eipenvectors Suggested by Classical Rasuits on Symmetric Ma-
trices,”” which has recently appaared in [3). At the same Symposium at which [3] was presanted, Goldstine
reported on a method of calculating charocteristic vnives which had been developed by von Neumann,
Mourray, and himself. Both the method of this paper and that of von Neumonn, Goldstine, and Murray (3}
depond etsentially on the device, which goes back fo Jacobi [6], of making o sequei.ce of rotations in
coordinate plones so chosen that the zc:¥ficient of a cross-product term in the given quadretic form

(associated with the matrix) bacomes 1ero. The methods differ in several particulars, the most essentiol

"‘)Orol remark of von Neumann,

(2)Mul'lpiicuﬁon and division times ore of the order of ‘A. millisecond and addition and subtroction ate ten times
as fast, 7

‘3)RO‘OM¢.I to the bibliography are given in this form.

() Typically, 5m2, sm39or B=10, s= 11,

5)) am much indebted 10 thess authors %r letting me see a copy of their, as yot unpublished, manuscript {4
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being that after a nondiagonal slement of the mairix is made zero, thu computation of the present pcper
does not afierwcrd alter this element; therefore, at most, 3{n -~ 1)(n = 2) plare rotations cre needad,
whereas with von Neumann, Goldstine, and Murray’s technique, 3n{n ~ 1) plane rotations must be per-
formed rapeatedly until a convergence critorion is satisf 1. (The moximum number of repstitions neces-
sary can, however, be guaranteed.) The price we are obl ged to pay for this substantial reduction in the
amount of computation is that we must stop short of reducing the matrix to diagonal form ond will obtain
only one in Jacobi or triple diagonal form.(®) A second stage of the computation is therefore required
and is discussed in chap. 3. Since for this part of the computation even very !arge moatrices may be dealt
with by using only the internal storage of existing machines, the second stage will require less time
thon the first, Another advontage of the mathod proposed here is that no seorching for o “large’ off-
diogona! element is required.!”’

in chop. 1 ;he mathematical foundations are established ond in chops. 2 ond 3 the equations of the
two parts of the computation are reduced to digitas form, The corresponding flow dingrams and codes are
given in oppandixes. A seridus effort hos been made in the main part of this paper to moke the results
applicable to most of tho high-speed digital computing machines now in existence. The numerical time
sstimates and error bounds tabuloted and the codes are necessarily more special and refer to the machine
(the ORACLE is the Onk Ridge Automatic Computer and Logical Engine) constructed at the Argonne
National Laboratory on the basic design of the Institute {or Advenced Study Computer., The ORACLE is
now being tested for use at the Oak Ridge National Laboratory. This machine operates in the binary
systam and has a precision of 875 = 2=3% & 10='"7, Our best estimates (Table 5 ond (3.9.6)) show
that mach of the characteristic values of a 100 by 100 roal symmetric matrix, scoled so that the sum cf
the squares of its elements is slightly less than one, can e found to an accuracy of

$131,6008~° = 11.004.2-22,

or better thon six decimal places. Curiously, although a good deal of effort was spent to cbivin error
bounds for individual characteristic values, throuch the use of a recent result of Lidskii {8), for order
100 the square root of the sum of the squares of the errors in all 100 choracteristic values is only
$131,7058=% (Tabie 5 and (3.9.11)). Since these guaronteed error bounds are in no sensa probabilistic
and ore based on the pessimistic assumption that moximum possible round-off errors occur, accumulate,
ond never cancel, substantially more accurcte results may be expected in practice. For all orders
n 2 10, the error in each characteristic value is less than 323/2 8~ (Table 4 and (3.9.6)).

The error analysis whick follows wiil certainly be found tedious ond may be deemed unnecessarily
el borate. This is at least in part due to o second main purpose of the study: to examina the general
concep? of error in  numerical computation and to determine how the error bounds are affected by vari-
ations in both method of computation ond method of estimation, In § 2.8, we try to show that the meaning
of the phrase “‘error in a calculated number’’ requires a more subtle definitior thon is commonly realized.

In §3.2, o method of inverting the probiem of round-off error is proposed which we plan to employ in

“)A motrix S = ("i ) is in Jocobi form if spom 0 for Il‘ - il > 1. Such motrices are of importance in the theory of
operetars in Hilbert space [ 12]. Finite order matrices of this type ore also shudied in o book 4 2], 1n Russian) which
become avoilable only after this manuscript was neory complete.

M 1h, von Neumann-Goldstine-Murray arror guarantees presuppose that ot each step an off-diagonal eloment of
aboveraverage size is found and rotated fo zero,

: it
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other contexts and which suggests that it moy be unwise to separate the estimation of round-off error

from that due to observation and truncation {cf., (B), (C), and (D) of [10, p. 1024-1025] for a clear dis-

cussion of these terms).

A major omission in the follewing is any discussion of tha characteristic vectors, since these will
vsually be wanted for checking the computation ond will frequantly be desired for other purposes. We
plon to work out the details of thn calculation of characteristic vectors and to obtain error bounds for
them, but this has not yet been done. The gereral method of obtaining the characteristic vectors is
nevertheless clear: )

(1) store the elemonts of the motrix 12 »1,, with nkd3 < ;

(2) as the plane rotations R, of Theorem 1.3 are obtained, calculote inductively a scquence of T'/
analogous to the matrices (1.3.11) but defined by 17 =" 7 = 79~ /=1 R;; o that T’AT = S, where
Tw7""27and S is in Jacobi form;

(3) ctter finding the characteristi: values of S (cf., chap. 3), calculate the characteristic vecter v, of §
corresponding to the value A, b, solving by recursion (but with scaling difficulties) the equations
Sv;=Ap;

(4) form ¢ matrix with columns v, say V;

(5) calculate TV = W, the columns of which will be the required choracteristic vectors of A,

The entire computation is than subject to check, and, if necessary, refinement, by using

AW = [|diag (A}, ., A W .

The relation of the method proposed here to currently used techniques, which apply mainly to the
finding of o single charocteristic value. is also not discussed. A critique of existing algorithms is
given in [4], and we believa that discussion shows thom to be unsuitable for uss «i*h fully automatic
machines if oll the characteristic values are wanted and the matrix has large order (~100).

Other umissions are any yeneral discussions of the nature of computationol instruments and nlgo-
rithms ond the seriousness of the possible accumulation of round-off error and the resultant need for
investigations such as thut intended here. For all these matters we refer to {10} and [4]).

Finally, the author expresses his cordial thanks to Miss Vi-ginio Carlock (now Mrs. E, D, Klema)
for her preporation of the flow dicgrams and codes. Although they have been partially checked by the
author and, in more detail, by Miss Ruth Arnette, the unavailubility of a computer has prevented them
from being machiae tesred, os yet. They will naturolly require minar modification if used with machires
other than the ORACLE for which they were prepared,

The unexpected availability of the ORACL E after the submission of this popar for reproduction but
before the codes ware typed made it possible to machina test the codes in Appendixes 3 ond 4 to the
extent there indicated. On the basis of exceedingly limited experience in using tho machine to work
test probiems, the rough time estimates of Tables 6 oand 7 of chap.3 oppear to be 100 low by o factor of
perhaps 3or 4. [n other rospecis, the results of the machine tests wore in conformity with the theoreti-
cal resuits. [This paragroph added in proct on October 12, 1953.] .
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THE MATHEMATICAL PROCEDURE
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1.1 ORTHOGONMAL CONGRUENCE AND THE BASIC SCHEME

The basic problem 1/e are considering is that of finding o complete set of invariants of a rea sym-
metric motrix under orthogonal congruance. For « full understonding of the sequel, it seems desirable to
look at this classical problem from the following point of view. Let the class of all n by n real symmatric
motrices, under additicn ond under multiplication by reel scalars, be regarded as a vecror spar M of
3 n(n + 1) dimensions. Then, on arbitrary real orthegonol matrix T induces on M a nonsingular, inear,
komogeneous ron sformation
(LLD) A—T—s AT« T4T,
whare the prime denotes the tronsposc and 77° = 1,. The transformations of M thus induced obviously
form o group G (actvally a representation of the orthogonal group) and, hence, subdivide M into (maximal)
varieties on which G is transitive. That i., two matrices A and D are orthogonally congruent if and only
if there exists an orthogonal matrix T such that A7 = B; this is also the requiremer:? thas A nnd B shall
be on the some one of the maximal varieties mekirg up fl. A variety containin )  scolar matrix consists
of just one point; if the characteristic values of A are dis* nct, the voriety containing it will be of di-
mension % n(n ~ 1), since this is the number of essential parametsrs in an orthogonal matrix, Tha fact
thot a recl symmetric matrix con by reduced to dingenal form by an orthogonal congruence and thot the
numbers on the diagonal (the characteristic volues) form o complote set of invarionts con now be stated
in the form:

f a maxitmal voriety of M on which G is tron.itive always contains at lecat one (poin® ’
(1.1.2) tepresenting a) diagonal matrix; all such points are obtained from cny one such point
l by, at most, o permutation of the diagonal elemants.

Any computational method designed to produce from a i vun digital motrix (i.e., one with elements '

repreaentable by the machine) a diagonal matrix{!) on the some variety con be regarded as a method for
« the calcvlation of the characteristic values,

The diogonal matrices form a linear n-dimensional subspace £ of M, and (1.1,2) contains the vssertion
that eoch of the moximal tronsitive varieties of M intersects § in at least one point. To characterize
directly these intersection points, to which we shall refer as cbaracteristic diagonal vectors, we iniroduce

the projection operator A in i, where v

(1.1.3) . (al/) - A_A—’ D = (““sﬁ)

is the mapping of a matrix A to the diagonal matrix D obtained by replacing its nondiogonal elements by -
zero. Evidently, A is the identity on B and (AA) is in § for every A, so A? = A, and A is an idempotent
(projection) operator.

“)Non l"\c' we here leave 1o one side o large closs of methods (mainly iterotive) designed to produce o single ’
one of the characteristic values. We believe, however, that the mathematical indetemminacy of the characteristic
vector corresponding to o repected choracteristic value indicates the need fo consider methods such as the one

presented here, @ -
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Now, introducing the norm, N(A), of a matrix A by the definition
n 172
(1.1.4) N(4) = [ L G ,,)3] = (mace A1)/,

i, jel
we see at once that
(1.1.5) ’{AA) g N(A)
ond equality holds if and enly if A is diogonal: 4 in 0, Since
troce ((T’AT) (T’AT)Y’] = troce (T’ATT’A’T) = trace [A(TT*)A(TT’)] = trace AA® ,

whon 7T° = T‘T = 1, we have the well-known foct that orthogonaily congruent matrices have the
some num;
{1.1.6) N{A) is constant on a (meximal) transitive variety .
Hence, as A varies over a maximal tronsitive veriery,
(L1L7) NLAA) S K,
where & it the constont value of N(A) on the variety. Moreover, equality holds, by (1.1.5), if and only
if A = AAis diogonal. This yields the direct characterization of the charocteristic diagonal vectors:

{ let {A} be the set of matrices orthogonally congruent to the real symmetric matrix A
(1.1.8)

end let [AJA be the projection of this set into 1; then sach of the (ot most nl) vectors
of |AIA of maximum norm has as its components the n characteristic values of A,

A further projection of { Al onto (say) the one-dimensional space obtained by replacing all but the (1,1)
component by zero would yield an interval with end points which are the largest and smallest charactere
istic values of A, For, the (1,1) component of T°AT is the value of the quodratic form xAx’ for a unit
vactor x such that (1,0,0,...,0) = xT ond every unit vector may bs used with a suitable T, so thot our
statement is equivalont to the classic description of the maoximum and minimum choracteristic values in
terms of extruma values of the quedratic form. The criterion (1.1.8) is a direct description of the set of n
choracteristic values without the use of a chain of conditional maxima of the quadratic form,

The basic mathemotical scheme on which we base our computational algorithms can now ke outlined:
(1) replace the original matrix A by a matrix 5 orthogor..ily congruent to A ond lying ina2n ~ 1 di

mensional subsgace & of M containing §;

(2) determine the charccteristic values of 5, cnd hence of A, by o mefiod which, while theoretically

applicable to all of M, i3 feasible to compute only for matrices of 4

The first step thus amounts to the basically adventageous concentration of data, which is especially
“bulky’’ in this problem, and the second step depends upon taking advantage of the simplificatisn of the
problem resulting from the specici form of the real symmetric natrix. Moreover, in (2) we nre able to
obtain odequate information on the characteristic values of S by determining the signature of S - A1,
for suiteble values of A. The usefuiness of this method appears to dspend o the fact that the signatvre
of § ~ Al_is insensitive to any variation of the characteristic values (including coincidence), provided
A is not too close to the one being varied. Thus, in a certain sense (cf., §1.4 and chap. 3), we replace o
quantitative problem by a sequence of qualitative ones. Any determination of a real number by finding a
sequance of upper and lower bounds con, of course, be regorded in this light,

s
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1.2 THE SACOS! PORM
From ony sequence Vgs Vyseee, v 0fr 1 jinearly independent vectors, the Schmidt rthogonali-

zation process constructs a set of orthogonal unit vectors ¢, . ., €, such thot v,y tsa linear come
binction of only the first j vectors e, Fer, it is only necessary to let . be a unit vector proportisaal to
(1.2.1)
where (x,y) = L x,, is the inner product. Then o ls orthogonal 1o ¢y, ¢4 ..., and oy ond an
induetion on j is easily established,

Applying this result to o sequence

Vi ~ (v,_vci)c‘ - (t«l_',cz)cz -~ ey - (ui-"‘l-i)‘I-' .

(1.2.2) Vg = 4 V) = uA, vy = uAl, ..., v, = uA" ,
where u is o arbitrory nonzero vector, ond the v, ove linearly independent but
(1.2.3) % LA Cou + CHA & .., ¢ c'aA' ’

for suitable values of Cgr €yr -+ + v €, we dotormine a setof r + | arthogonal unit vestors ey, . . ., € 4.
Of course, it may hoppen that wo must taker + 1 = n for (1.2.3) to held.

Since . is o lineor combination of (at most) vy, vy, ..., TR '/A is o lineor combination of (ot
most) vy, Vg, o0 u, v Hence, if the set o), ..., ¢, is compie*_d in any way 6 an orthogonal basis
for the whole space, with respe ct to the new basis, the first r + T rows of A will have the form

(* * 0 0 0,

(* * * 0 0,
(1.2.4) .

(' - * vee e .).

That is, if x <y = xT describes tha change from the original basis to the new ¢ basis and x4Ax’ =

~TATy’ = yBy’,

r+ 1
—
M>* * o o o ... © 0o ... o
* * . 0 0 vo 0 e .o 0
r+ ] 4 * * * . 0 coe 0 0 cen 0
(10205) B = .
\ * * . ' * s 0 ' o ” e @ o
. *
é
""’_.“"
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o ey [ )

-



L UL I P

Moreover, B : T’AT iz symmetric, so the ficat r + 1 columns of 8 must have zeros corresponding to

the known zeros in the firstr + 1 rows of B, Hence

/ 0\
(1.26) B = J
-0 K
with
[ ¢4 & 0 0 0 w00
b' a2, by 1] 0 . 0 0
o bz d; b3 0 . . o o
(1.2.7) ] = .
0 0 by a, b, o 0 0

o ¢ o0 0 0 ... a b
6o 0 0 0 0 ... b ay

Siem w2 can repeat the process, starting with a new vacter n having ite first r + 1 components zer, an
inductive wraument shows that we can toke B itself in the form (1,27) withr + 1 « n, The decompo-
sition of (1,2,6) with K present is then signaled by one of the b, being ==-o.
We sholl refer to a reci symmetriz matrix S such that

(1.2.8) Sy ¢ for |1 = j| > 1
as being in Jocobi, or triple diogenal, form.(2) Since a diagonal matrix is o special case of one in triple
diogonal form, we could have asserted ab initio thot a real symmetric matrix is erthogonally congruent to
one in triple diagoncl form. The above discuasion shows that the reduction does nct depend on ony zom-
putation more involved!3) than the Schmidt orthogonalization process, ond in particulor does not depend

on the determination bf the charceteristic values,

1.3 REDUCTION TO JACOBI FORM BY PLANE ROTATIONS
Instead of inivoducing a new orthogonal basis by opplying the Schmidt orthogonalization process to
the vectore (1.2.2), we may suppose that the new coordinate system has been introduced by making, in
sequence, G number of plane rotations. It is on easy theorem that on orbitrary roration matrix (ise.,
orthogonal and of determinant +1 rather than ~1)is a product of plone rotations.¢) Somewhat less obvious
is the assertion that plane rotations in the coordinate planes genercte the entire rotation group. This

(Z)Tho discussion given here is bosed on on oral remark by von Neumanns The reduction is well known end has
been used effectively by various authers {cf., Lanczos{7]).

Ot s 1<nin (1.2.3), o (numerically) rather unpleasant determination of o second vecior orthogonel to all
lesses e,y is Jlso required for the cbove ergument,

(‘)lndtnd, it i3 only necessary 10 remork thot the rotations which leave pointwise invarient an (7 « 2)-dimensional
subspoce (= the plane rotetions) constitute o selfconjugate class and therefore generate an invariant subgrevp
which must be the entire rotation group since the latter Is simple when the underlying fieid is the recl-tumber
system.

;?5 ™ ﬁh*”




too can be proved!® without much difficulty and suggests that any desired reduction by an orthogonal
matrix T can be carried out ‘stepwise’’ by writing T as a product of plane rotations ond effecting these

in succession,

Let
! | |
|
R
! cii 1 —S‘, ” 2 2
('0301) R"- - ’ C,.,. + Si, - | N
1
i Sij Yo,
i
1

with 2er0s off the diogonal, except for the two indicated elements. Then AR, is obtained from A by

the rule

(4), ifq ki, qg#7j,
{1,2.2) (AR'-’.)q - c‘,.(A),. + s..,.(A),. ifqg =~ i,

-S",'(A), + c‘i(A)i itg = 7,

where ( ), is the &th column of the matrix included within the parentheses.

Similarly,
(AR'.’.)P ifp A i,p £j,
(133 (Ri(AR )P = < c (AR + s (AR, ifp =i,
-s,,(ARU)‘ + c'.,.(AR'.i)i ifp =,

vihere ( )2 is the kth row of the designated matrix.

Slwe sketch o proof, First observe that the group G genetated by the rotations in coordinate planes operates
transitively on the vectors of ony fixed length. For, this is true when n = 2, and the induc:ive hypothesis allows us
to transform any vector into one of the form (0, 0, ..., 0, *, *) ond so, by a rotation in the X, 1%, coordinate
plone, into one of the form (0, 0, c0s, 0, &), £ 2 0. If, now, T is a rotation matrix, matrices Ryjoeocs Rn-l "
describing rotations in the coordinate plones XyX, 0 XgX 4 00 e, and X, 1%y TSt exist 30 thot (e”T)R‘"Rzn see

m=¢ ¢+ Honce Ty = TR, Ro 40ee, R is effectivaly of order n = | (bordered by zeros and a single +1
n=ln n 1 n"2n neln
in the lower right comer), and on induction is easily established. The proof outlined permits one to conclude thet
every rotation matrix con be written in the form

Ryg ooo (RT3 pze e BTN 5) (BT g mcy oo e RTS ) (RT ) oo RS RTY)

where R;;.‘ is o rotation in the X% coordinate pl ane.

t‘



The only elements of the matrix which are actually aitered in both (1.3.2) and (1.3.3) are the four
elements (i,i), (i,/), (j,i), and (j,j1. Moroover, neither the right multiplication by R..’. nor the lef multi-

plication by R;,. alters an slement a ‘ if p and ¢ both ore different from both i and j:

4
(1.3.4) (R'.',AR'.,.M-apq ifphki, phij,q ki, qkij.
Also,
(L3.9 (R;’,ARI.,.)” - (R,’}AR".)” =il SifAy, forp £ 1, p £,

(1.3.6) (R;AR.), . = (R;AR forp £i, p ki,

... bt W . C..aq, .
i ip = "Sif%i t Ci%i

and for the four elements affected in both (1.3,2) ond (1.3.3),

(1.3.7) (R;’AR“)“ - c'.i(cl.’a‘.l. + s‘.,a‘,.) + s‘.,.(cl.’a'.’. + sr’i"ii) ,
(1.3.8) (R'-"-ARI.,.)I.’. = Cii(cl'laii - s"al.’,) - sii(c'.’.a..’. - s‘,’.a“) ,
and

(1.3.9) (R‘,.AR'.J.)". - (R;iAR,.,.),...

- c‘.i(c"aii - s‘.,a“) + s'.i(c"a". - s"a‘l) .
Sincs the troce of R;,.AR..'. = troce A for R.’,’ orthogonal,

(1.3.10) (RIAR),; + (R7AR.). = ay + ay

as is also evidant from (1.3.7) and (1.3.8).

The usual reduction of a central conic in the Euciideon plane to its principal axes is obtained by
setting the left member of (1.3.9) equul to zero and determining €;p = €08 6 and s;; ~ sin ¢ from the
resulting equation, This involves determining cos & and sin @ from o knowledge of tan 20 and roquires
the computation of two square roots, the first to determine cos 20 ond sin 26 and the other to find cos ¢
and sin 6, |t is this basic operotion which Goldstine, von Neumann, and Murray [4] employ to reduce
(opproximutely) to zero the sum of squores of the off-diagonal elements. The difficuity of their method
avises from the fact thot if one coordinate plane rotation on the ith and jth components has been used to
reduce the (i,7) element to zero, it will in general happen thot a later plane rotation, say on the jth and
kth components, will be required which will reintroduce a nonzero (i,;) element into the matrix and thus
recuire a new rotation in the X% plane, etc. Despite this complication, the method, which goes back to
Jacobi, canverges [11). It has the distinct advantoge that the end product is a diagonal matrix (except
for the ‘‘small’’ elements off the diagonal) with the approximaticns to the characteristic values on the
diagonal.

By contrast, the method proposed here uses (1.3.6) —~ or, equally well, (1.3.5) ~ to determine
cos @ = i and sin 9 = 4 and so requires only o single squore-root operation, since the “‘half-angle
formulas'’ ore not needed. Moreover, we shall see thot once the (p,/) element of the mawrix is made zero,

no later rotation involves this element, ond the accretion of zero elements is monotonic and noniterative
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in character. The price paid for this odvantoge is that one is forced to stop short of the cctual locali-
zation of the choracteristic values ond to tum to a quite different (but, as it tums out, highly efficient)
method to complete the computation,

We now state the formal theorem which guorontees the possibility of obtaining the Jacobi form by the
procedure augg;stod chove. The statement and pruof will be clecrer if it is kept in mind ihot we produce
zeros successively in she (i,3), (1,4), ..., (I,n), 2,4, ..., (2n), (3,5, ..., (3n), ..., and
(n = 2, n) ploces by rctations in the (2,3), (2,4), ..., (2,n), 34 ..., (3,1, (4,5), ..., (42), ...,
oand (n ~ 1, n) coordinate planes, raspectively.

Tueorem 13. Let A = A!? be an arbitrary real symmetric matrix and define inductively the se-
quence of matrices
(1.311) A = A.Y2' A“- All. e e Aln - A23. A?l’ AN A?n - A", e, An-«? LA
by tbe formulas
(1.3.12) Avisl | pi-lm forim 2,3, ..., n~2,
(1.3.13) AT w REACTICIR, fori=2,3,..., n—.,

(< = 3,..,n,

where R” is given by (1.3.1) and € and 8 @ any numbers satisfying

=] f=1 i=1 j=l
(1.3.14) e AL RN i R
and
(1.3.15) (c(,Jz + r’u)z - 1.
Then
('01’6) (A”)‘a’o -0,
if
(1.3.17) (i%°) & G, . with i = 1, ..., n -2,

i+ 1 <j’=™ 3 ...,n,
and the ordering is lexicograpbic:
(’-30‘8) (i'oi7 - (113). ('.‘). ) (’oﬂ). (2.‘). o o (20")5 (3;5)1 RN (" - 2- ") .
For tbe final mar.~
(1.3.19) A" a5 w (s,
we bave Sy - 0ifi + 1 < j, and since the matrices remain symmetric urnder (1.3.13),
(1.2.8) sy =0 forli — | > 1,
and S is in the desired Jacobi form,

Proof of the Theorem. The conclusion (1.3.16) is vacuously fulfilled for A'2, since (i%/7 < (1,2)
requires i* = 1, ond then j° > i + 1 = 2, which contradicts j° § 2. For the mavwices Al 1) the
requirements (1.3.16) cre the same as they are for the equal matrix A*~! " (cf., (1.3.18)).

In the truly inductive case, we can suppose (1.3.16) holds when i = | = 1, = | = ) andu-e
(1:3.13) to establish the conclusion for i = I/ ~ landj = J] § n. From (i%) s (1 ~ 1, ]), we
have i g I ~ 1 < ] = 1, 86 i’ £ [, and i’ & |; hence (1.3.4) yields the desired conclusion,

———

M1 013

‘
LY
- %
i




except in the cases j° = I, j° = | (since (i%j°) § (1 = 1, ] = 1) only when i” = [ - 1 ond
i = ]) Forj’ = 1, (1.3.5) applies, ond

-1, - J- -1 -
(A‘ ])"" - C,](A ] ‘)"' + SI](A ] )"J - 0 ’

sincei’ < j* =~ 1 = I’ = 1ond the inductive hypothesis applies. Forj* = J, (1.3.6) gives

(A’_' ])“l [ ] -S,](A’-‘ ]-‘)"l, + C!I(Al-‘ ]-!,"] [

When i’ < I = 1, the inductive hypothesis makes both terms in the right member zero, ond when
i’ = I = 1, the condition (1,3.14) on <y ond sy is impose) to make (Al ]),_| ;- 0.

1.4 RELATION GETWEEN CHARACTERISTIC VALUES AND SIGNATURES

Regarding the real symmetric matrix M as o point in the vecior space I of §l.|, the matrices M(A) =
M - Al lie on a straight line. The signature is then an integer-volued function of the coordinate A of o
point on this line, and the characteristic values of M are identified with the points of discontinuity of this
function, For sufficiently lorge positive values of A, the signature of M(A) is -n, and for sufficienily
lorge negative vaives, it is +n. At every point of discontinuity it changes by on aven int er, repeated
roots of M being signoled by a jump of more than two units in the value of the signature function.

For our purposes, it is convenient to regord ze.- os a positive number and to denote by P y(A) the
number of nonnegative characteristic values of M — ) no (Then, signature M = Al ") - 2PM(A) o
22 + ronk (M - Al.).) Ordering the n roots A of M by the requirement

“‘"l) '\mln - A” S X’._‘ S --- 3 A! s Al - '\mcn ’
we.see that the roots of M — M" are
(1.4.2, A, = A S A=A S g = g A=,

and counting the number of nonnegative A, = Agives
(10403) PM(A) - l ¢

which is equivalent to
Mo <A S AL

It is convenient to let A be an upper bound and ~A be o lower boundof the A, i =1, 2, ..., n. Also,
(1.4.3q) A § wisequivalent fo P,(A) 2 P () .

The algorithm on which we propose to base the computation of characteristic values can now be
stated formally. We state it for an arbitrary real symmetric matrix although its approximation by a digital
computation is carried through only in the special case of a matrix in Jacobi ferm (cf., chap. 3).

THEOREM 1.4. Let M be a nonzer. real symmetric matrix with characteristic values o\.., i= 1,

2, .+.,n, ordered so that )t“' S Ay and let A> max; IA‘I > 0. Define recwrsively, forj= 1, 2,...,n,
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(A A%
0,i ™ -A - :' 4

max(Aa.,.“a) fory = 1,2, ....,1,,
4 Aa.ﬂ,,' {

(1.4.4) o, forj = 'a‘*' L. o N,
and Aa,j : !O'i- 1,2,.0-5’“0
Aatli = { .
min (A%, p,) forj = 1.+ L...,n ,
-
where
(1.4.5) ly» M("G) .
1 a,p
(1.4.6) By ™ 7(1\ S A“nPa) ’

and the integer p . S n is determined by the requirements

a,p, =1
(,o‘a7) Aﬂ,l bl Aa" S 8. A¢,2 - Aa.z S 8}0-0;A a - Aa’"a-’ S 8 1]
but |
. %Pa
(1.4.8) A - Aﬂ-Pc > 8

for =zome fixed positive 5 < A. Require that the sequences terminate with the [irst value of a= @, for

which

(1.4.9) AT - Az, 5 8 fori = L 2,...,n.
Then the sequence does terminate for a valus of

(1.4.10) a g 1+ nL ,

where L is the least integer 2 log, (A/5) Moreover,

(1.4.11) A% - A >0,

and the balf-open intervals

(1.4.12) Hoy = WAy, s A < A% fori = 1,2...,n,

are either nonoverlapping or coincide and are ordered so that

(1.4.13) if p; is in Hy o Py is in Ha,,‘ forj > i, and H, , o H’-:i’ then p; < Py

Finally,

(1.4.14) Aay § A < A% fori = 1,2, ...,n,

a=1L...,a.

Before proving the theorem, we will try to clarify its meaning by describing in general terms how the
process of ‘‘localizing’ the roots is envisaged. The theorem prescribes that u, = 0. If, for example,
Py(tg) = 0, we know that all the A%’ are zero and so have —A <A, <Ofori = 1,2 ..., n. Then
my = =2-'A, ond finding Py(p,) gives iaformation about all n of the roots which restricts each root to
on interval of length 2='A. For the case Py(0) = 1, we have -A <A, <Ofori = 2 3,...,n, but
0 5 A, <A The theorem then requires u, = 2='A ond g, =277 \ or 3.2-2A, depending on whether
Pu(p') = 0 or 1, respectively.

Evidently, in this case, a chain of velues pg p,, ..., p#y will be used which successively restricts
A, to intervals of length A, 2=\, 273\, ..., 2=LA, where L is the first integer such that 2=LA s 39,

or

(1.4.15) L 2 log, (A8,

12
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but which does not improve the information on the location of %5 Ay . .. of A, after the first steo, After
A, has been found to lie in a particular interval of lsngth 2-LA < 5, the next value of u, is required to be
Bl = -2=TA, and the value of Py(py +y) vieids information which limits each of the remaining n ~ 1
rcots to one of the intervals —A <A, < -2~ Mor=2-A g A <0,

This phenomenon of chains of values of the u, which give information about only a single rooi,
interspersed with occasions which yisld information about oll the remaining roots,appears to make it very
difficuli *o give o really efficient estimate of the meximum numbs: of steps vequired for the desired
localization, Thus, for the values of n, A, and 8 which are likely to ba used in eny ocmd calculation,
(1.4.10) is certainly too lorge an estimate. {Note that Hy is vsed to get values of Alj *Y1 and ALH,:"
which cccounts for the torm ‘‘1+*’ in the right member of (i.4.10).) When n = 1, the abovo example shows
the estimate to be exuct. For n = 2¢*), A = 2-'A and ).i " =+ = A -/};/2. vevs 2%), and for
Le |092 (A/8) 2 % n, the aigorithm comes to an end for ,_/

(1.4.16) 3w AL + (L = D) + (L -~ 2 ...+ (L =72
-2 - 22 e ya
= (1 + L) - [0+ 222 + 1) - 2L}
« (D nl) =1 + dnlhn + 1) =-2)

steps. ' ‘

Hence, fcr a mairix of order n = 32 with A = 1 and & = 2=39 (about nine de. imal-place accuracy),
L = 30 and
(1.4.1) a = 961 - 213 « 748
so that the upper bound givan (961) is higher than the actual number of steps required (748) by 213 steps
or about 28%. For n = 64, A = |, and an accuracy of 35 binary olaces,

(1.4,18) a o 2241 -~ 987 = 1254 ,

and the bound (2241) is about 79% in excess of the actual number of steps required (1254). (Note that if
we had only required 30 binary-place accuracy when » - 64, soms of the characteris..c values would have
been found together and (1.4.16) would not have applied: L = 30; 32=3n.)

The olgorithm ¢t the theorem is based on the assumption that all the roots ore to be found, but it is
clear that only very slight modificotions ore required to find only the largest (or the t largest or smalless)
characteristic volues. Moreover, equal roots reduce instead of increase the difficulty of the computation,
since equal or ‘nearly equal’’ rocts are found, together with their multiplicity, simultaneously. Finally,
the method is easily adapted to a determination of all the roots to a low degree of accuracy, together with

a more precise determination of any selected rvot or roots,

Proof of the Theorem. For a = 0, Ay, y=-A< A%¥ w4, all the H, ¢ coincide, (1.4.13) is vacuously
fulfilled, and (1.4.14) is true by the hypothesis on A. We are therefore permitted to establish the theorem,
except for (1.4.10), by induction on a, supposing that an integer o, > 1 ond < n exists for which (1.4.7)
and (1.4.8) hold. (Thaot the induction is actually over only a finite number of values of a is irrelevant

here.)

Suppose Ha,l - Hc,) Foee® Ha.,r: # ”a,nﬂ Hese = Ha,nz ¥ Ha.,nzﬂ e -Ha,n3 "Ha,navl
=, = Ha,ny-l # Ha'"v-'" -,,, = ”“"'v for n,, = n, so that n intervals coincide in v sets of ,,

1 4
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g = N, cee o M =M p e

(1.4.13),
(L4 19) A%l o A2
a,n ¢
2 A
> Ac,nz’l
z LR K

3 Aa,na_"l

2 e

. n = n,_, members. Since the intervals are disjoint and ordered by

= ,.0¢ = Aa’”‘ > AG’, W s = AG"I'
""2
B ,e0e = A > Aa'.“' ® s = Aa'"}
a,n
| s ® A 3 A“l":" | o, e = a'"a
‘,.
M e = A a > A".a-!" | L4 = Aa'"g
am, M a,n
2 AT e e AT Ay e = A,

where, for convenience, we shall not explicity exhibit the dependence of the ny<ny<...<n,ona:

n, = u;", actually,

From (1.4.6) ond (1.4.8),
(1.4.20)
so that, determining n , by
(1.4.21)

we have

(1.4.22)

That is, p, lies in the (coincident) intervals H

other intervals:
(1.4.23)
ond

(1.4.24)

a,p
A e 5 By > A“:P¢ ’

"¢-|*ISP¢S"‘;:

A e 5 By > A“"‘a. .
ar, 3¢t -,., = Hﬂo"."‘d hence is outside all the
Ko > Aari for; > ng .
#6 < Aa,/ 'O'] S "a.-l .

The definition (1.4.4) con now be written

(1.4.25)

(1.4.26)

¢
(1.4.2)

A and A%*W] o A%

aty,; = Aa;

forj § ng_yorj > n,,
Aa"" - p and A""’i -' Aali

forj = n, ,+Ln,_,+2...,1,,

A"‘u/ = A“li and A"',I * HKa

‘"’.",a+"’a+2'ol-"'ao

Evidently, (1.4.11) continues to hold for a = a + 1. We agree that if I, Sn, _,, (1.4.26) is omitted, and

it 1,2 n, (1.4.27) is omitted,

To show that ot least one of the upper or lower bounds, A%/ or Aa".,

is octually improved, it is sufficient to observe that n,S 1,5 n,_) contradicts n, _, <n,. Hence,

we have:

tho step from c o a + 1 reploces ng -n,_;> 0 (coincident) intervals of length

(1.4.28) AT A

by an equal number of intervals of half this length and does not

alter it remaining intervals.
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The intervals which are oltered are replaced by cuincident or disjoint (since they are half-open) new
intervals which remain disjoint from the unaltered old ones, and hence we have the required properties

of the H

a+),i’

To prove tha: A and A®*! ! continue to he lower and upper bounds for the respective roots A,

a+l g
as required by (1.4,14), it is necessary to consider only ima, _, + 1, n. _y+ 2, ..., n, since these

are the only values of i for which the bounds with index a + 1 differ from those with indsx a. By the

definition (1.4.21) of n ,, the order relations (1.4.19), and the inductive hypothesis (1.4.14),

.
a,na§.

(1429 A, <... <A 4 <A S Ay, = Aoy, < Ha
a,p an, ¢4
< AT s AT < A“"’a-: s:\"h' S .0 S A
Since I = PM(y.a), (1.4.3) gives
(1.4.30) )‘ia” < p, S Ala ,
so
)\’a” < A oot and :\,a > A"a" ’
or
(1.4.31) "o s Ia < My
The new bounds ara now established by comparing (1.4.26) and {1.4.27) with (1.4.30):
(‘.4.32) Aa"'"a-"‘ -, ., = Aﬂﬂ,la - p, s l\,a s I\’a-'
a+l,l, atlng 41
5...5)«"“,,, = ... = A ,
(1.4.33) Aa#l,labl i Aa”'"a S A"a. s Ana-l
+1 a+l,l_+1
S‘."Slla*‘<“d-l\a '"an...-/\ a .

It now remains to show that the intervois HE,.' are oll of length <6 for some
(1.4.34) a <V + L,
where 2L > (A/8) > 2L ='and L is o nonnegative integer. To do this, we first observe that (1.4.7) and
(1.4.8) require that the lengths of the intervals Ha' wHa ooeeos Ha,pa-l all be equal to or less than
8 while the length of H“:Pa is greater than 8. Comparing this with (1.4.19) and (1.4.21), we conclude
that

(1.4.35) Pa = ng_y + 1,

and that the step from ato a + 1does not alter the intervais // a,i for i < p,. It foliows that

(1.4.36) Pasy 2 Pa -

“Pa “Pasy ™™ Poveors

(1.437) & < A**MPa Ly 2=tk=1 (A™P2 _ A 2-4417
o - ath=l,p - P s

fora > 0,
by (1.4.28). Hence, 2¢=' < (A/5), and therefore & ~ 1 SL—Tlork 5 L. It follows that
(1.4.38) Pasg 2 Po + 1.
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Since py= 1, n2p,,,, 2 1+ts0longos a=1+1Lisapermissible value of a. |t follows that (1.4.9)

holds for ofirst value of a, say T, such that @ < 1 + nL, as was to be proved.

1.5 SIGNATURE OF A MATRIX IN JACOB! FORM
The thoorem of §1.4 mokes use of the determination of the (integral) value of P, (u) for o large number
of volues of u, Since P (y) = (the number of cnuracteristic vaives of M 2 ), this may be expected to
be a difficult problem for a general real symmetric matrix M. in the porticulor cose of @ motrix S in triple

diagonal form, the following theorem serves as a suitoble bosis for the easy computation of P (u).
THEOREM 1.5, Let S be a real symmetric marix in ] acobi form:
(1.5.1) Sii ™ Gp Sijep ™ Sipq - b‘ar.'ds" = 0 forli = j| > 1.

Define a sequence of n + | functions fy, [, ..., [, of A by the recursion formulas

r("i = Nl = by, i fiug % 0
2 . .
= b, ) iy i fiup = 00 fip £ 0, andb,_, & 0 ;
- (b, f ffyeg = 04 frag = 0, andb,_, & 0 ;
and
\a'. - A if fyuy = 0, and b;_, = 0 .
Tbe initial conditions are
(IO’03) /0 = | and bo - 0

(so {_, is irrelevant and need not be defined). Then

(1.5.4)

P{u) = the number of agreements in sign between successive elements in the
sequence | = [o, [\(p), ..., [, (n) where zero is considered positive.

Proof of the Theorem. [f no byi = 1,2 ...,n =1, is zer0, no two consecutive {; can be zero,
For, /o # O ond if /,_, and [, were both zero for o smallest possible valve ofi > 1,/,_, # 0and
fi = -(b‘_,‘)z -2 % 0, contrary to assumption, Mcreover, f1(A) = a; - Aond/ is clwoys given
by the first (or by its special case, the second) alternative in the recursion formula (1.5.2). Expanding
the determinant d (A) of the principal minor formed from the firs? i rows ond columns of S ~ Al by its

last row and column gives

(1.5.5) d; = (a; = Nd_y - (b,_¥,_,
ond hence (b, % 0),
(]csoé) /‘(A) - d‘(A) .

A real symmetvic matrix which is such that no two consecutive d; are zero is said to be regularly
orronged, ond it is a ciessical resvit due to Darboux (MacDuffee (9], p. 57-58) that for such a matrix
the signature is the number of permanences minus the number of variations of sign in the sequence of
(1.5.4). Our conclusion is the voriant of this result obtained by counting only the number of positive
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terms in the canonical form (sum ond difference of square:) of the quodratic form x(§ - Al ) x” and

regarding zero as positive.

‘-{:i. ' It is o curious fact that
* _b S cannot have a repeated chavacteristic value if
(1.5.7)
b, » Q0 fori = 1,2,...,n - 1.
This follows from the observution thot for a characteristic valve A = g, [ (u) = d_(u) = det {s- pl) = 0
' and, since no two consecutive /,(A) can vanish simultanaously, d, _ (i) = f, _,(x) ¥ 0 ond sherefcre the
¢ rank of S — ul_is n — 1, which guarantses that jt is nct o repeated characteristic volue. This conclusion
permits an alternate proof of (1.5.4) in the special case in which o b, = 0, since the polynomials
(1.5.8) det (Al ~ §) ~ (~1)"/ (N, (C3) [ 0. I ()L LA o ooy ~4(A) , 1
: form a Sturm sequence of polynomials, each with leading coefficient plus 1, and hence the number of
roots of 4 (A) which are equal tc or greater than p is the number of variations of sign in the sequence
(1.5.8) for A= u (cf., [3]).

It remaing to show that the theorem continues to hold when one or more of the b, are zero. Since the
theorem holds for n = 1, we may use induction on the order. Assume that S has at Icast one b, = 0 and
lot b, be the last such b.. Then

: L 0
(1.5.9) § = ,
0 S,
. where 5, has order /, S 2 order n -;I, and the sequence

\ $
(1.5.10) VAW, W, 2,
defined by the theorem for S, has the pg.ob«ty (1.5.4);
(1.5.11 Psz(,\) = nimber of agreements in sign in (1.5.10) ,
ond the /}”(A) are a chain of principal minors of -‘z - Al, which are olv;{;s calculated by the first oi/‘,
(1.5.2). S ‘ '

The seguence for S is then '

(1.5-12) ]o /(,‘), . n,:" l’(l)t (Il(‘).l(gz))l * s v g (/;l’./i(z,) §* g (/'("./'(.2_)“) ’

- if /;" % 0, since the recursion formula is homogencous where it is used to calculatc ierms after /,“).

{17120, then we got -

(1.5.13) L A T I L P N R | L (L
Since multiplying each term of the sequence (1.5.10) by /,“’ does not change the number of agreements
of sign in it ond we ore considering zero to have the same sign as plus one, the number of agreements

_' of sign in (1,5.12) or (1.5.13) is the sum of the number of ogoomonu/in the sequences computed sepa-
rately for S, and S,. Since the characteristic values of S are those o.f'S‘ tfogether with those of Sa

’ (1.5.14) PN = P W)+ PN,

j and we have the theorem for all n,

- 37
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It should perhaps be noted that we do not exclude the possibility that there may be consecutive
zeros in the seauence 1, /,(u), ..., f (u). This will happen if ond only if a,~Amb, . =0 for some i
ond eithar [, _y = 0ora;, ~A=b, =u, The matix § ~ Al then decomposes and ine eloborote recursion
formule: (1.5.2) ore designed to properly ‘‘restart’’ the sequence.
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Chopier 2
NUMERICAL REDUCTION TO JACGBI FORM
2.1 CHARACTERISTIC VALUES OF A SUM (LlDSKI?’S RESULTS)
In a paper published in-1950, Lidskii [8) proved the following thecram,

Tueocem 2.1. (Lidskii). Let A, B, cid S = A + B be tbree real symmetric matrices with cbarac-
teristic values a; > 0y 2 .. 2 @, By 2 By 2 2By adoy 20y .00 29,
respectively. Danote by K the closed convex bull stretched around the n! points

(211 E’i-(a‘+ﬁ;.a2+ﬁ;.....a"+ﬂ;) forj = 1,2 ...,n!,
where 1, Bas «+ + 1 B is one of the n! permutations of By, Bas + « + 4 B+ lLet L be the intersection of
K, with the region K, obtained by interchanging the role of A and B: K, is the smallest convex region

conteining the n! points
(2'1'2) Z.‘-(ﬂ’+a;oﬁz+a;ooo-oﬁ”*a;)o i-li"""!'

where ajis a permutaiion of the a,, Then(0,, 0,, ..., 0 )is apoint of L.
At
For use in error estimates, it is convenient to rastate a port of Lidskii's resuit in the follawing forms:

COROLLARY 21\, Let S = TAT + E, whese A and E are real symmeiric matrices and T is a real
onéogonal matris, Ther, if s = (0,. Oeevs0, )anda = (a,. @30+ oo @, ) are the characteristic
diagonal vectors obtained by ordering tbhe chavacteristic values of S and A comparativsly, 9, 29,2
tes g gamda; 2 a3 2 ... oa@;

(2.1.3) s = a+d,
whered = (&,, 8,,...,8,)is a vector lying in the convex bull vj the nl points (€1, ..., €), where

the C" are a permutation of the characteristic values €,0f E.

The matrix E will in proctice be known only as the difference between a metrix S calculated from A
{wirh errors due to round-off ond digital opproximation to raal numbers) ond T°AT, where T is a ‘*suitably
chosen’’ orthegonal matrix. We shall be able to give an upper bound for the norm, N(E), and for

(20]0‘) V(E) L] mcxlt,] forl' - ,' sooe g
Using the relation
(2.1.5) NE) = (e o oo 4 (e02] ",

which follows from the invoriance of the norm under orthogonal congruence ond the diagonal canonical
form of a real symmetric matrix, Corollary 2.1.]1 now implies the second port of the following coroilary,

CoroLLARY 21.2, The characteristic diagonal vector s of S = T’AT + E lies in a spher: with
center a and radius N(E) and also lies in a cube with center a and edge 2WE). That is,

”n
(2.1.6) L, - o) g NYB)
ial

o
e
le

20



and

Evidently, the sphere and the cube overlap in such o way that, in general, neither will contain the
other. When E has only a singie nonzero root, however, LE) = N(E), and (2.1.6) implies (2.1.7). The
result (2.1.6) is older shan Lidskii’s theorem ond follows from o fundamental maximum-minimum property
of the chavocteristic volues.!!

The fact that the s, ond a, cen be ordered simultonoously in decreasing order of magnitude is shown
in the following: Suppose a, > e for i > j ond (2.1.7) holds for some ordering of the s, but we do
net know s, 2 s fori 3 j. If for some pairi 3 jof indicess, < s, thens, < s, 5 a; + “E)
od s, 2 a, = UE) a; = UE), so |s; = a,l S HE). Similarly, Is, -al g vE),onds; d
s, con be interchangad. Repeating the process sufficiently oftan Isads to (2,1.7) for both the s;and a,

simultaneously ordered in (ecreasing order.

2.2 BOUNDS FOR THE CHARACTERISTIC VALUES OF THE SPECIAL FORM OF ERROR MATRIX
A rotation Ry in the I coordinate plane olters only the elements in theith and jth rows end columns
of the motrix tronsformed by R,y as we saw in §1.3, Morsover, the rotatiun R,; operates on the matrix
A=V 171 (ch., (1,3,13) ond (1.3.16)), which is of the form

ay 5, 0 0 0 ... 0 0 0...0 oo O
by ag 5, 0 0 ... 0 6 0...0 .. 0
0 5 a b 0 ... 0 0 0...0 s O
0o 0 5 3, k5, .. 0 0 0 ... 0 ceo 0
0o 0 by ag ... 0 0 0...0 ees 0
. . . . - F‘-z o 0 s 00 o ) o
0 0 0 0 0 -3, 4., ag 0000 any %1
(22.1 '
0 0 6 0 0 *°0 a,,| a %
| © 0000 -0 o
« " . : : o0 o : : : :
0o 0 0 00 -0 3,,
0 0 0 0 0 **0 a,,,| a, a,,

Mcy,, [1], pe 28, Although (2.1.6) can be seen to follov: from this reference and von Neumann, Goldstine, and
Murray use the result, o spacific statament in the form needed appecrs to bs difficult %o find in the literoture, We
therefore give o proof in Appendix 1, bused on the ideas of § 1.1,

m .
mnm— r Q’Z‘,‘
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where we omit the upper indices i = 1, j = 1 on all the a having two lower indices.(2} (The a-,, oty
;‘_', l-;,, ceey ;‘_2 ore unchonyed after they are once formed ond so require no indication of the matrix
to which they balong.) There is certainly no need for the compustational procedure to alter the zeros in

the first i = 2 places in the ith and jth row ond column; hence, it is appropricte to discuss on error matrix

i i
0 (1]
0 0
0 0 i
€iar4 €14
(22.2) EV = i 6 0 ... O €riat S cee €y vee €, '
i o 0 o a0 0 G, ‘-‘ 6" LI ) El’ e 0 e eln
E'l‘ en’

whers oll elements not in the ith or jth row or column are zero, ond we sholl certainly arrange that
€y = €4 Since we propose fo set the (i ~ 1, j) element of the motrix R",A"' I"R“ equal to zero,
independent of an actual computation of its value (using, however, this desideratum to determine the
angle of rotation 0” ond hence the computation), the amount of the errer €,_, j may require special trear
ment. Because the computation of the (i,i), (i,7), and (j,/) elements is more involved than is tha compu-
tation of the (i,k), (k,1), (j,k), and (k,;) elements for &k £ i ~ 1, i, or j, they 00 are cunaidered indivi-'ally,

We now make the formal assumption that the error marwix £/ = (e”), where we omit the i and j as

superscripts on the € oy hos elements bounded in cbsolute value as follows:

G forporg = iorjondp 2 i = 1,49 2 i=-1,

pal S Bpg = Ko
(2,2.3)
moxlp", Brgi 9 = i+ Leeeo b=V i+, cue,nl s
Wixy, %90 000, x,) are the components of a characteristic (column) vector x # 0 of EY/, with nonzevo

choracteristic value A, E¥x = Ax gives
(2.2.40) Xy = ¥y ==y =0,

(2020“) é.‘x‘i".‘f:,-ha, a-i-l,i+,'ooa".-l".*l,ooo'”,

(2)wq follow the von Neumann-Goldstine convention of representing digital quontities by barred letters.
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ond

(2.2.4¢) L caxe = \g, B = iandj .
hoi=}

Since X, ™ oxg - Oimplies x; = x, = ... = x, = 0, we con normalize so that
(2.2.5) max (x,«,x}) = 1.

Using this condition in the form ]

(2.2.6) el <1, i g1,

(2.2.45) gives, on toking absolute vaives ond using (2.43),

Bicy ¢ ¥ Bimy g

2.2, k
( 7) ]x‘_‘l s Al '

and

(2.2.8) (xa|sl_§“|_ fora = i+ Luuesi = Lj4 huusyn.

Estimating the absolute value of the feft members of (2.2.4c) with, the aid of the last two inequalities

gives
Bicr g ¥ Byoyyg
(202.90) lA' IX‘I S #‘_' ‘—N——————+ #“ + }l‘/ + m “‘ l}l‘.l
a
and
, Biay ¢ * By g 2
(2.3 Wl s e A M7 },: il o

where in ¥, therangeofaisi + 1,...,j - 1,4+ 1,...,n Hence, remembering that x; = 1 or
a
x = 1,
(2,2,10) A2 - [p” + yﬁﬁ] - fuymy iy ¢ * Mgy ’) + 2 z“ﬂa] S 0 for Bmiorj,
~

The expressions in the square brackets are both positive, and the quadratic in |A| in the left member has

a positive ond a negative root so thot

1 [ /2
(2.2.11) 0 g |A] S?l“‘f + pgg + {(p” + "ﬁ)z + 4ly,_, B(“d-ll + n‘_”) + 24405]} ]
for B = iorj, but not necessarily for both, where
(22.12) %8 = Fpint * Fpaea t coo FHpi tHpga Foeee ¥ Bpy, .

To simplify this unwieldy upper bound for every characteristi~ value, oand hence tor the maximum

charactaristic value of the error matrix £'/, we let

(2.2.]3) “* - "'°"{“ii"‘i,""ji} v
(2.2.14) o o= mcx{ui,o’. .
2

(‘02’\

\¥
~ive)
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ond

(2.2.15) B = max {p'._”, u.._,’} .
We then have os an upper bound for the roots of F*/
.. /2
(2-2. ‘6) V(E.’) - ‘[Q + l(‘l'): + “0("' -l + F'-_ 1 ,) + 20“] .

Some loss of precision in our lcter estimotes wouid result if we were to replace Bi_y;and gy P by
their upper bound io and o by its bound (n — ¢ - 1)y but it will be instructive to mcke these estimotes
rempororily, Thus

(2.2.17) V(Eif) < pt o+ [(“.)z + 2n - i -1 “2 N 2#(?]'/2.

To see that even the last expression is an efficient bound, we observe that it is exact for the two

following matrices E'/:

E,-a-eia-p-pofora-i—l,x’+|,...,;'—l,j+‘,...,n,
Ch. - E'.’. - €’.’. - 0' 30 “' - 0'
the two characteristic vectors corresponding to the nonzcro roots have components

Xy = oo mx; o= O,'x,. =-x = t(n - i)}émdtho rcots ore tu [2An -~ i)]y";

M

n [
offectively of order two and rank one with roots Qand 2 = ;* .,

@

{Eﬁ = €; = €. = vand all other ¢ g = 0, 0 p = pg = 0, p* = v, the matrix is

We can summarize these results in the following thecrem.

. THEOREM 2.2, Let Ty be any real ortho. -1al matrix describing a rotation in the X% coordinate
plane and Ai=1i be a digital approximation to the matrix A'~!/ given by (1.3.13) of Theorem 1.3.
Suppose that Ai=li differs from A*=1 7 at most in the i-th and j-tb rows and columns and that the ele-
ments of A'=17 which are guaranteed by (1.3.16)i0 be zero are also zero in A'=17, and let bounds for
the elements of
(2.2.18) - R /T ks VPR -
be denoted as in (2.2,3), (2,2.12), (2.2.13), and (2.2.14). Then the ordered cbaracteristic values of
Al-l I, say ﬂ:"’ J, and the ordered characteristic values of ai=li=1, say ai" =1, satisfy

(2.2.19) L pi-1i - ai-l‘i-l)z < NUE')
k=1

and

(2.2.20) Iﬁi-ll — ai-l l'-ll s V(E'i) .

where v(EY) is yiven by (2,2.16).

. 2.3 THE DIGITAL APPROXIMATIONS TO ¢OS 6 AND SIN @
Basic to our method of reducing a real symmetric matrix to triple diagonal form is the determination
of a solution of equations (1.3.14) ond 1.3.15) for cos 0” and sin 0 i We shall accordingly describe the

3
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computation by which we propose to approximate this soiution. For simplicity of notation, ws temporarily

seot .
(2.3. ‘) c". - c , s‘,. ~ 5, ({‘Ej
23.2 Zapt =y ezt - 7, \

where we continue fo adhere rigorousiy to the convention that digital quontities are represented by
barred letters, while the bor is not used when this requirement is not imposed. Our use of the bar over
the a's thus signalizes the replacement of the matrices A'/ of Theorem 1.3 by onother sequence Al of
digital matrices opproximating them,

We require that

(2.3.3) ¥ = s%
and that
(2.3.‘) 2 + 32 - l 4
ond we write the solution in the form
1 /2
2
(23,9 ¢ - ,
1 1 /7\?
-— |-
22 (3‘:‘)
(2.3.6) sele,

where we are considering the case in which
2.3.7) 055l < I3
so that all the numbers involved are in range {i.e., 2 =1 and < +1).

Regording the extraction of a square root as one of our basic operation: to be made aveilable by o
subroutine of the computation, we should calculate in sequance =, w, ¢, &, v, c, onc s and will, in fact,
calculate the corresponding borred quantities, whare

(2.3.84) X .z, 7+ 5 =%,
3

(2.3.80) 22 - W, I xE=o,

(2.3.8¢) -"zi-:, T +2er,

(2.3.84) LI LI

o oo 2 t = u , ?"' - U , - - -
12

(2.3.8¢) —= -, %'f;-a for 7T > 0, '

%
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Ty = € for 7 > 0,
(2.3.8)) w2 o

-1 = ¢ for7 = 0,
(2-3.83) 2 = s , ; X € mw §

By x and + we designate specific computational proceduwas which lead to (rounded off) digital approxi-
mations to the product ond quotient, respectively, of the two arguments, and by U/, we understand the
digital output of a specific machine computation applied to the (digital) input U that is approximately
the positive squere root of T. It is by no means out of the quastion to use (even in the some compu-
tation) more thon one type of pseudo multiplication or psevdo division, We refrain from introducing o
notational complication as a reminder of this possibility. In (2.3.84 ond ¢) it is tacitly assumed that
1/2 is digital; that is, the base of numeration is even, Also, in {2.3.8¢c), while 2 is not digitel, we sholl
suprose that ‘‘+2'" is a digital operation and shali refer to it as a ‘right shift,’’ which is an appropriate
designation, oi least for machines operating in the binaory number system. Finally, the assumption
(23.7) guarontees that |z| < 1 ond, hence, that the other unbarred quantities are numerically <I, but the
variation of pseudo division ond pseudo square root algorithms forbids the same conclusion for the

barred quantities. Hence, we make the formol assumption:

when {y| < Ix| then |x + ¥ < 1
(2.3.9) when [2| < 1 then |2 x z| < 1
ondwhen0 < v < 1 then0 < Ty < 1.

(For the ORACLE, unrounded division can yield [¥ + | = +1 only for ¥ = 1= 2=3% and 7 = =1, and we
shall always have |j| < 1 which prevents this. The speciai-division algorithm used in the ORACLE
invariably gives one as the lost digit in a ‘rounded’’ quotient, and so [¥ +_ 5| ¥ 1. For rounded or
unrounded division the maximum error is the same: 2-39,)

To give on upper bound for [C ~ c|, we require bounds for the basic round-off errors. Since we desire
our results to opply to as wide a ronge of machines as is feasible without unreasonable complication, we

shall suppose that § + G and ¥ ~ § ore exoct (so long as in ronge) and that

(2.3.10) Fx 3 - 59l § €x
- P
(2.3.11) Pt §-—| 5 €,
q
(2.3.12) 5+ 2 --g- < €. (R for “right shift™) ,
while
(2.3.13) BV - FYY 5 ¢/,

without prematurely substituting numerical values for the various €'s.

With these conventions, we now obtain

(2.3.14) Iz - 2| 5 €



and

(2.3.19) 6 - w| = | x T - 22] = [ x.F - 7T + 7T - 11 .
S IT x & - FEL,-F/!Ez - 27

e

S € + [F7+ 2| |F - =
//

S 6)(4' 2€+ .

Similorly, : . y
w w w :

2.3.‘6 T - - w * - — — = e

( ) f | 7 2 5 * 3 3

(3]

5+ 2 -2fs 7 - ul
S --i-+2w w

S-€ ¢+ -2-(¢x + 2€4) .

Both « ond & are 24 if we assume that +2 preserves 20. Distinguishing the case T = 0, as in (2.3.8/),
we have T > 0 50 thot > 4. Then, using [i - u| = |T - 14|,

' V2 12
(2.3.170 TR LI L.
2 T A
PRLINNRZ. 1w - #l -
— o e m— & =
2 7 2 g
< € 4+ u - T S & + ey + 2€, .
For numbers p and q both 23, '
o - 4l o - 4l
(2.3.'8) lp‘/! - qllzl - s
lpllz + qllzl 2172
so that
(2.3.19) [ = ] = |5y - ¥V2 & §V2 o V3
P gy - -51/2‘ + Wl/! - vllll
v - vl
€
s v 21/2
v
S €/ + —;-2'/2 (ex + €4 + 2¢,) = €(,c; 2.3.19) , )
where for some square root routines it may lead to an improved bound to note that in this lost formula
the maximum error of the square root routine when opplied to o digital N
(2.3.20) €y = {numboti? 2%
EQ
26
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Note that £ 0 does now imply Z x Z £ 0, much less (Zx Z) + 240, ond we must therefore discuss
the case in which T= 0, =4, ond ¥ = 3 + 5 would involve an improper division. For many existing
machines, the state of the machine which could reasonably represent +1 is octually used to rcpresent
-1 ond is operated upon as befits -1; hence, it seems desirable to let & = ~1 in cose T = 0. Then it is

necessary to use in (2,3.5) (ond in (2.3.8/)) the negative value of the root to get

w2l 1 - (@) - 2
(2.3.19a) € = ¢c] = |-V 4+ |— - -
2u |2u|‘/2 1+ (2u)V2| |2“|l/2
- 2 [3- 4
< - S @ -~ ul = |T -1

2 |2ul 1/2 IM /2
S zlex + 264 + 2¢p)

so that the error bound £ (S,c; 2.3.19) still dominates and may be used even in the special case T' = 0,
Finolly,

(2.3.21) ¥ - s| = |T x € - I + 2c - 28 + 2z - zc|
ST x T ~-7zc| + |z - z||d] + |z][€ - <]
< € + |z - z] + [ - ¢

€x + €2 + E@C,c; 2.3.17

[ 1Y

=€ + € + €, 4 527y + e, + 2¢,)
s £(,s; 23.20) .

To obtain o sense of the magnitude of the error bounds, it is desirable to substitute explicit values
for the various €'s. With most machines, rounded multiplication gives €x = 3877, where the machine
corries s places and operates to the base S (8 = 2 or 10, usually). The right-shift operation with a
binory machine will give €y = %8~%, but with a decimal machine, €, = 0.98=% ii the last digit is
discarded rather than rounded. To simplify the circuitry, the machine under construction for the Oak
Ridge National Laboratory, the ORACLE, yields only €. = B=%, whereus rounded division gives
€ = 3B7°.

The square root algorithm can only with difficulty be made to give ¢ /= %B=%, whereas €/m B0 is
sasy. Frequently, however, the larger errors occur only for the square root of a small number. The
usuel algorithm used to compute the square root is based on the recursion formvla

&',.,,.;,.-[;’.-(34:::,.)]*2.
A. S, Householder, in his forthcoming book [5] on numerical methods, proves that if 0 <v < 1 and xg=1,
then the sequence is well defined and monotonic decreasing if it is required to terminote with the first
%, for which [x, - (0 + ¥)1 + 2 5 0. This , =Ty is shown by Householder to lie on the half-open
interval of length 2=
(2.3.22) G+ 27%=2)1/2 _ 2=s=1 ¢ (5y) 5 [F + 2-2=2V2 , 2-s-1

For small volues of ¥, the error in the square root approximation can opproach 2<%, We are entitied by

r



(2.3.20) to assume that €/ is a bound for the error under the assumpiion ¥ 2 4. Then, since

1 ’2-21-2 V2 )
(23.23) B+ 2=0=9V2 ¢ gV/2 , o ) < TV 42t
2\ ;12 8
we have
1 1 2‘/2
(2.3.24) gV/? -2-2"' < [@y) < V2 -5- + ry 2| 2= .

Hence, the maximum error made by on s-placc binary machine in obtaining the squore root of a digita!
number with value 2% need be no more thon

1 21/2
(2.3.25) LA —2- + 3 ﬂ") ﬂ“ R

ond for the ORACLE, €, & 0.58™ to on accuroacy of better thoan iwelve decimal places, since
B~ = 2=, Assuming only B™* S 104, we con certainly toke

(2.3.26) €, = 0.500028~ .

In summary, we shall, when it is necessary fo use numerical vaives, choose
(2.3.20 € = €g = 3BT, € = 77, ande, = 0.500028-° .
Then
(2.3.28) €(s,s; 2.3.21) < 8.28°* ond £(G,c; 23.19) < 378~ .

2.4 CRITERIA FOR BEST DIGITAL APPROXIMATION TO A PLA\”! ROTATION

When € = -1 is the value used for cos 9..,., as was the case whenT = 0, it \nlgm ot first glance seem
aobsurd to approximate sin 0'.,. by 5= % x (~1) « =% when using sin 0“ =0 wud!\d make the values exact
for 0“ =, It appecrs 10 bé known to computers that this need not be the case; ndyertheless, we examine
in some detail the question of what constitutes c ‘‘best’’ digital approximation to a'plane rotation.

The equations ¢y = s¥ and c2 + s2 = | are conveniently regarded as doscfib"n'hg a straight line of
slope z = y/x through the origin of o cortesian plane and the unit circle in this plane, We seek one of
tie points, 1(c,s), of intersection of the line ond circle and ave obliged to replace it by a point with
coordinates (KB~?,L8~?) for K oand L integral and -8* S K < B, ~B* S L < B*. A theoretically simple
criterion for the selection of one of these lattice points is to choose the one nearest, or @ specified one
of the two or four nearest, to one cf the actual intersection points (say, ¢ 20, ~15 s < 1), This cleorly
involves great proctical difficuities, since the criterion of selection depends on the exact mumbars
being approximated ond it is the impossibility of obtaining or recording these in the machine which
introduces the lattice points. It is nevertheless true that ore could accomplish something very similor
to this if one were to (1) calculate © and 5 as irdicated in the last section, (2) canvas all values of
c and s sotisfying
(2.4.1) T =~ KgB™ S ¢ 5T+ KgB~™*
ond

T - LB~ s 5L+ BT,

031
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where
(2.4.2) KB~ 2 €(; 2.3.19) > (Kg + 1B~
ond
LoB= 2 (i 23.20) > (L, + DB~ ,

ond (3) selact (c,s) by some specific criterion such as minimizing on approximation to some function,
such as

(¥ ~ s®)?
b ————

LIS

1
(2.4.3) —lc? + s? - )2

4 o2

¥
presumably calculated by multiple precision methods to o high degree of accuracy. Even such a laborious
and hence wasteful method as that outiined would not guanntee gatting o “‘necrost’’ point in the cbsence
of a mathemutical analysie, which could be of ecnsiderable difficulty. (3
Let us now investigate more corefully hew best to approximate o point of intersection when the

slope z of the line is small. Indeed,

(2.4.4) T = 0 implies 2 < € or w g 2¢g

so that

(2.4.5) WS 2 + €x + 26

and

(2.4.6) TS0 o+ 6 g g + €x + &) .
Then :

(247 1H s 2Y2 (eq + & + )V,

and

(24.8) |z| = |7 + 2 - B g |3 + |z - 3 5 </2 (g + €x + €)% + ¢ .

Using (2.3.27) and B~* « 2=2% as appropricte for the ORACLE,

(2.4.9) |z| § 2V/2 2=V 4 2=3% ¢ 2-1%
Convergely, if
2.4.10) 7 < 22 2=, |5| < 2%, and T ~ O

for a typical binory machine. Using |z] < 2-'8,
(2.4.11} le] = (1 + 23=V2 5 --%—zz > 1 - 2737,

ond the best digital opproximation to ¢, toking negetive velues, is
(2.4.12) -1, =1 4+ 279, 1 . 2"“, or =1 4 2=38 4 2-3,
ond T = ~1is in error by ot most 6:274%, Since m chose, for this case, 5 = -3,
(2419 [F - s| = |5 - 2| = [T+ 2z - z(1 + o)
SIE -+ 1+ cllsl g 2730 4 32-92-10,

(Mg ome imposes @ meximum on the totel number of digits which can be “‘remembered®’ et any one time by the
mechine, it is evident thet the machine camot then solve ¢ problem. » en erbitrery. dogree oi‘gmney. 1 would
seem 10 be of scme interest 10 try 10 secure upper bounds on the memery cepacity which wevild h‘(oquln‘ to ellew
a mochine & obtain e specified eccuracy for the solution of precisely dellnitod categeries of pnﬂd{.

N2
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ond ¥ is certainly in error less than 3.2-49, By contrast, 1od we chosen to set &= -1, ¥ = 0, ¥ could
have been in error by as much as (2172 2420) 2=49 o, by 1,482,911 round-off arrorsi

It should be noted that we hove not yet actuaily proved that our choice cf on imperfact rotation
matrix is, in foct, better than the choice © = =1, § = 0. To do this, it wi'l certoinly be necessary to
maks use of the way C and 5 enter into the octual computation and to know how replacing very close
approximations to the numbers c and s actucily wanted by -1 and O aoffects the choracteristic values
being sought. The undesirability of Lsing —~1 and 0 is indicated by considering the matrix (4}

2-2 2-2 2-32
2414 A . (2-2 2-2 0 ,
\2-22 0

with choracteristic functien /() = AZ(A = 2=1) — 2=¢%A = 2+3), Since A2~Y) oad f(2=1 + 2-44) differ
in #ign, one root lies between 2=' and 2= + 2~44, The product of the cther roots then liss between
~2-45 and -2=43(1 + 2=43)~1 ond their sum betweon zero ond —2~44, The other roots are therefore

ciou“) to 12V/22=23, Forming

1 0 0 2= 2-2 2=\ N (] 0
(2415 [0 -1 —-2-30){ 2-2 2-2 0 0 -1 +2-20
0 4270 -1 2= 0 0 0 ~2-20 -1
/2-2 -2-3.2-42 0 2-2 2-2 ¢
- 2= -4 2-2 —2=22 | &f 9=2 2=2 =22
\0 -2~122 2-42 0 ~2=22 0

we fina thut the matiix given by our method has (by chancel), after round-off, identically the same charac-
teristic equation as does e original matrix A 12, Using € = ~1, 5§ = 0 ond insisting on setting equal to
zero the value of the (1,3 :d (3,1) element of Al (as is essential to our method), leads to the matrix-

2= 272 0
(2.4.16) -2=2 22 o),

\o 0 0

with choracteristic roots =), 0, 0, and the two zero roots differ from the corresponding true values by
obout 2172224 & (21/2 16} 2-49, o/ by 92,682 round-off errors|

There is, of course, nothing in any way mysterious or surprising about the cbove msult, It is in.
cluded in tuch detoi! to emphasize the import: ce of keeping clearly in mind the mason for computing
o number (i.e., what use is to be made of it) when deciding on a suitable method of opproximating the

number.

“,'ﬂn mewix vused is scaled 10 meet our later requirements.




2.5 DISTINCTION OF CASES ACCORDIMG TO SIZE OF ELEMENTS
Tire argument of the last section at least suggests that while it may yat prove desireble to improve
T 5o as to minimize [c2 + 52~ 1|, it certainly is not desirable to retain the initially calculated vd\:o of
€ ond choose 5 so as to minimize [€2 + 52 - |, This distinction betwwen the symmerrically relqted
quontities € ond 5 rests on our assumption (2.3.7) that |5 < || se thet T wili be greater thon % 2! ’{: '
excopt possibly for round-off errors, while 5 may well be smali. It is not to be concluded, however, that ‘' -
o “‘sorting for size’’ or rearrongement of the elements of A'~' /=" has to be done; we calculate ¢ and 5 "

by the formulas (2.3.8) in oll cuses and with |§| < |X]; thut is,

23. o= Z@zimt % - @zl ed o< IR
or
232 T eazlizl 5 e @z}t end 5 < [F

i=1j

Of course, this implies that the digital approximation to cos 00. is € in the first case and § in the second:

(2.5.1a) ) cos 0'.’. X~ &, sin 0'.’. ~ 5,
ond
(2.5.2q) cos 0,.,. x5, sin 0:’,‘ ~ c,

corresponding to (2.5.1) and (2.5.2), respectively. This is easily orranged in on cutomatic computation
by merely interchanging the cddresses of the storage positions to which T and 5 ore to be delivered,

For ¥ = 5 = 0, the computation should proceod to the calculation of A=Vt from Ai=1i @ gi=17=1,
For X = 5 ¥ 0, the division ¥ + X is improper and the remaining computations of (2.3.8) could be seriously
in error. (For some machines Z=~1, & = =1, 7w %, Z=0, ond 3 + T= 3 + 0.) |t seems best to treat
this as a special case in our discussion, dthough some machines may be able to incorporate it routinely
in one of the two other cases. For 6, = /4, cos n/4 = % 2'/2 can be stored in the form of its best
digital approximation end this volue, say 2=1/2, substituted fs. T in the event that || = |[¥|. For 5 we
then take 5‘_'/—2,“ its negoative, accordingly as X and ¥ agree or disagree in sign (which can be ‘‘sensed”’
by machines in a veriety of ways).

Evidently neither T nor 5 need differ from the exact values of cos 0". ond sin 0'.,- by more than 3 8~%,
so the error bounds of (2.3.19) and (2.3.21) will continue to hold. In fact, for 8 = 2,

2-V2 o 10101 010000 010011
(2.5.3) o 110011 001100 nm
100711 0Nt
and for s = 39, 2=1/2 onds in 101 ond

(2.5.4) 2-43 , =48 =172 _ 172 ( =43 , 2-47

2.6 ESTIMATES RELATED 70 |c2 + 52 - 1]
Retuming to the general case and estimating |Ez + 52 ~ 1| by a technique taken from Goldstine,
Murray and von Neumann [4], we have
(261 32,352 1 ad?s(@xn? -1
= Ex? @+ + ) -1

= (ExZT+C)EXE-CH+(Z-ZxD+zxz+ 1) =1,
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(26.2) €2 +3% = 1] S 26x + € + [EHEXE+ D = 1,
Now,

(263) eE xz+ N -1 (l+Exi{e+3"Y)E-35"Y

1 1 TXZ
\ - —_—
( ! ¥Txz ) _ 2 2 Y3 “
+2( =+ Y - + -—1,

2 2 7 D o3
\
€r
(2.6.4) |2 x T + 1) = 1| 228 =52 +20ee; 4—
|4l

S 46/ + 2e5 + 2¢q
Therefore,
(2.6.5) €2 +352 -1 g 3¢y + bey + 2¢4 + 2€p
= 822 + 5% 26.5) .

To determine whether or not € should be corrected (on the basis of the assumption that 5 is “*comect’’)
and for use later, we now obtain an upper bound for the amount by which  differs from cos (orc sin 5).
Setting

s et
(2.6.6) T-0=-3)V2 o 1y, withy > Oforc > 0
(ondy  Oforc = 1) ,

and with the ogreement hat when © = -1 the negative value of the sauare root is taken,

(2.6.7) 2 eyt A1 =32, 0 Y
ond
(2.6.8) 241 =3V < 2 2 01 =FYVY w IE? 4 52 - 1

s €@ + 3% 24.5) ,
go that
(2.6.9) le - -35313 ¢ 8(c? + 5% 26.5)
21 - ;2)‘/2l

®
Since |s| is the sine of an ongle 6 < n/4, |5| connot exceed 3224 |5 = 5|, and 30

2
(2.6.10) 153 s '(-;-2'/2 + E(s; 2.3.21)) s %--r —;—8(‘5)
provided
(2.6.11) , &(=) g 0,085 .
Then

8(?2 + ;2; 206‘5)
271 - £(5,s; 23201'2
or, making the sharper but still weak assumpti- 1 thot

(2.6.12) £ - (1 =35)V? ¢

32




(2.6.13) €(s,s; 23,21) g 0,002 ,

(2.6.14) 17 - (1 =33 < 071 E(€2 + 7% 2.6,3)
x £(z,(1=59"% 2.6, 14)
With the usual v lves (cf., (2.3.27)),
(2.6.15) EE? + 5% 26,5 < 6.5187%, 8(5,(1-3’)"’} 26.14) < 4.6387°

This shows that T is o very good approximation to cos (arc sin 5) end that any improvement in its value
must be obtained by a computation which works within narrow limits of error.

Without premature commitment to the desirability of SuUch a modification of €, we show that it is easy
1o improve ¢ by calculating

(2.6.164) em(Exc-1Da+5x7 ,
(2.6.16b) (=t 2,
ond

(2.6,16¢) a7

as the corrected value of T in case © ¥ =1, For T = =1, for many machines (~1) x (=~1) = =1 (sometimes
with an “overflow’’ indication) ond (=1) + (~1) = 0 (pseudo eddition!) so that the routine computation

of [ in this case leads to
(2.6.76d) f=(sx3+2 whenZ = -1 ,
Then -

T2+ GxD)+ a-1+{5x3*2

and the routine formula provides the appropriate correction.

The computations for the error bounds ore now

- -3 = - .
(2617 AR Y PAL SN (Y
so that
. = 1
(2.6.18) l/ -é S tges

We shall later need to have on upper bound on the magnitude of the correction made in the value of T,

Observing that

(2.6.19) [é] S 2ex + 2(2% + 5% 26.5) ,
we have
(2.6.20) 7l si7 d d A L) EE? + 5% 2.6.9)
R |/|S _—E-+¥sea+?e++1-4— €Ex + C(c” + 5% 4 ¢

1
where because of round off we have used |c| 3 0.7 rather then |T| 2 7 2'/2, Hence,

10
(2.6.21) 7l ¢ T [Sex + de/ + 27¢, + 3udep]

3
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For the ORACLE, [f| 5 6.487%, and %
(2.6.2) 7 s e,
using the digitol charocier of 7.
We can now obtain cn efficient estimate of 1(?)7 4 52 ~1]. To do this, we write
(206-23) (Z.'B)z - -62 - 2":',' + 7’
so that
(2620 (€ + 52 = 1« @ -z x D+ (P -5 xD+ExT+IxT=N=-2%7+7" ,
which gives
(2.6.25) G245 -l g e+ e+ [d~2]+1T12

Nk

S 2ex + 2]c| -2% -7
] -
S €y "2<‘n +-5-e+> + |/|2 .

To owoid carrying the term /|2 into loter estimates, we moke the (in practice trivial) ossumption:

(2.6.26) €x, €qs €4, md-;-G/«o ol B and 87" 5 1074,

Then (2.6.2}) guarantees

(2.6.27) 7} s 1487 ond ||12 g 1968727 < 0.0287* .

Hence,

(2.6.28) ()2 + 52 = 1] < 26 + 2¢y + € + 00287 = £(c*? + 5% 26.28) .

For2ex = 2¢y = ¢, = B7°,
(2.6.29) - G2 + 52 = 1] < 3.028™* .
In general, (2.6.14) yields
(2.6.30) |2* - (1 =39V g 0.712@*2 + 5% 2.6.28) = £(z*, (1 - 39)/2; 2.6.30) ,
ond with our estimates,
(2.6.31) [2* - (1 =59V < 2,158

so that any ﬁmhor correction of ©* would certainly cpercte on the aarrow moargin of two units in the last

-

p'x.c
It will also be convenient to have o comparison of &* with c = (1 = s2)'/2, Now
50
(2.6.32) [V =3)V2 L (1 -5V o 5 - s|

Qa- 33)2/2

vor an sg such thet s < sg < §, and hence, using s, < 0.715,

(2.6.33) (V=92 - (1) < 1,025 - s| g 1.02EG; 23.2) .
This gives
(2.6.34) B -cl g [ - (=32 + |1-39"2 - (1 -s))V/3

< 0.718(2*? 4+ 52, 2.6.28) + 1.028(s,s; 2.3.21)
- g(?,c,’ 2.60:“) '



ond this £(2*, <) con be estimated os (0.71:3.02 + 1.02.5.2)87, 0r
(2.6.35) @, c; 26.348) < 7.58™° .

2.7 THE DIGITAL FORMULAS FOR THE ELEMENTS OF A/=1/
The exact description of the computations by which we alter the digital matrix Al=V 1=1 ga that it
becomes A~/ for i m 2,3, ...,7n~1ondi<j=3,,.s,n cannow be based on formulas (1.3.5)

through (1.3.9). We define(¢)

i —fe ] - ~fal jau —fml f=l
2.7.1) G- e g x @ e 5, x G

forp-i—],x'+‘,...,i—],i#-',..-,n M

which yields n — i replacements of elements in tha ith row and the same number in the ith column; ond

2.7.2) a}'-'g -a;-';.. 5, x zz-'/-‘ + T % a‘*'{(”

‘Ofp-l’*',.o.,’.‘-l,j"‘],.o-, ”n,

where now we require

-1 1
(2.7.3) =ty =@zl -0

for the (i ~ 1, j) and (j, i = 1) element being *‘rotated to zero,”

The four elements in the ith or jth row and in the ith or jth column require the mcre complicated

computations
- =l fa 3 lel fal

(2.7.4a) Py - €y x @ ; + 5, % G ; '
(2.7.45) Py =Sy x @G w5, < Gm e,
and
(2.7.4c) G =y x By v Sy x By
together with
(2.7.5a) G = Ty x @ el s <@t

- - ) jul - —wl fel
(2.7.5b) Gy = Ty x @ ; - 5, x g { .
and

Yy il ~ _ . -
(2.7.5) G S ET G Ty X Gy v Ty Gy

Finally, we avoid the complications of using (1.3.8) for the cumputation of a,"I ; and use instead'”)

(1.3.10):
(2.7.6) @~ - @t e a@stieh - ogety

This has the desirable effect that

2.7.7) troce A*='/ « trace Ai=11=1

(6)yq postpone to §2.16 a discussion of the scaling wMeh we. lmposo on the origind matrix ond which will
guarantee that the additions required do not aliow any element 16 gro\v out of range,

(7’" may be worthwhile to use both formulas and compare the results as a check on the operation of the machine.
Also, the code should be so arranged that an overflow causes no error, as may well be the case when we know thet
the right member is correct medulo .

.—ata
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PERTTPoSE

and hence

the proposed computation of a inatrix in triple diaogonal Sorm produces a motrix for
(2.7.8) which the sum of the characteristic values is exuctly the som= os fcr the originally

given (digital) symmetric mavrix.

In oll of these formulas, we agree to set

if (2.5.1) holds ,

2.7.9) s i
ol o Si’ = Fo lf (2.5'2) h°|d' ’

and of course

(g if (2.5.1) holds ,

(2.7.10) Cij = |7 if (2.5.2) holds ,

where we hove introduced the notation
(2.7.']) Eo - E or ‘_.' ’

depending on whether or not it is decided 1o correct ¢ to c*. Of course,

- - -l/ gl fel. -l fe
(2.7.12) o= 5, = 2-172 ifaizls ".E},-,_'; 140
ond P .
(2.7.13) G = 5y = 2712 i#3/>) [ =Gz} 40

A sequence of digitol matrices roproximating (1.3.11) will be completely defined if we ogree, as in

(1.3.12), that

;‘-'i - ;:‘-2': ‘ofi-3,4,cou,"-l
207.,‘ -, . -
( ) Af=Vi o qi=17=1 whenovora' { L E':::;" =0

and can show that the above formulas for the elements of Ai=1 7 will actually lead to digital numbers;
that is, the additions will stay in range. To secure this, we later (ci. (2,16.2)) impose a condition on

the norm of the original matrix, N(A) = N(A12),

2.8 DEFINITION OF ERROR IN THE ELEMENTS OF o'~/

The characteristic values of A*=17 may differ from those of A°=' /=" for three reasons:

(V) Ef,. + 3'.2’. — 1 may differ from zero.

(2) The formulas (2.7.1, 2, 4, ond 5) involve pseudo multiplication rather than true multiplication
ond use digital numbers ¢,; and 5;; affected by the error n.

(3) The program for the computation requires that (2.7.2) shall not be used to calculate the (i-1 ;)
element of A°= 17 but that it shall be made zero, os specified in (2.7.2). ' .

We propose to discuss these errors and shall refer to them for brevity as (1) trlgonomemc, (2) round
off, and (3) that due to method.

g4
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It we now return to the point of viaw from which we regorsed our problem in § 1.1, it becomes evident
that the meaning of the expression “sma- in the = b) clement of A'='/*" js sericusly ombiguous. Ex-
plicitly, if our problem was the computation of the sum of the characteristic values of A=Al (rather
than their individual volues), then {2.7.8) would allow us to assert that the elements of A =7 gre
exactl That is, while the computation di. not assist in the frivial task of finding (trace Z), at 1east it
produced a mairix with ths same m';ca and so did not rudice the information on the value of this function
which was avoilable to us originally.

Since our problem is tc determine the individual characteristic values, we actually wish to compare
A =17 with the class of all matrices orthogonally congruent with Af=1i=1 (since it is this class which
determines ond is determined by the characteristic volues of Ai=17i=Y. One way of doing this is to
select for comparison a single matrix of the class and compaore the corresponding elemenis of the two
maotrices. How to choose this matrix in such a way as to secure an efficient estimete of the maximum
alteration of any individual characteristic value is by no means evidenr. Moreover, o judicivug choice
for this purpose need not be equally good if it is desired to oi.igin an upper bound for the aiteration in
the sum of squares of the characteristic values, To obtain any error bounds af all, howevor, one is
practically forced to limit the choice of a comparison matrix to
(2.8.1) B =1i(6) = R (&) A=VI=VR(6)
for some vaiue of 6, since these motrices ore known tc agree with Ai=1j everywhera outside of the ith
and jth rows and columns.

Two obvious competing choices for . are

(2.8.2) 0« 6.,

if
whore
(cos 0,)) i ;-1 = (sin 6,) E:f:: =
(cf., (1.3.14)), and
(2.8.3) 0 = "
where

s$ing = 5§ ond cos o = cos (arc sin5) 2 T -

A numerical computation will be required before we can select the more efficient of thase choices, but
it is evident that (2.4.2) is designed to eliminote the error due to method, while (2.8.3) will allow lower
bounds of error to be given for the 4(n — i) — 2 elements calculatcd from (2.7.1) ond (2.7.2). Moreover,
selecting for T, the corrected c* rather than T tends to reduce the error bounds u for the 4(n i) ~ 2

elements ot the expense of the error attributed to ?z':.:,' ; Referring 10 {2.2.11) it oppears probable that
we 'shall want to minimize u when 7 is large, and this implies the choices o= c'ond O= 0;

Thus we have ot our disposal the choice of a corrected value c* for €q or of the uncorrec 3d valve ©
{which represents on actucl variation in the computation), and we can also choose 0 = 0'.’. ofr O = ;i 10
select the matrix Bi =1/ (6) with respect to which we compare A‘='/ (affecting error bounds obtainable
but not influencing the actual computation). Using €* will reduce the trigonometric error and this can be
expected to reduce the bounds obtainable for round-off error, but it will have the undesirable effect of
ivncreosing the error attributed to method. Choosing 6 = 0'.'. gives lower bounds for the error due to

method, particulorly when T, = T, but 0 = 0,; reduces the bounds on trigonometric error (ond hence on

7
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round #) and is especially efficient when Cq =" and n is lorge, The extent to which the choice of
comporison matrix w.sivences the error bounds is brought inso sharp focus by the fuct that the correction
of ¢ to c* appears to allow lorger errors in the 6'.’. estimate but lvcds to lower bounds when the a;
comparison matrix is vsed. With numerical values appropriute fur the ORACLE, the error bounds are, in
decreasing order: 0'.,.,2-“'“; 0.’.,2-'; a'.l.,F; and a‘.l.,?'.

2.9 BOUNDS FOR ERRORS IN THE ELEMENTS OF Al=1/

.ewish fo comparo those elements of Al which moy differ from the corresponding ones of Bi='1 (9
and which therefore lie in the ith or jth row and ith or jth column for both O = 0‘, ond 9-0”. Moze-
over, we should distinguish the caoses I&‘:: ;"'l <, =, or > F::: {"I end alluw T, to equal € or the
corrected value . Fortunately, the fwvelve possible ~ases need not cil be distinguished explicitly.

In (2.2.3), we used Hog 1 denote an upper bound for the srror in all the elements given by (2.7.1)
ond (2.7.2). Introducing the dependence an 6 by writing ,uN(B) for this bound and referring to the form

of (2.7.1) and (2.7.2), we see that p“(G) is an upper bound for an expression m(6) of the form
(2.9.1) m(())-Gcos@+5;in0)-(’a‘x?o+yx§),
where we can deal simultoneously with the cases (2.7.9), (2.7.10), (2.7.12) ond (2.7.13), even when the
error in the (i~1, i) element is concerned, so long as we use no assumpiion on the relative magnitude
of |@| ond |5].

Breaking up this e7ror quantity into a port due to the use of the wreng numbers, <, ond § instead of
cos 0 and sin 0, ond a port due to the use of pseudo multiplicaiion insteed of true nultiplication gives

(29.2) m() < lalcos @ -~ cy) 4+ Blsin@ ~ 3)| + jac, - @ x S| + 55 ~ b x 5|

S lalcos 0 - ) + b(sin6 - 3)| + 2%, .
Since @ and b are two elements of the digital matrix al=ti1- !, they certainly have numerical value less
than one, and hence
(2.9.3) m(d) < lcos @ ~ T| + |sinf - 5| + 2¢ . .:
In point of fact, however, to be sure all calculated quantities stay in ronge, we are: (orcod fo scale the
elements of cur original matrix down sufficiently so that N(A) is less thon one by a sufficient margin

so that even after possible accumulation of round-off errors
(2.9.4) N@al=V =Y <1,
This loss of useful significant digits immediately after the decimal (or, binary) point must be taken into

account if we are to get efficient estimates ic: error bounds, since tha right member of (2.9.3) is certainly
too large unless both || = 1 ond |5| = 1 and these connot kappen simuitoneously,

Using
(2.9.5) A2 4+ R2 <1,
we get
(2,9.6) m6) g Ucos 6 = T? + (sin6 - DAVY2 4+ 2¢,

afl
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since by the Schwarz inecuality the inner product cannot exceed in numericol value the praoduct of the
lengths of the two (twe component) vectors. For indivicua' values of uM(G), (2.9.6) wili be our best
estimate, Where = sum of values of Bpq i8 concemed, as it is in (2.2.12), we get a significont im-

provement in error bounds by the following move coreful argumont, Lat

(2.9.7) P 6) = IEPI.{.:os b - ¢y + Epi(sin 0 - N + 2.,
where we omit the upper indices i~1 j—1 on the &i's, Then
(2.9.8) m’.p(()) < ‘EP!" leos 6 — Z,! + |EM| [sin 4 - 3| + 2¢, .

A sum of N values of the right member will be of the form

(2.9.9) (E 1l ) lcos 6 = Gl + (L1a,l) lsn8 - 51 + 2Ne, .
Under the assumption that

(2.9.10) (ZIE,,,I’) = a? and <zl5pi!2) - g4 with a2+ g2 < 1,

it is easily prmvad that

2.9.11) Lia,l < N2 and L | 5 N8 .

Hence,
29.12) Km0 5 N2 [lal [cos 0 = Z| + |B][sin6 - 51+ 2ne

s N2 (Idz + Iﬁlz)'/z (Icoso - Eol2 + |sing - ;:‘2)1/2 . We,,

g N2 [(cose - E'o)z + (sinf - E)z] 2, Ve, ,

which is better thon we would hove obtained by summing (2. 7.6), since we got only N2 jnsread of N
in the term in the right me: ber with the larger coefficient.
Thess considerations evidently apply to both o, and o (cf., (2.2.1., ond (2.2.14)), and so, suiting

N=n-i=1 wecon toke

25.i30) 0 = (n - i - 1)"’{[8@0)]’ + [E(;)]’}"’ + 20 - i = e,

r

E@*, c; 2.6.34) for d a 0‘1 = arc sinsandcy w o ,

. €, c; 2.3.19) for O = 0" =orcsinsondTy =2,

(29.03%) €& = 4

€&, (1 - 59172, 2,6.14) for 0 = 0, = arc sin ¥ ond E"o -,
'LE(?', (1 - 392 2,6.30) for0 = o, = arcsinSandz, = 2,
3
-—




and

€@, s;23.20) for & = 6, = arc tinsendcy =ctore
(2.9.13) EGE)

0 fcff)-u“-urcsinfmdzo-FNF'.

2.10 CONTINUATION. DETERMINATION OF 4, B, i+ AND g,y i

For use in our basic evror-bound formula (2.2.16), wa require on upper bound i Jor the error in the
individuol elements of A'' /. This is obtained from (2.9.6). We define
(2.10.1) wo) = [EXZ) + EHTNYV2 4 2¢, ,
making use of the notation in (2.9.135, c).

To estimote the magnitude of ;1, we express it directly in terms of the €'s ond opproximate its value
with our usual choice: 2ex ~ 2¢, = €, = 7%, ond €, = 0.5000287%,  Then, noting that E(3) = 0 for
O 0,; and ircorporating the 2¢x torm with the others by using 2 < 0.71:2.82, we get

0.71(5.82¢, + 2¢q + 2¢; + de) % 5.6287F for 5y = € ,
(2.10.2) Ho,) <

10.71 (4.82e5 + 2¢, + €4 + 0.0287°) » 315877 force =",
For o lorge motrix, this requction in the upper bound for the error made in 4(n — i — 1) elements of the
mairix ot coch of » — i steps end for i = 2, 3, ..., n = | may moke correction of T to c* worthwhile,
Estimating € as 0.7587° increases the value of p(a'.}.) forcy=7¢to 6.3387%, which is in accord with the
obvious foct that the poorer the square root routine the more important is the correction of T to ¢*,

Forom 0"-0«: sin s,

r [(3.162¢x + 2.863¢, + 3.894¢, + 1.02¢, + 0.01428™%)?
+ (17826, + 1.443¢, + 3184, + 1.02¢)71V2 + 26, ifEy =T,
(2.10.3) uo,) y
[(0.7072¢, + 1.4143¢, + 21226, + €)?
L+ (1.7072¢x + 1.4143¢, + 3.122¢, + €)%1V/2 + 26, ifcyg=e ,
and, using the some values for the €'s as in (2.10.2),
{(7.4267)2 + (52866001172 + 1}87 ~ 10,1287 i#3g = 2%,
(2.10.4) Wo,) ~
{13.6828)% + (4.6828)%1"/2 + 1} B™* ws 6.9687* i, =7 .

It is to be noted thot the change from ;4(0'.,.) s 3,1587° to ;4(0".) R 10.1287% is due 1o a differen s in
methods of estimation of error and in no way affects the octual colcuiation, While we st yet consider
other error bounds before determining whethar or not the less natural choice 0 = o‘; is the more affeciive,
the reduction of the error bounds obtained by our methods from approximately 108 1o about 387" isa
striking indication of the desirability of a questioning opprouch to the definition of *‘error in a calculoted
number.”’

o




That the bound & "387* for the uncorrected value T is smaller thon that for & in the 0". estimate is
nut surprising, since © was o direct approximation to cos 0"., wiile ©* wos a better value only in the

sense that T* ond 5 were befter op-roximat'_as to cos ( ond sin 9 for some 6, not necassorily for the
desired ongle 8"..

Mothing in the obove estimates of ;) needs to be altered to apply tham to the error in the (i=11)
element, and we har~ not been abie by other means to obtain o worthwhile improvement in emor bound.
Hence we set
(2.10.5) Hiy ‘(6’) w {6 for both 6 -0, ond 0 = 0”. .

The error in the (i—1 ;) component requires special treatment, since this element of A"V s not
calculated but is set equal to zero. This is, moreover, the exoct value of the corresponding element of
B! ”9'.,) by definition of ":," and hance
(2.10.6) Bioy ’.(o‘ﬁ) -0 .

(Whether T or €* is used elsewhere does not offect the conclusion that this ‘‘computation’’ is exoct.)

For YRy oii) the situation is different, sirice zero is to ba compored with
2107) (~sin 0,217} 1 + (cos o, iz} 17! = 1 155+ (1 -F9125)
with the plus or minus signs in the cases (2.5.1) and (2.5.2), respectively, (For |X| = |¥|, the volue we
find for yt;_, j will be valid; cf., (2.5.4), for exomple.)

Since =s% + (1 = s)V25 2 0, ond |7]2 + (712 < 1,

1/2
(2.10.8) |-s% + (1=3)V/25) < {(-s- -2+ 0 -3V2 _ (1= sz)t/z]z} .

Also, using {2.6.33) 1= estimate (1 -59)1/2 _ (1 - PULES

(2.10.9) =55+ (15925 < [1 4+ 1L.0DAV2|5 - 5 .
We may therefore toke

(2.10,10) oy ’j(n..’.) = 1.438(5,s; 2.3.21) .

2.11 CONTINUATION, DETERMINATION OF u; = j,; = p;, = p*

In §2.7, we gave the explicit formulas for the computation of the elements in the (i,i), (i,i), and (,5)
positions. Since w3 leave the sum of the (i,i}) and (j,j) element unchmqod(” (cf., (2.7.6)), the errors

mode in these elements wiil differ only in sign, ond we can toke

(2.11.1) Fol0) = ) for both 6 w1 8, and 6 = o,
The computations described by (2.7.4a, b, c) and {2.7.5a, b, c) are the special cases of

(2.11.24) Ty = € xTgtEyxT,

(2.11.25) Ty m Egy x Ty +Tga XT

(8} may be conveniont to calculate both the (i,i) end (j,j} elements and to use the (appmximate) inverience of
their sum es o checke Ou7 use of (2.11.1) is not affected by this change, and the check sheuld require the sum of
the (i,i) end (§,5) elements 10 be d rscad by o more then 2‘4”(5).
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ond
(2.11.2¢) I I A ]
obtained by choosin:: for 7, , ¥,,, 7,,, ond 7, , properly signed und pormuted values of a;-‘ z", E:"' ;"',

?s;-‘ 1‘-1' and 2;-' “ where €y od 5, have been replaced by their vaives €y and 5 {in proper order),
We base our estim: «es of Ky ond i, on the last three farmulas, making only the symmetric essumption

(2.11.3) @t s @) 4 (7,07 ¢ @7 <1,
and we con therefore se?
(211.9) #‘-.‘(o) ™ '4“(0) for both 6 = 0” ond 0 = 0" .
The error we seek to estimate is |[r ~ 7|, where
(2.11.5) ’ Ty m € ¢co80 + 8,800,
(2.11.56) T, = @) c080+7,,18n0,
ond
(2.11.5) r = con64r 1int .
Mence, '
(2118) |r =F] lrycos0 +rysinf ~ 7 x Ty + 7y x5
S lrycos 6+ rysinf — 7,50 + 7,5] + 2ex

lr‘(cos 0 = S) + ry(sin 0 —~ 35) + (ry = FY)Ey + (rg = 7))5] + 2¢,

A

|r,(cos 0 ~To) + ry(sin6 - 3)| + I(ry - 'r',)?o + (ry = 7)5] + 2¢x .

Since 7y is the inner product of (?”,7") and the unit vector (cos 6,sin 6), we have
('])2 5 (:”)2 + G‘z)z
and, similorly, (,’)2 S (Fz ')2 + (?H)’. The ossumption {2.11.3) therefore implies (r,)2 + (rz)2 < lond
(217} [ry{cos @ = Ty) + ry(sin € = 5)] < [(cos 6 - ?o)z +(sind - V2,
We will overestimate (E,,): + ()2 if we suppose €p = T rather than T*, since certainly €,/ 2 0.587%,

which guorantees €(2*2 + 52; 2.6.28) < £(22 + 5%, 2.6.5), which in tum is less than 15:107% by the
assumption (2,6.26), Using!® (1+ 13.1074)1/2 < 1,008,

{%11.8) l(ry = F)Gq + (rg = 7,051 § 1.008 firy, = 72 + (r, = 7?12
From
(2.11.9) lry = 7l S [(Fy)% + (5,712 l{cos 6 = £ + (sin 6 = D)1V 4 2¢,

ond a similor inequality for |, ~ 75l, we have
(211100 J(ry = 7))Tp + (ry = 7051 < 1.008 (€2 + 4272 c ¢, + 8e3)V/2= 1,008 (e+2.2V2¢,),
where we have obbreviated [(cos 6 -~ ?o)z + (sin 0 = HNV? o5 € ond used (2.11.3) both directly ond

(") The comect approximetion is of course 1.0008. Threugh & numericel errer 1,008 wes used in the fellowing
ostimates. It soumed botter 0o wosken our essumption (2.6.28) to A=° 3 10=2 hun 1 recompute the tebles.

AN
3




!
(e

in the form
(211.1) [Gy)? + Gy 12+ (6,0 + Ty 12 < 213

Substituting in (2,11.6) now gives
(2.11.12) Ir ~ 7| < 22008({cos 6 — 70)7 + (sin 0 = DUV/2 4 4,852, .

it is therefore possible to set as a common upper bound {and therefore as their maximum p*)of the errors in

the (i.i), ,j), ond (j.j) elements,

(2.11.13) KO = g 0) = i 40) = g (0) = 2.008E%(E) + EYDIV 4 4.852¢, .

That is,

2.008{(E(c*, ¢; 2.6.3912 + [£(5,s; 232017} /7 4+ 4.852¢x

(21114 40, - {
2.008{[E(z,c; 2.3.19)17 + [EG,5; 252012} V/2 + 4.852¢,

ond
(2.".‘5) ll.(o"i) - #“(a") - I‘.,(”'-’) - f‘”'(a”)
{2.008‘:‘(?‘,(1 - $HV7 2,6,30) + 4.852¢,

2,008 (,(1 = 5912, 2.6.14) + 4.852¢,
Using previous estimates given in (2.6.35) ond {2.3.28), we have

2,008((7.5)2 + (5.221V/2875 + 2.42687% < 20.7548°S
(2.11.16) #(0,) <
2.008((3.7'? + (52021172875 4 2,42687F < 15.2428"°

ond vusing (2,6.31) and (2.6.15),

2.008.2.1587F + 2.42687F < 6.7448°F
(2.11.17) p‘(a'.i) -
2.008:4.6387* + 2.42637° < 11,72487*

2,12 SUMMARY OF ERROR BOUNDS OBTAINED

TR

nfco-c

i#5q = &

5y = T

i, = &

i$Ty = €

i3y = 7

iy = ¢

We now have obtainsd wvclues for all of the bounds entering into the formula (2,2,16), which gave en

upper bound {E'/) for the moximum root of the error matrix. Subject only fo our mild assumptions on the

precision of the machine employed, nomely,

1
(2.6.26) €x, €ps €;, ond 76/ oreall 5 B~° < 104
(this olso insures (2.6.13)), we have
(2.3.19) SE,c; 2.3.19) --—;—2'/2(5,( + 2 + 3€;) ¢ €/,
(2.3.21) 5,5 23.21) = E(2.3.19) + (ex + €) ,
(2.6.5) B - 7L 265 = 36 + 26 + 2y + ey,

B
-



(2.6.14) £@E, (1 - V% 26,141 ~ 0.718(2.6.5 ,

(2.6.28) E@*? + 552628 = 2¢ + 2, + € + 00287,
(2.6.30) @, (1 - 5912 2,6.30) = 0.71£(2.6.28) ,
(2.6.34) E(E%¢; 2.6.34) = £(2.6.30) + 1.02£(2.3.2)) .

Distinguishing various coses where necessary, (2.9.13), (2.11,13), {2.10.6), (2.10.10), and (2.10.1)

give the values listed in Totle 1.
Collecting the numerical volues previously calculated as oppropriate for the ORACLE, we have

£{g,c; 2.3.19) < 3.7 B,
€(s,s; 2.3.21) < 528",
2.12.1) E(E, (1 - $)V/2% 26,14 < 4.638~ ,
£(@*? + 32 26.28) < 3.028-% ,
@ (1 - 592 2630 < 2158~ ,
£(c*,c; 2.6.34) < 7.5 g=¢

(cf., (2.3.28), (2.8.15), (2.6.29), (2.6.31), and (2.6.35))., Table 1 now becomes the foliowing for the

ORACLE (Toble 2).
Substituting in (2.2, 16), which is conveniently written

l o N V2
(2.12.2) AET) = (2u)V2 {o + —[(#.--n Yt "("—>]} te
2 K s

we get, by compoaring the calculoted matrix with the matrix obtained when the rotation is through 0,‘,"
(2123) T, = % BTUE")
< 45Wm - i = 1) + 9127n - i - DV2 4 26326]V2 , 20754 , .

(2124 &, = T B*UEY)

<3843(n -~ i -~ N + 6382An - i - N2 4 194912 + 5242 ,
ond, using for comporison the matrix obtained when the rotation is through o, jo
(2128) &, = & B*UEY)

< 33%6[n - i - 1) + 4630n -~ i - DV/2 4+ 20841V2 . 1724,
and
(2126) T, = T B UE')

< 2510((n -~ i - 1) + A150(n - i = NV2 4+ 19.716]V2 4+ 6,744 .

The bound KE*/) for the maximum alteration in any root of the matrix is now seen to be substantially
better in the o, estimate, both when T, has the uncorre=ted value © ond the correctod valve c*. For ©
the dominont terms (n lorge) are not very different: 3.843(n — ¢ - 1) V2 ond 3.3%(n ~i - N2, For e,
the change is from 4.50V(n ~ i = 1)V/2 40 2.510(n - i — 1)1/ 2 and the error bound is nearly cut in helf.

« v
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TABLE

0 0, o,
%, c* g T &
€(z,) £(2.6.34) 7(2.3.19) £(2.6.14) £(2.6.30)

) £(2.3.21) 0
o 2efn i = N+ [E%cg) + €3] T in - i - V2
u 2008 [F%z) + €%R| 7 4 4852,
Bor; 0 1.43¢(2.3.21)
u Ic"(‘c‘o) + ?2(3')| v, 2,
TABLE 2
In Units of 8~ = 2-37 Estimating with 0, Estimoating with o,
Computing with T, = o : T ol
€y < 7.5 3.7 4.63 2.15
€6 g 5.2 o
€ - [E%y + 2%n)]'? < 9.127 6.382 463 215
pt < 20.754 15.242 1.724 6.744
Moy S 0 7.436
Bicig v n < 10,127 7.382 5.63 3.15
g = mox (-,‘,._, by ) < 10,127 7.382 7.436 7.436
= x 1 1 1.321 2.361
n
{- x 2.049 2,065 2.083 2.141
AV




Moreover, o decision to correct T to ¢* would appeor reasonable from the o, estimates, whereas on the
basis of the lass efficient 6, estimates it might seem to leod to a larger error! % te we have only
upper bownds for the errors, we cannot conclude with certainty that the use of ° will actuaily lead to .im'
smalier errors; indend, with o suitoble choice of numerical dato it could well hoppen that the use of U o
would leod to o canceliation oi round-off errors, while for ©* they would occumulate. Our precise claim
is only that when €* is used, the guoronteed moximum arror is smalier thon it is when T is used,
it would be easy to substitute in the obove formulos othar values of the &'s, but we refrain from doing
this since recsonable voriotion of these quontities does not drosticolly affect the numbers obtained. (It
was the intent to arronge the formulas so that they could be wasily applied to any machine capable of
the computation describad.) It is werthwhile noting, however, that if unrounded multiplication is used,
so that € = 7°, the dorinant term in v(E”) is at least multiplisd by 2'/2 because of the coefficient
2¢, in the formula f.~ o in Table 1.

2,13 BOUND FOR THE TOTAL COMPUTATIONAL ERROR IN ANY ROOT
ODUE TO THE REDUCTION TO JACOB! FORM

In moking the rotation in the X% coordinate plane to replace the (i — 1, j) element of Al=1j=1 by
zero (thus getting A!=! /), an error of iass thon v(l:‘“) is introduced in each root of the matrix. Hence
the moximum alterotion in any root cousad by the entire computational process of reduction to triple
diagonal form, which we denote by A A satisfies

ne 1 ]
(2.13.1) arvs LI ouwEy. ’
1=2 fujey

Since the bounds for v(E“) given in the preceding section do nat involve j, we need to sum on expression
of the form (n -i)v(E”)homi-2foi- n-1,o0¢

(2.13.2) z (n - 1) {a[(n- - e 1) s bln - i - DV, t:]‘/2 + u'} .

=2

Settingn = i = 1 = &, we require
[}

(213300 L &+ Dak + sk 4 V2 4 o]

[ % |

= a S(v,c,n) +-2‘—,4"(u -~2m -1,

where
2.13.35) a = @b - € - [826) + E2@]V2,
and

1 Mo NI
RE CRTRRTE )]

and where, for convenience in later use, we introduce the function

@.134) Shem) = L k4 NG+ 04" 4 V2,
g
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Since (x + D(x + 5x"? 4+ )" s monotonic increasingfor x 2 0,

(2.13.5) S(b,c,n} < fm-z (x « Dix + bx"2 & AV dx = S,(b,c,n) .
0

To get some idea of the behavior of the srror bound for really lorge values of n, it may be worthwhile
to write out o closed form of the integrai, slthough a table for small values of n is more readily caleu.
lated from the sum formula. Routine computation gives

2.13.6)  S;(bc,n) = (Odm -~ 035V INVZ .1.2'_0 @%? - 32 + BOWNY? - Y3

2 - 1
b(7b +‘2]: 2) ‘m|/2~1/z + 2b(N'/2 _ Cl/?)

) Nl/? + m‘/) + %b
+ (4c - b%)in .

where we have set

(2.13.7) m-n-2mdN-m+bm'/2+c.

Substituting the previously obtained vailues of & and ¢ in the vorious cases:

@138) 6 = 6,5y = & B'AA < 4.501 {(0.4", ~ 3.1944m 1/ 2)N3/2

+ 17.943(N%2 _ 135.075) - 20.1937 [4m'/?~'/2 + 18,254 V2 ~ 5,13))

/2 /2 4.5635
v 220022t "¢ J} + 1037mim + 1)

9.6945
ond

N emas+ 917n"2 &+ 2632 :

213.9) 6 = 6,5 - & AN m{«u— - 2.3/ ¥?

+ 7.265(8¥7 - e - um‘a.'fhm - 1AV _ s

~ LR + Ykt « W

L R A“'"”
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(2.13.10) 6 = e g = € BTAN < 3.356{(0.4"; ~ 1.6205m '/ N3/2

+ L3615(N372 - 95,143) + 3.0397{4".‘/’~"’ + 9.26(NV2 . 4.585)

N2 L V2 2315

+ 61.927 In %.830

]} + 5.862m(m + 1)
and

N = m + 4,602 4 20.841 ;

@131 6 = 0,7, = T BAN< 2.510{(0.4m - 0.7525m'/2N3/2

- 32827(N%? _ 87.546) + 3.1618 [4”.‘/2,\/'/2 + @3NV - 4.441)

ond

Substituting n = 10, 20, 30, 40, 10C, 200, and 1000 (which is on impossibly long problem with present
speeds and memory capacities), we get Tables 3 and 4, It should be emphasized that the 0'./ estimates

+ 74,2424 In

N2 4 m172 4 1.075)

5.515

N = m + 2,150m"/2 4+ 19716225 .

]

}+ 3.372n(m + 1)

TABLE 3
AN <
Estimating with (),.,. Estimating with %

Crder of Corrected Uncorrected Uncorrected Corrected
Motrix cosine: ¢* cosine: T cosine: © cosine: T*
10 2,036 1,500 1,227 773

20 10,231 7,594 6,175 3,951

30 25,875 19,082 15,496 9,937

40 46,150 35,609 29,255 19,045
100 380,345 290,569 237,110 155,483
200 1,832,987 1,423,113 1,170,053 782,691
000 77,555,220 62,491,073 52,521,052 36,814,476

- )
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TABLE 4

S A v

»=3/ 2ﬁ‘ A A
Estimating with 8!.,. Estimating with 9
Correcied Uncorrected Uncorrected Corrected
n cosine: ¢* cosine: € cosine: C cosine: C*
e g — - ]

10 6.438 4743 3,881 2.445
2 5.719. S 4,246 3.452 2.209
30 5249, 3.871 3.044 2,016
40 4.561 ", 3.519 2.872 1.882
100 3.803 ¢ 2.906 2.372 1.555
200 3.240 / 2.516 2.069 1.384
1000 2.453 1.977 1.661 1.164
Asymptotically 1.804 1.5372 1.3424 1.004

4
ore included to show that what may seem o ‘‘natural®’ way of estimating emors is mch less efficient
than one which depends on a different concept of ‘error in o computation.”’ Fov an actual computation,
the reduction to Jacobi form cannot infroduce an error in an,; 22 greater thon the value tabulated under

the % estimavion, end thus, with the corrected cosine, a 200 by 200 matrix con be #0 reduced with o
12 decimal-place iaochine without introducing un error of more thon one unit in the sixth decimal place.

2,14 BOUNDS FOR THE NORMS

Ancther estimate of the error in the set of choracteristic values will be obtained if we compare the
norm of the originally given matrix A with the norm of the matrix A” "2 " in triple diagonul form, This
comparison is also required 1o discover the scaling needed to guarantee that every calculated quantity
remains in range. Surprisingly, it leads to bounds for the error in a single characteristic root which may
for values of n as small os 40 be even better than the astimates based on the results of Lidskii,

As in our previous estimates, we may use for comparison with the (computed) digital matrix A9~} / the
motrix B:~! 1(6) for either 0 = 0" or = % {ct., (2.8.1)).

Since the norm is invariant under on (exact) orthogonal congruence,

(2.14.1) NBV iG] - N(AFT Y

Moreover, our earlier error bounds refer to elements of the matrix E/(6), which is zero except for certain
slements in the ith ond jth rows ond columns, where

(2.14.2) ATV BTV i) - EM(G)

The triangle inequoaiity for vectors with n? components gives, for arbitrary matrices M, c=d M, the well-

known norm inequality

(2.14.3) N(My) = Ny ~ Mg+ M) S NNy ~ M) + NMY) ,

R -y
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ond since N(M) = N(-M) ,

(2.14.4) IN(M ) = N(MQ)| g N, -~ M) .
Using (2.14.1), L3
(2.14.5 INR*VH) = N@FTVITY) < NIAETT T - BTV IO - NLETHG)]
The digital equivalent of (1.3.12), namely,
(2.14.6) Aty Zitie fori =2,3, ...,n=2,
now gives |
(2.14.7) N(A"72™ - N(A).= ¥ )2 WA ) = N(AITV Y],
is2 jmi4)

and hence

n= n
(2.14.8) MAa™2my - N s L E MEeYen .

in2 jmit)

To obtain a bound for N(E®/), we write, using Hiey § ™ Po Big B ond gy g u#* ond referring to (2.2.2),

(2.14.9) NHEY) g 2{,3 g P2+ L Ue)? + (e,,.)’l} .
poit)

pAY
The (n = i = 1) component vectors € an € mi+leee,j=1,j+1,e4.,n, have, by the dis-
cussion of §2.9 (cf., in porticular, (2.9.8) and (2.9.10)), lengths bounded by the length of the sum of the
vectors la,,|8(ao), |a”.i€(::) ond 2¢€,(1, 1, ..., 1). Hence,

(2.14100 |L(e,)?|'? 5 €@)[LI5,42]"2 + e(s)[gﬁﬁﬁ] 12 4 2ex(n — i = )2

S 1dB(E) + IBIEG) + 2ex(n - i - N2,
ond (cf., (2.9.10)) a? + B2 < 1. We therefore obtain

(214.1) [Ete,0?]? 5 [E%E9) + €2)] V2 + 26xin = i = DV?,
and the same bound is valid for [ E (¢, )? | /2,

Abbreviating
2.14.12) %=y + 2@ | V2 - €

and substituting from Taoble | and (2.14.11) in (2.14.9),

(214.133)  NED g 2V2{(€ + 2607 + (., ) + A2008E + 4.852ex)?
+ 2[8 +{r-i=- l)'/’zexli}llz ,

or
(214.14)  NED) g 2{(2ex)’(n mi= 1) 422680 - i = NV2

1 1 1
+[E2 + 2.008€ + 4852607 + € + 2607 4 ey 7)) ”,
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Since this bound doss not dspend on j, one summation in (2.14.8) is ot once performed, and
n-1

(2.14.15) T WYY TP AR B R LA
in2

or puttingn — i -~ | = &,
n -3
(214.16)  IN(A"27) = N(A)| 5 dex L (h + Dk + k"2 4 r1V? x deySlg,rn)
liw

where
£

q —e’;
ond

1 1
(21417) r= (2ex)'2[‘32 + (20085 + 4,8526x) +—(€ + 26x)? + -l ,)’] '
and S is the function introduced in (2.13.4). As before, S(q,7,n) < S,(q,7,7) and
(2.14.18) N(A) = dexS(gmn) < N(A"™27) < N(A) + dex Si(g,rn)

where the closed form of the integral 5,(4,7,7) can be colculated from (2.13,6) and the values:of g ond 7 are
those obtained from (2.14.17) ond Table 1 or, ifor the ORACLE, from Table 2 of §2.l2.
For the ORACLE, using only the % bounds,

(2.14.19) g = 92 ad r = 202363 when (|, = ¢ ,
ond ‘
(2.14.20) g = 430 ond r = 82702 when T, =",

Tabuleting the B*(4ex)s (q,7,m) = 25(q,7,n), as given by (2.13.6 and 7), which reduce to
(204.21)  5/(9.26, 202.363, n) = (0.4m ~ 3.241m'/HN3/2 ~ 28,287 (N*/2 - 2,878.701)

+ 131.096 | d4m'"/2N1/2 4 18,52(N V2 < 14,225)

N2 4 m1/2 4 4.63]

+ 723.705 In
18.855 |

and
(2.14.22) N =m+ 92m"2 + 202353 ,

when Cp=7¢,0nd to
(214.23)  5,(4.30, 82,702, n) = (0.4m ~ 1.505m"/2N%/2 ~ 15.994(N3/2 — 752.097)

+ 28,454 [«.WN"’ + 8.60(NV2 = 9,094)

NV2 L ml/2 2.!5]

+ 312318 In

19,244 |
ond
(2.14.24) N =m+ 4392, 82702 ,
when T, = T, we get Table 5
»
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TABLE 5

263, (g,r,m) n=3 205, (g,7,m))
6 = 9,
Estimatas = z
o - o -
m 4+ 2= n c c* c
40 21,944 16,763 2,169
100 180,529 131,585 1.806
Asymptotically 0.8 0.8

2,15 THE SUM OF SQUARES OF ERRORS IN THE CHARACTERISTIC VALUES

We now appiy the results of the last section to obtain on upper bound for the sum of squares of the

arrors in the characteristic volues. Let A;’ a=1 2 ..., nbethe characteristic values, arranged is:

any fixed order, of the given digital matrix Am Z”. Ordering the characteristic values Ai" fof AF=V7

in o suitable fashion relative to those of A=/~ ! we con sat

(2.15.1) D A el E AL -

ond will have

(2.15.2) L 4?5 N2(ET(S) ,
a=)

by (2.74.2), (2.1.6), ond the foct that the characteristic values of the matrix B ='/(8) are the some os
those of the motrix A°=1 7= 1o which it is orthogonally congruent, Summing equations (2.15.1),

(2.15.3) An=2n Q12 L a3 g2, L+ BT

TR AR SR o

+ -#Z"" , fora =« 1,2 ...,n,

In (2.14.8) ond (2.14.16), we obtained an upper bound for the sum of the upper bounds, N(E'T), of the
lengths of the 5(n ~ 2)(n - 1) vectors ¢‘/ and con therefore write, at once,

as)

n 12
(2.15.4) [}: (An=2m Aa)’] S 4€.S(g,nm) ,

with g and r ogain given by (2.14.17). Of course S(q,r,n) can be replaced by its upper bound S,(q,r,n), as

in the closed formula (2.13.6).
Since A ;A was used to denoie the maximum alteration in any one roof,

(2.15.5) AN S 4e S(qrn) .

’ ” r {-A
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Hence the values of A(XS,(q,r,n) tabulated at the ead of the iait paragroph aiso serve 10 give an upper
bound for A A,

This upper bound for A A should be expected to be less peacise than the corresponding one found in
& 2.13, since it is based cn the pessimistic supposition that the entire error iz concentrated on a single
root. Susprisingly, the asymptotic value of the bound for the square mot of the sum of the squares of the
errors in the l‘.,;‘.:'l:t""“r?ic values is 0.8:3/23=¢ (for both € and 7*), whereas for a single choracteristic
valve, owr use of Lidskii's theorem gave thia asymptotic error bound 1.342413/28~% fnor & ond
1.00423/28~5 for &,

The greater reiative efficiency of the bounds basad on the norm appears to bo due to the possibility
that at any single inductive step (from A== 45 Ai~1 1) the error may very well be concentrated on
a single one of the roots and that we ore unable to give really effective guarontees that the some rod®
will not be affected at each step. The nature of the algorithm, dealing os it does with o motrix of smaller
size after each step, makes it appear highly unlikely that any such accumulation of error on a single root
will occur, and we are accordingly inclined ‘3 believe that cur guaranteed efror bounds ore in foct very
much larger than the actual errors whici can occur. Additiona! hand computation to compare the bounds
for A,A as given in this section with those of the preceding section does not seem worthwhile, but
whon the ORACLE is availoble for such a computation, the two error bounds may be calculated (from the
sum formul::) and their minimu.y tabulated for the values of n as !arge as are likely to be actuolly used

in practice.

2.16 SCALING REQUIREMENT

In the entire discussion above, we assumed that the computation began with a matrix A with elements
which were not only uigital but were small enough so that at no stoge in the computation did any calcuw-

lated element X violate the raquirement ~1 < ¥ < +1. Even the stronger requirement that

(2.15.1) N(AT=Vi) < )
was needed for our dete-mination of error bounds.

Despite the existance of an implicit assumption, it is easy fo look back over the description of the
comgputation ond to see that the scaling requirement
{2.16.2) N(A) < 1 - 46 S(qr,m) ,
gives ex post facto justification for our various conclusions ond, in particular, guorantees that (2.16.1)
will hold for all the computed mairices ond that every calculated quantity will lie in ronge,

In practice, one will not want to calculate the norm, since this involves the extraction of a square
root, ond one will not form the sum of the syucres of the elements exactly, since this would require

double-precision methods. Hence, we suppose thot

(2.16.3) E En'j x Eu‘f <1 - 4€>(S(q,r,n)]2 - n’ex ’
ije

where the left member is calculated by the mochine ond is compured with the right member, which is
supposed precomputed (for o given order n and o machine of specified choracterization) ond recorded,
perhops by using the integral form S, of the uppe: bound in place of S. if the test for preper scaling is
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to be carried out on the machine, it is of course necossary to exercise due care to avoid having the sum
in the left member grow out of bounds undetacted. Since one will ordinarily record only the elements of

A on ond above the diagonal, it may somefimes be convenient to impose the more stringent condition
(216 o d. < o tar) 12 = ~n?

-4) ’Z’ a'-’- X ﬂ..i < 3[] - 4€x5‘%';") - ‘5‘" EX
rother than to form the more accurote w.pression

‘ n
?Z“’ii x a;; s E_“.‘,' x @

i=

(2.16.5)

Where one iz nat working neor the limits of accuracy obtainable, the required scaling con even be ac-
cortishoca bv “ond or machine methods by the device of counting the number, say n,, of the 3..,. with

Iy

numerical values between 5~ and 8-1=1 and, overestimating each of the elements, requiring that

A
(2.16.6) z n,.(ﬂq)z < [1 ~ 4€XS(q,r,r:)]2 ,
1=1
where either & = s — 1 or n, is the number of E‘.’. with numerical value less than 8% (and not neces-
sorily 2 g=%=1),
"

2.17 NUMBER OF OPERATIONS REQUIRED. TIME ESTIMATES

Since the tima required :o multiply or divide two numbers will normally be much longe: thon that
needed to add or subtract them, it is usual and proper to give rough estimates of the length of time re-
quired for o computation by counting only the multiplications and neglecting the usuclly much less fre-
quent divisions and the more rapidly performed additions and subtractions, The actual computation will
also involve a rather lorge number of operations which can be classified loosely as logical in nature
(storing numbers, computation of variables governing inductive processes, etc.). With the current design
of machines, computations involving extensive sorting or other operations involving combinatory analysis
aore especially onerous, difficult to code, ond time consuming, It is one of the odvantages of the method
under discussion that it doss not require onything analogous to the determination of the numerically
{argest nondiagonal element ond so avoids this and all other lengthy sorting operations. We can therefore
reasonably base our time estimates on multiplications and divisinns alone and depend on multiplying the
time of these operations by two tu allow for the additions and logical cperations.

Yery much more serious thon the omission of time ailowances for additions, subtractions, ond logical
operations is the failure to estimate the time needed to use an external storage during the course of the
computation, as would be raquired for o large matrix. A method, in use at the Institute for Advanced
Study, based on the iterative use of plone rotations *o obtoin o diogonal form (cf.,[4]), is opplicable to
matrices of ordsr S 18, using only the intemal memory. This code also produces the characteristic
vectors, and i{ they are not required, our reduction to Jacobi form might very well be made to apply to
motrices of order at least as high as n = 36, since %:36-:37 = 666, leaving 1024 — 666 = 358 storage

spaces for orders. The speeds of externol memories vary widely, so “we make no ottempt to astimate the
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additional time required when the internal memory does not suffice, but we do wish to emphasize that
the following figures refur to whc? may be cnly a fraction of the total time in this case.'?)

Afier colculating ©, ond 5, we require only d(n ~ ¢ + 2) + 4 multiplications to calculate the
2An =i +2) -1 values for those elements of A*™' / which may be different from the corresponding
ones of A"V i™!, For € and 5, two multiplicatiu:s, two divisions, and a square root operation are required,
The square root operation is a sequence of computations X;+X, 4, =, = (X, -V ¥ X,) + 2 or o sequence
of operations usually taking less time then two divisions. (Noto that + 2 is usually very fast, since it
is o right shift on binary machines,) A tedious discussion (which need not be given here) shows that for
the ORACLE, Householder’s routine will always terminate with an 'iq for g < 14 when it is applied to
find the pseudo square root of a number T > 3. Since the sequence is terminated when it is colculated
that (;q ~¥ %) * 250, we estiiate o maximum duration of 30 division times for extracting the root,
Hence the calculation of € avd 5 will take ot most two muitiplications and 32 divisions. For c*, two
more divisions (one is **+2°’, however) will be neaded.

The multiplications ond divisions in o single inductive step can therefore be estimated to require

no more than
[46: = d) + 14l7y + 341,

seconds, where T, is the moximum time in seconds for one multiplication and 7; for one division. There

are (n — i) repetitions of the process before i is increased by one. Summing to get the total time required,

wae have
n=1
L {4 =02+ 180 - 7y + 3(n - .}
-2
n=2
= § [(4k? + 1) 7y + 34k, ]
k=1

- %(n -2 = WN2n =3+ =Dln = VD|7x + 1700 = 2)(n - V)7,

- -—;-(n -~ 2{n - V) (4n + 15)7, + 51T} .

For the ORACLE, multiplication requires approximately smillisecond end division about a third more.
Replacing 517, by 687y and taking 7 as a full millisecond 1o cllow for additions and logical operations
as suggested above, we get the volues in Table 6.

“o)lndnd. in the Mhstitute for Advanced Study code, the repeated calculation of the norm for checking purposes
consumes more time than the bosic computation, (Orol remark of H. H. Goldstine.)
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TAGLE 6

Time to Reduce vo Jacobi Form

Order of the 1
Givan Matrix "3—3'(': - D ~ 1Ydn + 83)1072 second,

10 3 seconds

2 19 seconds

30 55 seconds

40* 2 minutes

100* 26 minutes

1000* 15.7 days (of 24 hr)

*For matrices of order greater than about 35, the intemal memory will not suffice, and the estimates will re-
quire sherp upward revision. The raiiability of pressnt machines would probebly not permit @ matrix of order 1000

to be reduced in eny reasonable time,
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Chapier 3
NUMERICAL COMPUTATION OF THE CHARACTERISTIC VALUES

3.1 INTRODUCTION

The second stoge of our computation is by no means uniquely determined by the first stage, Whot we
have ac~amplished so far is no more than the concentration of data implied by the replacing q’f a general
real symmetric (digitol) matrix requiring % n(n + 1) numbers for its description by a new marrix, nearly
orthogonol congruent to the first, ond having no more than 21 ~ | nonzero elements, Any method which
yields the choracteristic values con nowbe applied to the calculated motrix S =A""27 which is in Jacobi
form, Some methods will be unsuitable in that they make no effective use of the lorge numbers oi zeros
omong the componants of S. Other methods can be expected to be quickened ond facilitated by this fact.
This is especially irue where storage in the internal memory of the computing machine of 2n — 1 numbers
is aasy but Zn{n + 1) numbers connot be so stored.

The method we present in detail here, for which we sholl obtain guaronteed error bounds, appears 10
have the following advontages: it is not based on :he assumption that the motrix is positive definite
{or even that it is nonsingular); any given root or roots moy be obtained individually without the necessity
of finding all the roots (for example, the root or roots of smallest numericol value con be found as easily
as the largest); multiple roots facilitate rather than complicote the computation; it is feasible to determine
some or all of the roots to a limited accuracy, and to follow this, if desired, by o more precise evoivation
of certain ones; the accuracy is high and is independent of the order of the marrix {cf., (3.9.5)); and the
number of multiplications required is opproxima'ely proportional to the accuracy desired ond to the square
rather than to the cube of the order of the matrix. An objection to the method — a7 least in the form

proposed — is that it requires scaling of numbers and so invoives o floating-point technique.

3.2 INVERSION OF THE ERROR PROBLEM

Considered in brocd terms, a method of computation should be regarded as an operator which is applied
to a selected one of a class of permissible M-component data vectors and which yields an orderad set of
N numbers, that is, a solution vector.!V  This single-valued mapping of a region of the ‘‘data space’
onto some region of the ‘‘solution space’’ is what we mean by a numerical methed,

Along with the numerical method, one has o theoretical method which amounts to a singie-valued
mapping of the same region of data space onto a region of the solution space which presumably also con-
tains the permitted digital opproximate solution vectors. A striking difference between the numerical and
theoretical procedures is that the former maps only a finite number of datu vectors onto only a finite
number of solution vectors, while it is of the very essence of a lorge class of theoretical solutions that
a continuous varigtion of the data vector is possible and leads to continuous variation of the solution

vector. It is also true that even when the theoretical operator has a mony-valued inverse, it will usually

“’Sﬁlc'ly, one will allow both M and N to vory ond N moy depend on both M ond the particular data vector given.
Thus, if one calculates the real roots of o polynomial of degree M, the number N of these real roots will depend both
on M ond on the veiues of the coefficients. The distinction between a single method ond o class of methods is
likely to be o matter of convenience and to be associated with o specific code written for the solution of o preblem,
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be so that o continuous variation of the solution vector son be shown to lead to a continuous variation of
each of the corresponding data vectors. (That is, parhaps after excluding exceptional loci of lower di-
mension, the complete inverse map of a suitoble neighborhood of o solytion vector is o nonoverlapping
set of neighborhoods of the corresponding data vectors.)

One of the reasons new methods seem to be needed to obtain 3otisfactory emor analyses o f numerical
methods oppears to be this lack of conlinuity in the numerical operotor which resuits from the discreteness
and which implies the lack of a significant topulogy in the dota and solution spaces.

What we now propose as o device for the error analysis of certain types of computational methods is
this: replace the given (digital) data vecior d by another data vector d * (not necessarily digital) which
is chosen to be near to d ond to have the property thar
(3.2.1) Id*) = Nd) » 5,
the given solution vector, where J is the theoreticol operator and Il is its numerical approximent. The
errov function, which should be a measure of the discrepancy between IHd) and (D) = 5, can be calculated
for 3(d) ond 3(d*), with full odvantoge now being taken of the continuity properties of O,

More explicitly, we suppose, given as o data vector the 2: digital numbers

. ayi=l,oiu,n the elements on the diagonal of 5, Zi,j- Leeoyn=1,
(32.2) d: { the elements in the (j, j + 1) positions, and Ji, o number the relation of which
to the roots A, is sougat,

where S is a matrix in Jacobi form, however obtainad. The computation, I, will yield a single integar
s = I\(d), or its digital counterpart 5 = sB”%, which is intended to be the number of nonnegative roots of
5 - A, Evidently, o bound for the errer in the integer s will be of little use, since if it is not zero it
will only be possible to conclude how many roots of § may be incerrectly located relative to i@ without
having an estimate of how for the erronecusly placed roots are from i, It now proves feasible to find o
dota vector d’ = (a'.',b,.',ﬁ) thot is close to d and such that 5(d*) = 5. If we now let § "= (s;’:) be the matrix
with elements s/, = a/, s’ S - b;, and other s/, =0, we can show that no root of $° can differ
from the corresponding one of S by more than a certain small quantity A A, Then, since exactly s roots
of S”ore 2 i, ot least s roots of S ore 2 i — A A, and ot least n — s roots of Sare g+ AN T,bo com-
plete algorithm for obtaining all the roots then consists of obiaining the value of s for a sequence of

values of 7, os is described in detail in $1,4 and 1.5,

3.3 THE RECURSION FORMULAS

The recursion formulas of Theorem 1.5 for a chain of principal minors of S = A1_ are now to be trons-
lated into 0 sequence of digitol computations. The foct that the basic mathematical relation between
signature ond the signs of the principal minors fails when two successive minors ore zero must be re-
flectod in the computation. Moreover, two successive smoll values of the minors can occur ot any place
in *he sequence and will result in ¢ loss of accuracy in the remaining tems if not compensated for by
sguiing. Despite these apparent sources of instability, we shall find that the signature of ;—-X'l” (and
henco eventually the characteristic values of 5) con be determined o o high degree of accuracy by using
a limited type of floating=point operation. '
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Observing that the nondiagonal elements
(3.3.1) by v Spger = Tyerg e im1,2,..0,n-1,
enter the computation only in the form of thair squores, we first calculate the complete 2s place square

of l:‘,
(3.3.2) (b)? = by x < b,
and then shift this 2s place number to the left by o suitable number 8, of places (i.e., multiply it by

BB‘) and discard(?) il after the first s places o obtain a digitc! quantity §, and a nonnegative integer
B, that satisfies

(3.3.3) B-' <7, <1 omd0 g B - ﬂ'ﬁ‘ 3, < ﬁ"'ﬁ‘ ,

with

(3.3.4) 0<B <2 -1, i£b, £ 0
or

(3.3.5) 7 = 0Oond By = 25 ifh, - 0,

{Note that o question of tactics is involved hers. For l-:" = 0, ths motrix is a direct sum of two
matrices, and the problem con be split into two preblems for smoller motrices. While we ore obliged
to respect fully this situation in specifying the datails of the computation, we refroin from doing it
formally in advonce, since the computation would still be offected by (sufficiently) small values of the
-I;, in much the same woy as by o 2ero volue, and no essenticl difficulty would be avoided, Also, memory
tequirements ore not severe ond the solution is therefore not much facilitated by on explicit reduction
o two smaller problems.)

We eventually calculato the sequence of minors of s - Xln for a number of vaolues of ;«, but for the
presont restrict aftention to o single value A= ;. Scaling as before, we have for the diagonal elements

a - potS ~ul,

3.3.6) B <5l <Voda -7 =g "5 + 0g=*
ond, since we do not guarantee |7, ~ 7| < 1,
(3.3.7) -1 < a, $s = luwith
1o < 1 ifa,=-1,
or
(3.3.8) b, =0, a = s fa, -f=0.

When a, = =1 and the (right) shift introduces on error, |0] = 0 or % for a binary machine, and a reasonable
round-off procedure could be used to get |6] < + for a decin: | machine, but we do not azsume this.

(2)Fﬂ 4 = 0 this amounts te using unrounded multiplication.
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The sxponent 1o be associated with zero in (3.3.5) and (3.3.8) is of course arbitrary, The values

chosen may be conveniunt since the inequalities

- -8 a8
(3.3.9) “,‘2 -8 i;i‘l < B (
ond

(3.3.10) l2, - @l < B *

will certainly hold in all cases, und the maximum values of B, and a; occur whon oll the 2s and s binary
digits of (;,)z ond a; ~ [i, respectively, are zero.

Neglecting, for the moment, the possible occurrence of zero vclues in the sequence of minors /‘G.E),
we substitute

(3.3.11) [GS) = B,

into the recursion formuilo

(3-3.‘2) ‘ ll' - (E' - ml‘_' - (;‘_')’I‘_Q

ond get

(3.3.13) m X ﬁ-u‘-“‘"."‘ byminy - ﬂ-p‘d-“‘-:’“‘ Gy Miaa

Since we are interested only in the signs of the m,, we need to calculate and record only the differ-
ances between successive values of #y; therefore, we introduce

(3.3.14) Vi w p = By e with gy = 0,

and write the formulo for m, in the two forms

v

-a -8 +a
‘zﬂ‘ iq"m‘-‘ - B =14

. *v
(33.15) m =V gamid

~ v‘ﬂ«_ -5 ﬂ_ -V -
~ ﬁ = 15544 l(ﬂ‘ 1=5= " ‘;‘mi-l - q‘-‘m‘-z) .

In § 3.6, the corresponding digitol computations are given in ull detail, a choice between the two forms
being made so that the exponent inside the parentheses is nonnegative. Before doing this, however, we
consider the generol question of scaling ond the special precauticus which need to be taken when one
or both of ;‘_2 and ;‘_| ore 2ero.

3.4 SCALING AND THE DECOMPOSITION OF E

The determinonis

(3.4.1) 1)
ore used only to determine the number of chonges of sign in the sequence

(3.‘.2) lo /|0 /20"‘! /,. .
Each {; could therefore be multiplied independently by o positive foctor without affecting this count.
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Since /;_, and f,_, ore used together in the recursion formula for /;, the scale factor between successive
{; must bo colcuiated and used except when one of tha /; is zero, in which case the recursion formula
reduces to o single term. We shall therefore actuclly calculate a sequence

(3.43) ) 1~ e, B, B, ..., BT,

where, however, we record only the relative scale factor v; = y; ~ g;_, and the digital quontities m,,
with only 7,_, and ,_ , being retoined in the memory while m, is calculated,
Taking into occount the possibility of rescaling th saquence of /; by on arbitrory positive factor

{(which need not be a power of 8) whenever a zero occurs, we will have

(3.4.4) f; = B n 5, iw leeesn,
with
(3-4.5) n‘ > 0 md "“_' - "‘ 7

except where /, , =0 or [, = 0. Even this rother loose connection between the determinants /; ond the
digital quontities m; must fail if tho_uquonco f; contains consecutive teros. This is the cesult of the
theorem connecting the signoture of § — il with the number of changes of sign in (3.4.2) being invalid
if consscutive zeros occur. Neither can we permit (3.4.3) to contain consecutive zeros, since the res
cursion formula could then yieid only zeros for all the remaining terms of the sequence,

Despite these evidences of instability, the Jocobi form is so special that the difficulty is easily
evaded. Thusiff, , =0 for i > 1 is the first occurrence of a zero in the determinantal sequence, {3.3.12)

gives
(3.4.6) fio= =,_),_,

ond /; = 0 only if ;'-_, = 0. Hence, the chain of principal minors of a symmetric matrix in Jacobi form
con contain consecutive zeros [, _, = [; = 0 only if the matrix decomposes into a direct sum of o matrix
of order i — | and one of order n — i + 1. Since the number of characteristic values of a direct sum motrix
5 - :S-, + E, greater thon i is the sum of the numbers for ;, aond :S.z, we need only to orrange that the
initiol values te reinstated whenever {; | = l:,_, = 0, We therefore assume that (3.4.4) and (3.4.5) hold
under the condition thot the /; ore the exact values of the minors of a submairix of S° =il , where S*
is 0 symmetric matrix in Jocobi form with elementz ‘‘near’’ those of § ond which decomposes as S does
whenever both ;'._, = 0 ond m,;_, = 0.* The essenticl step in the emor analysis is to find bounds for
the omount by which the elsments of 5 must bo changed to the elements of S so thot (3.4.4) holds for
the digital m,, as colculated with the usual uncertainty due 1o round-off error. The presence of the scale
factors n,; in (3.4.4) does not materially aid in the error analysis, since we must make the digital re-

quirement analogous to (3.4.5), namely, n, > Oand n,_, = n, except when m; _; = O orm, = 0,

3.5 THE DIGITAL FORMULAS WHEN &,_, = 0OR =, _, = 0

As initial values of 7,_,, m;_, and v;_, we agree fo store

(3-5-‘) ﬁ_' - o, ’io - ‘ - ﬁ-" md Vo = o .
)
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With /, _, = 0, the basic recursiv;. srmula reduces fo

(3.5.2 li = @ ~ By -

Since fia ¥ 0 con be assumed, the comruted partial sequence {\}‘
(3.5.3) 0, 1 - B Ay oo ,m_y =0 W_, 40

can be rescaled after the zero and exiended to

(3.5.4) 0, 1 = B~%, @y «.. ,#,_, =0, a_, = 3(m_) %F ,

where we have introduced the digital sign function o
(3.5.9 ) - {L;.ﬂ ;'_J) bR

ond where +f, = 7, it m;,_, 2 0 ond <F, = &, if @,_, <0. (A mere straightforward digital tronsiation of
(3.5.2) would be to define @, = 5(,_,) x P, but there is no need to do the mulitiplication when the sign
of M, _, has olready been ‘‘sensed’’ by the machine und 3, or its negative can be as easily stored os

the value of ")
The formed definition mechcnized inthe code and assumed in the later error analysis is the following:

(i M,_a = 0 (ond necessarily m,_, £ 0) ,

replace m,_y by ﬁn‘:’_| - 6‘(:?,_')

(3.5.6) L o ..,{'7"' - 5 #m,_, 20,
mo= ¥ itm_yv <0

9 alsoput v, = a;

Evidently we can even hove 7 | = 0, so it is cppropriate to consider next the case 7, _, ¢ 0, &,_,=0.
The recursion formula reduces to
(3.3.9) li = b, )2 & 'p-p‘-'ai-lli-i .

For 3,y =0, Z,-_, = 0 ond the matrix decomposes with i a characteristic value of the submatrix

of the first i — 1 rows ond columns of S. Then the computation should continue by dealing with the
minors of the matrix 32 - (?") for p 24, g 2i. This is accomplished by the definition:

itm, , = 0 (necessarily M2 ¥ 0)andG,_, = o,
(3.508) '.p'“. ﬁ‘-' by ﬁ"_‘ - l - B-’ ’

mdutiﬁ'. - F‘, v‘ ~ a.i .

ForG,_y £ 0, /, # 0in (3.5.7) and the sequence can be rescaled after 7, _, = O by setting
(3.5.9) Ay o= WGy alind = Sl = ),
where §,_, is necessorily positive and f,_, has the some sign as m,_, by the inductive hypothesis
(3.4.4). Hence we define:
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(it i, _y = O0lnecessarily @i, _, # 0)
andj,_, # O(necessarilyq,_, > 0),
(3.5.10) ﬁ _ (1 - p=9) itm,_, >0,
setm. ~
’ 1 - g itm_, <0,
(_ leave 1, = v, |, since its value is irrelovant.

3.6 THE DIGITAL FORMULAS WHEN 7,_, ¥ 0AND 7 _, ¥ 0

While it is necessary to provide in the code for the possibility that some i shall be zero, in actual
fact this will happen for i > 0 only when ji is, to within round-off errors, a cnaracteristic value of a
principal minor of S formed from the first i rows and columns. The tormulas of this section will therefore
be those us .al!'* employed in calculating the sequence.

To calcuiate {;s we must add the terms

@ - mf_, » (/‘-aif,) (ﬁ-#i—‘"i-l;'—'i-?)
and
b0y % =BT (BT )

Since n,_, = n,_,, it would be possible to compare the size of these terms and scale the larger to the
interval S < |%] < 1 pefore adding them. This refinement is unnecessary for accuracy, as our later
analysis wil show. We have not even calculated and recorded the individual exponents y._, ond u._.,
and we do not know the value of 1, _| = n,_,. Instead, we require n, = n,_, = n,_, so that when (3.4.4)
is substituted into the basic recursion formula (3.3.12) and 4, - j ond (Z,._I)z are replaced by their

digital approximants, we can divide through by n, and obtain (3.3.13), which we rewrite as

(s = i =
BIEim _y = B )
witho, = v, ~ a,whenp, < 0,
(3.6.1) m; = ﬁund
o4 -p; - _
BUB Fm oy - Gl
9 witha, = v, + v, | = B, _ywhenp, > 0,
where
(3.6.2) Pi = vier + oy = By

The value of o, is determined directly by the machine as the sumber of shifts necessary to scale the
numerical value of the quantity in porentieses to lia betwaen 3~ and one, and then v, is determined
by the appropriate formula. Since many machines (and in particular, the ORACLE) can easily accumul ate
correctly the sum of two digital quantities and detect any overflow and scale for it, we permit o = 1
for a single right shift and so allow ~1 < 0 <'s ~ 1. When the value of m, given by the formula is zero,
o, is indeterminate ond so is v, but this is appropriate since the computation of i, ,, from in; = 0 ond

M _, involves, by (3.5.8) and (3.5.10), no use of the value of V.
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The precise digital formul as are:

~p;
itp, < O letr, = p, x m _, - {§_, x m_ t B,

(3.6.3) . *p; - =
ifp, 2 O letr, = &, x v'n'.._i) B = Gy x m_, ;
(Citr, £ Oondp, < O,
80'77:". - ﬁoi x r‘mdv'. -0, + a;,
where -1 S 0, ¢ s =~ lond B~' 5 iml < 1V,
fr. # Oondp, > 0,
(3.6.‘) { ! 0‘.
sstii, = B' x r . andy, o, + Bi_y = Vior s
where =1 S 0, s ~ land8~' g 7 <1,
itr, ‘- 0,
set /i, = Oaondleaver, = v,_,, since its value is irrelevant .

(in coding these formulas, o technical difiicuity moy intervene, os it does for the ORACLE, to
pravent a direct order to shift |p,| places, since we have not guarantesd that [p,| <s. For the ORACLE,
ordere for more thon 63 shifts are reduced moduio 64 before they ore performed and this could cleerly
load io ¢ serious error, Since we desire that s or more shifts shall reduce the number 1o zero, or at any

rate to ££7%, it seems simplest to examine |p, | and replace p, by 1sif |p;| shifts cannot be ordered.)

3.7 THE ALTERATION OF S TO S°

The subtraction of two terms of nearly equal size in calculating i, con easily lead to on incorrect
determination of the sign of the conugondln-g minor of S — 1 . What wa are able ‘o show is that only
smoll changes in tha elements 3, and bi of S are required to moke the calcuioted »igns exactly correct
for a new motrix S~ ﬁln, where

(a7 $*m 7)) wikh s = 00 lp - g > |,
Spp ™ % 0
» (4 '
Soptt < ey < b

The computation of the sequence of ", for a single choice of 77 involves each a ond Z, ot most once.
This separation of the whole problem into ports in eoch of which a dato number is used at most once
makes it possible to replace the round-off ervors by alterations in the given constants, '

The alteration of the elements 3,;, to ¢,’,bi'in to be made sequentially so that to guarantee the sign
:f m, o b:-iho some as tho! of the i-rowed pvlneipd"mtnor of 5° - 7il we suppose Tyoooerd ond
by oo o 4:b,_q have been previcusly altered to the corresponding primed quantities and that we have at
our disposal d, and b;_,. A number of special cases must be considered because %, may be calculoted

by one of the special rules of §3.5 or by the general rule of §3.6 and also becouse if either 7,_, or iy

64
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was computed by a special rule, the following inductive assumption requires minor modification (typis
cally, 1 = B=% is used where +] should have been). It is, however, ecsy to see that the modifications
; and Z‘_‘ which may be required in the guneral case dominate those for each of the special cases.

For the main step of the inductive proof we therefore suppose that 7, _, %0, m,_, 4 0, ond that both
were computed directly rather than being obtained by a rescaling substitution as in (3.9.6, 8, or 10). The

ind

induciive hypothesis is

(3.7.2) /] - gl me forjm=1,2,.0.,i=",
with
(3.7.3) Py_a " Vi > 0 ond V‘_‘ - iy - Hing

This implies

3.7.4) (3.7.2) for ; = i, ny = M and Ypm ol T By e

where the /l' satisfy (exactly) the recursion formula

(3.705) /; - (d; - F)/;_‘ - (b;-‘)z/;—z ' j- ],. ,.,i .

in terms of the primed values of the matrix elements. We have the right to choose a/,b/ ,, und the

integral exponent —y, and are to show that, after dividing (3.7.5) for j = i byn;_,=n_y=n

(3.7.6) B a, = ) - @BTIVE,_, - ] B 2, ,

where Bo= v+ py and i and v, are given by the rules (3.6.2, 3, and 4).

When m, = 0, u; may have any value in the last equation, and this case may be subsummed in cther
respects undes the cases in which @ # 0. From (3.6.3),

(it <0, 7, = BiA;y - VPR B+ ng

(3.7.7)
g, 20, = By B = Gy g+ b
where the terms involving a right shift by |p| places contribute less than 7 to the error(® (10},
Eq. {2.22)), ond so
{3.7.8) gl < €x + B™5, |4l < ex + B7° .
Forming 7, from r, by left shifts introduces no eror, but if 1 < |r,] <2, the single right shift (without

rounding) introduces a maximum error of no more than (8 — 1)8=°~'. Hence,

ifp; <0, i = ﬁaiwiﬁi-l - G B e,

(3.709) o, —p‘
ity 20 A, = B A, B - G+ €
where
7 |7]| al' - osw]
(3.7.10) a <BUex + B+ (B-1)B .

() This is evident if we form the complete 2s— place praduct, shift the number to the right by |p.| plocas,
i
filling in zeros ofter the 8 point, and then discard all after tho {irst s places.
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Substit:ting from (3.7.9) in (3.7.6), ofter the iatter has been multiplied by ﬁ”‘-o‘, gives, -

 bimy - ﬂp‘i.-, my_ g+ B-a"l ,...,.
5
- (8% - DI, - FHB ;)5 ifp, <0,
(3.2.11) J - .
[ L PR PR PR I 4
\ = 8- e, - (66 A, ip, 2 0.

Since |p,| may be large, the entire error ﬁ“o‘q or ﬁ-a‘( must L2 absorbed by the choice of 4/ in the first
case and by the choice of b;_, in the second case. Moreover, it is corvenient to let

In the first zase
(3.7.13) BB Yoy )2 = F,_ ol < 18T g B0,
by (3.3.9). Simitarly, ifp, 20,

- . -0 ifa, 20,
(3.7.14) B Pig a/ - @) = BJ=,_,l { ‘

- .0 -
< g Pt ¢ geam ifa, = =1,

by (3.36) and (3.37). When p, <0, (3.7.11) wili therefore Le valid if when p, <0 we choose a; 30 that
the terms p, m,_, ond #a‘(ai’-- i, _, differ by the omount of the error terms, which are now bounded by
ﬁ-a"lrﬂ + =91, Similorly, when P; 2 0, we ore 10 choose b;_, so that g, , m,_, is different from
p= '(b"_— ‘)251"_2 by an omount net greater than #.o‘l(l + B"’". Replacing 7, by ﬂul(?‘ ~ 1) when
a, 2 0 and by ﬁa‘[G, = @) = 6=%), with [6] <1, when a, = =] ond replacingq;_, by B "'(Z‘_‘)zplus

on error term less thon B~ %, we know that

Blaj=a 7yl § B ilnl + B~ ifp, <0,
(3.7.15) s -

B0 = B 17yl 5 B MGl B0 itp, 20 .
Using a, 3 -1, |A,_;l 3 B!, 0,2 =1, 8,0, 20, ond |5,_,| zﬂ", the required alterction of @, and
-D-‘_, is to
(3.7.16) a" -G+ for p, < 0
or

(b;-l)a -@® -1)2 + ¢ forp; 20,

where
3.2.17 Ind < B'"ex + g=2* 4 =50,
or
(37.18) Kool < B4 ex + ot 4 ps-Y
éé
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Toking € = %8<%, the alterations in S required to moke the colculated sequence of signs of the

minors exact saiisfy:
laf = @} < 128 and b)_, = b,_, ,
(3.7.19) B=2 o —
al = G ond |(b]_)? - (B, )% < 66™°,

and, when

laj - @] < 10608~* ond b ; = b, ; .,
(3.7.20) B = 10, < or
a] = G and (6] )2 - (,_))% < 1068=° .

Looking bock at the source of the large error bound for 8 = 10, we see that it is basicaily due to the
crudeness of scaling by powers of 10, Thus, in (3.7.17), the factor B2 in the right member could be re-
ploced by S8 except when a, = ~1, ond it is cleor that he righ shift to form 3, from @, - i is wasteful in
that a quontity lying Letween one ond two hos been scaled by dividing it by 8 = 10 rather thon by 2, If
this right shift were performed with round off, the term (8 - 1)8~ $=1in (3.7.10) is reduced to 8=, ond
this implies that

(3.7.21) |n, < Blex + (1 + 28 + 8=~ ond [§;oq] < Blex + (1 4+ B+ BB,
or, for B = 1"

(37.22) In) < 6608=% ond [¢_,| < 668* .

The improvement in cccuracy which is suggested by this improvement in error bound may well be illusory,
since we have to compute the sequence of signs for vorious values of ji ond, while some choracteristic
values could be misplaced by an error in the signs of the m, for one [i, it is unlikely that the same emor
would be repeoted for different values of ji. It therefore seems likely that the entire computing process
we have detailed in this chapter is unnecessarily accurate and that in porticulor the rather time-consuming
scaling might be relaxed. For example, in a binary machine, three binary digits might be treoted as a
unit and 8 thus effectively made acual to eight,

When o zero occurs in the sequence of values of E‘,ﬂn above consii«mions require re-oxamination,
Thyus the computation of 7, by (3.5.6) gives tho exactly correct value 8 '('E| - H), except when a, = -1,
ond then oltering a, by less thon 8~ will make ﬁ-"f, the valve of the (1,1) element of $° = z]l. This
is less than the change permitted by (3.7.17), which therefors continues to apply. The same conclusion
hoids for the required chonge in a, whenever (3.5.6) is used to calculate 7, since the rescaling is by
/;91=" ond, by (3.5.2),

(3.7.23) | foutl™ = 3 =5
The proper rescaling of /,_, for use in the computation of the correspondingly scaled /,,, would be

/,-_,"‘/;_| = I/‘-'I-'/¢-| =- 3l

Since +1 is not digital, + (1 = B=%) is used instead. This iniroduces o new error of less than 8" in

one of the terms used to caiculate e It is not necessary to increase the error bounds given, since
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in estimating the term in question we overestimated I:Ta'._zj“ or irT:‘_,l" as 3, whereas we could now
vse the smoaller bound (1 ~ ﬁ")" for this facter,

Finally, inspection of the rules (3.5.8) and (3.5.10) shows thot in oll cases the bounds (3.7.17) ond
(3.7.18) will hold,

3.3 BOUNDS FOR [b] - b,

Before determining the effect on the choracteristic volues of 3‘ of its alteration te 5, we need to
obtain a bound for |5/ - ‘b.i| from the bound for I(b"_,)2 - (Z,_,)’| given in (3.7.18). It will be essential
to use the fact that (Z'._ ;)2 has been scaled to

(3.8.1) Ty = BTG, 2 B
Setting
(3.8.2) 2w ﬁﬂi-n(b;_')z' y? = ﬂﬁf-'(;'-‘)z' ond z = 34-!4’_‘ ,
for nonnegative x ond y, we have
(3.8.3) x2 - y? w2,
and hence
(3.8.49 x 2 02 = [2DY2 = y(1 - |2]y=3V2 3 (1 - [ HV2.
Since B,_, 2 0, (3.7.18) gives

=80 =25, # —sal
(3.8.5 4B = B NG < BT » B ¢ BT

S Ble, + B~ 4 goroYy,
Oy overestimating |z|8 under the assumptions €8s, 25B510,0nd B~° 5 10-4, 1z|8 s(1g+ Ng=*
S 0.0111 so that x 2 y(0.9889) /2 > 0.994y. This rough estimate of x now yields

(3.8.6) x = y| = =l < Al < 0.5028'2|z| .
X + Y 1.994y ’

Hence

/2) 5 -
(3.8.7) Y Mi=v e LB < 0.5028Y2¢ ]
or, using (3.7.18)and B, _, 2 0,
(3.8.8) 1)y = byl < 0.9028Ye, + p=**' + B=*=V) .
68

2006 (71




3.9 ERROR BOUNDS FOR THE CALCULATED CHARACTERISTIC VALUESOF s

The number P(f1) of changes of sign in the digital sequence 1 - 87, m,, my ..., m, is now known
to be exactly the number of characteristic values of S’ which are 2 i Also,

M T 0 o . .. 0
om0 . y 0
0 ’T‘) 7'3 '1'3 . . o
(39.) 5 -5 = .o . . . . = E,
0 . Tiev M T 0
0 . . . . 0 T T
with
either 7._, = 0 and |p| < ﬂ’(exﬁ‘ + B+ BN,
(3.9.2

orn, = 0 ond |7_,| < 0.5028" (e, + B + B-NB~T,

!

fori = 1,2, ..., nas follows from (3.7.17) and (3.8.8).

Let A be a characteristic value of the error matrix E and let x be a corresponding vector normalized
so thot its component of maximum numerical value is +1, say x; = +1. Then the ith of the equations
Ex = Ax yields

(3.9.3) - LA N AR (1

Hence, using the maximum values of |7._,| + [n.| ond of |7] from (3.9.2),

(3.9.4) Al < (B2 + 0.5028Y% (e, 85 + B + B-NB"*

Since tnis inequality holds for each characteristic valia of E, it holds for one of maximum numerical

value. Using the form of Lidskii's theorem siated in Corollary 2.1.2, we have the following theorem.

THEOREM 3.9. If P(ji) is the number of changes of sign in the sequence 1 — =%, i) My ..., m,,
computed from S and F by the rules (3.5.6), (3.5.8), (3.5.10), (3.6.2), (3.6.3), and (3.6.4), then at least
P(§i) characteristic values of S are equal to or greater than fi — A,\ and at least n — P(ji) characteristic

values of S are equal to or less than i + A A, where
(3.9.5) A = (B2 + 050282 (e g + B + BN~ .

With €, = %B~5,

(3.9.6) AA < 1587% for B = 2 and A\ < 10778~% for B = 10 .

£
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Whether or not one will accept as a maximum possible error 1077 units in the last significant figure
(for o decimal machina) will, of course, depend on the circumstances of the problem. For matrices of
order 20, Table 3 of §2.|3 shews that the bound for the error in the second stage of the problem is about
one fourth of the minimum error bound obtained for the first stage. Moreaver, it is striking that AzA does
not depend on the order of v.e matrix so that once o motrix has been reduced to Jacobi form the size of
the matrix which con be treated is not limited by round-off error. It is cleor that scaling by powers of 2
rather than by powers of 10 would reduce the error bound for o decimal machine to a figuwe comparable
‘o that obtained for a binary one. We refrain from carrying through the details, since it seems of greater
interest to contrast the efficiency (ot least for the obtaining of error bounds) of binory scaling with that
of decimal scaling.

A second bound for the error can be obtained from the norm of the matrix E, since Ly (2.1.6) the

chovacteristic values of S’ and 3, A/and A, respectively, con he ordored so that

(3.9.7) Loy - 2)2 g NE) .

From

(3.9.8) NYE) = (n)? + L Un)? + 2A7_)7,
i=2

7y < B™* ond (3.9.2), we get
(3.9.9) NYE) < (B~ + (n - ) Bilep* + B + p-N2(8-9)? ,

since one easily shows that the maximum of ()2 + X7,_,)? is obtained for the case 7.1 = 0. Hence,
simplifying the formula by vsing the same upper bound for |7,| as for the other g,
(3.9.10) NE) < nV2B2(e g + B + B-N)B~* .
Taking €p* = 3, as usval,
(3.9.1)  NE) < 122V22-° for B = 2 and N(E) < 1060n'/210"* for 8 = 10 .

2.10 SCALING REQUIREMENT FOR §

The only normalization we have required so for in this chapter is that the elements of S be digital,
In the actual computarion of the characteristic values, we neec to know a valve of A 2 max IAle Two
possibilities for A are the maximum of Ibl o+ 13+ |b | and the norm of the matrix 5. The former is
easily colculated ond is certainly $3. Since it vould be quite inconvenient fo use o value of A greater
thaon one, we shall suppose that either
(3.10.1) b, + 1@ + 15 51 fori = 1,2 ... ,n,
with by = 0 = b_, or that

{3.10.2) 7 @2+ 2L B) s,

l'l 7=l

The latter condition will be catomatically fulfilled if S has boen obtained by the reduction to Jacobi

form of o matrix normalized as is required in §2.16. Then we con take A = + 1.

L
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3.11 TIME ESTIMATES

Counting two multiplications for a sing!® use of the recursion formula to calculats #; and cilowing
a third multiplication time to perform tho scaling operaticna which moy be required, 3n muitiplication
times are required for the computation af each saquence of M. By (1.4.10), no more than | + nL
repetitions of the sequence will be needed, where L is the lvast integer > log,(A/5) and & is the length
of the interval into which the macliine is required to place each characteristic value.

Taking A = 1, appropriate values of 8 for o 39-place binary machine (such as the ORACLE) would
be 5= 2-20 2=30 , 2-35 ond for on 11-place decimal machine, they would be 5= 10=¢ or 10-S,
Allowing a millisecond for each multiplication time to cover additions ond logical operations, os is

roughly appropriate when the trve multiplication time is acout o holf millisecond, we get Table 7.

TABLE 7, TIME IN SECONDS FOR THE COMPUTATION TO AN ACCURACY & OF THE n CHARACTERISTIC
VALUES OF A MATRIX GIVEN IN NORMALIZED JACOB! FORM: 3n{1 + nL)

”
5 I 10 20 k) 0 100
2= ﬂ 6 24 54 96 600
2-30 9 36 81 144 900
2-38 n 42 95 168 1050
10-6 6 24 54 96 600
10-¢ 8 32 73 130 810

Added in proof Jonuary 15, 1954.

The method discussed in this report is now in use on the UNIVAC at the AEC Computing Facility of
New York University. The codes were written by J. H. Alexander and W. Miranker. As a test, the chor
acteristic voluss of a symmetric circulant of order 32 ond witnout zero components, but with multiple
roots, were found. The moximum error in any root was 18 units in the last (eleventh) decimel place. The
errors in ZA; and 2()«..)2 were 2:10='! and 5 21.10= 1", respectively.

The existing codes for the UNIVAC will also calcuiate characteristic vectors but it is clear that they
will fail for problems for which some of the b of the Jacobi form are ‘‘small.’’ Another method of finding
the charocteristic vectors, when the Jacobi form and its charocteristic volues are known, has been de-

vised and is now under study,

n
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Appendix 1
BOUNDS FOR THE NORM OF A SUN OF TWQ MATRICES IN TERMS OF
THEIR CHARACTERISTIC VALUES

Since the characteristic values of —T“AT, for T orthogonal, are the negatives of tha characteristic
values of A, the result of (2.1.6) will be established if we prove the folilowing somewhat stronger theorem.

THEOREM Al. If A and B are real symmietric matrices with characteristic values a, and b,

i=1...,n respectively, and if C = A + B, then
" 1/2 n 172
(AL1) min z (a; + bﬂ,(“)‘2 S NYC) & max Z (a; + b,,(”)z .
i} =]
where the minimum and maximum refer to the n! permutations m(idof I, 2, . . ., n.

Proof of the Theorem. Writing A = ToAgTgand 8 = UgByUg for T and U, orthogonal,
Ay = ||diag (a,, a? cee,a)ll and By = ||diag (b}, by ..., b,
N3(C)is one of the values assumed by the function
(AL2) NYT’A,T + U’BU) = NAT (A, + V’B,VIT] = N¥Ay + V'ByV) ,
where T ond U ore allowed to vary independently over the munifold of all orthogonal matrices so that
V = UT~'is also an arbitrary orthogonal matrix. Hence, N2(C) lies between the minimum and maximum
values of

(ALD) N¥ Ay + V°BgV) = N¥Ay) + NAV'B,V) + i (4g);;(V°BgV),;

i,j=!

= Nz(Ao) + N’(Bo) + Z (Ao)“(V'BOV),-,- ’
i=1

, since the norm is unchanged under an orthogonal congruence and A, is diogonal.
Grouping togsther the equal characteristic values of A, we may write A, as a direct sum in the form

(AL4) Ap = T @ all,

where a’ ag for a £ B, ond Tn, = n. We now proceed to show that if V“B,V is not a direct sum of the
some form as Ay then Nz(Ao + V'BOV) does not hove an extreme value. Let the (i,;) element of V’Bov
be different from zero whare the ith row is a row of the matrix of order n_ and j refers to ngfor a £ B.
Then we consider Nz(Ao + W’'BoW), where W = VRi,. and Rij is the rotation (1.3.1) affecting only the
ith ond jth rows ond columns. The only terms in the last member of (A1.3) which are changed when V is
replaced by W ore

(ALS5) ‘ a (V'BgV), + aﬁ(V'BOV),.’.
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and, for W, this becomes, by (1.3.7; and (1.3.8).
(ALE)  (a, cos? @ + ay sin? ML, + (a, 3in20 + ay ms’mﬁ + (a3in 20) (a, = aphk, ,
whers (V'BOV)" - h". Hence,

(AL7) —"%[N’(A, + WBW)] = (a, ~ aﬂ){(hii - &) ain20 + 24 cos 260 .

For 0 = 0, this reduces to 2(a, - ap)h” which is differant from zero, since we assumed k,,-/Ole
a £ Bsothata, £ ag It follows that N%A, + W’BgW) cannot have a maximum or minimum value for
WeV,

Assuming now that A, is written a3 a direct sum, as in (Al.4), and that V ByV decomposes into o
direct sum in the same woy, if R = T @ R_ is o direct sum of rotation matrices of sizes n,

N Ay + V’ByV) = NAR(A, + Vv’ByVIR]l = NAA, + R(V’'ByVIR],

and, for a svitable choice of the R, V’B,V can be replaced by the dicgonal matrix R’(V'B V)R without
changing the value of the norm function, the extreme values of which are being sought. It follows that
the maximum ond minimum volues of N’(T"AOT + U’Bgl) are attained for one of the nl numbers
N’(r‘lo + P’ByP), where P is a permutation matrix, and the theorem follows.
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Appendix 2
MEANING OF THE SYMBOLS USED IN THE MNEMONIC CODES

A full account of the symbnlism of either mnemonic or machine ceding for the ORACLE would involve
o great many details of the consiruction ond operation of the machine ond would be so long as to be
quite inappropriate here. This information can be Lbtained from memorandums issued by the Mothematics
Panel of the Ook Ridge National Labaratory, The following discussion presupposes familiarity with the
general mode of operation of an automatically sequenced high-xpoﬁ digital computer and is limited to
those features of the notation believed necessary to an understanding of the codes in the following
appendix,

The orithmetic unit of the ORACLE contains two registors, called the eccumulator (=A or Acc) and
the Q register. Addition ond subtraction orders permit all eight combinations of hohlng or clearing the
occumulator before adding to or subtracting from it sither the number or the magnitude o‘rﬁt&mmbw in
the indicated memory location. The symbols are: \a.,‘

H a = hold the content of A and add to it the number ot a,

Hm a = hold the content of A and add to it the magnitude of the number at aq,

H- a = hold the content of A and add to it the negative of the number at a,

H-m a = hold the content of A and add to it the negative of the magnitude of the number ot a,

The orders C, Cm, C—~, and C—m are obtained by replacing the mtd."'hol‘d" by ‘‘clear.”’

Multiplication involves both the number proviously stored in Q ond the number stored at the address
indicated in the M or Mr order. The M order gives the correct 2s-place product in. A and Q, but the port
in Q uses the sign digit position of Q for the (s + 1) digit of the product. Where the complete 2s-place
product is used in the sequel, the A and Q registers are treated as a single (25 + 1)-place register ond,
after suitable shifting to scale the product, ohly the part in A is finaily stored. Under Mr, the rounded
product is at once available in A, ‘

The only division order we use is denoted by D. It produces the quotient of the number in A by the
number at the given address and positions the quotient in Q (not in A) in o form suitable for immediate
storage.

The multiplication and division orders used are:

M a = produce the 2s-place product of the number in Q by the number ot address a4,

Mr a = multiply, ond round to s places, the number in Q by the number ot 4,

D a = divide the number in A by the number at address a (quotient is in Q).

The ORACLE has an elaborate set of shift orders of which only three are of interest here. The right
shift orders are: !

R -p- = produce in A 2-P (contents of A) and drop gl places dfter the first s. (Note: the sign is
ciways unchanged under an R order, so even R \40- opplied to a negative number gives ~2-37
and not zero.)

Rq -p- = regarding A and Q as on extended (2s + 1)-ploce\register AQ, produce 2P (contents of AQ),
drop the last p places, and record in AQ,
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For the left-shif: erdor 1, it bacomes important to note vhat the accunilator A octucily has 41 toggles:
sne toggle, A_,, vied in detecting overflow, one sign digit toggle, A, and 39 *place” toggles A,
fml, 000,39 If the initial contents of these are [a_jay 0, ... a ] witha =Oor ],
Loop = mducolnA[ap_, P R T TIARE .0l

Thus L may well alter the sign of the number in A, indeed, I. -2- opplied to —1 in A gives zero in A,
We shall use L in two essentially distinct ways: 1o shift oddresses and as a device for scaling a number
by @ power of 2, The order L -20- shiivs the address of a riglt order into position for substitution as the
address of o left order. When we use L for scalirg, we wili have a_, = ag (which is olways true if A
I8 filled directly from the memory by a ‘‘clear’’ order), and L. -p- will produce the number 2P (contents of
A) as the new number in A as long as a_, = a, continues to be true, When a_, A ay, we detaect this
situation by the ‘‘setting of the overflow toggle,’’ ordor R -1, and obtain a scaled number beginning with
olt‘hﬂ'ao w0, ay = 1orwitha, = |, ay=0. Since the contont of A is interpreted as

3
-ay + L a, 2=,
i=)

a nember in A will boziwhonao-o 6y = 1and will b g - % when ag=1,a =0

The transfer ordecs may be unconditionsl, condition i on the sign of the number in the accumulator
(+ if 2 0 or — if < 0), or conditional on the seiting of the overflow toggle (y = yes or n = no) cnd may call
for the execution of either the right or left ordor of the indicated address (r or €). The right orders cre:

Tr a = exscute next the right order at address a,

T+ra = if the number in A is 2 0, execute etc.,

Tt a = if the number in A is <0, exocuts etc.,

Toe a = if the overflow toggls. has not been set, execute etc.,

Tyr a = it the overfiow toggle has been set, axecute esc.
The left orders are obtained by replacing r by { ond right by left, There is also o stall order:

NTr = = proceed to the next order in sequence (right precedes left),
The addic s of such a ‘‘no tronsfer’’ order is irrelevant ond is generclly so indicated in the following
codes. If the condition of a conditional transfer order is not s tisfied, the machine of course proceeds to
execute the next order in sequonce,

There ore 16 substitution orders from A to the memory and o similar set rom Q. Denoting the ten
toggles aga,...agbyl, ayg 2y ccagbyll,aggag, cciagebylil,andaggay, ... agg bylV,

0dla a = replace part Il at memory position a by part |1 of the accumulator ond paré IV at a by part

1V of the accumulator,

Similorly, 000a @ uses only part |V of the accumulator (which retains its initial value), while aoax a
substitutes the entire contents of A (except that toggle A_, is never involved in the substitutions) into
the memory at oddress a.

The substitutions from Q are denoted similariy, with q replocing a. Te put the number at Q into
position a, the-order is qaqq a. To bring the number at a inte Q the order is Q a.

The..commond.part-of an-order is clwoys denoted in machine code by two sexadecimal syibols ond
the: oddress by three, whereas |, 1}, lil, ond IV ore each ten binary symbols which equal two qdmoJ\clf
sexadecimal symbols. This would oppeor to moke it difficult to modify the code by substitution orders,

7
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ond, indeed, complications do arise when the machine operates with its full 2048-word meinory or with a
testing featuwre called “bredkpoint.” In the following codes, neither of these is done; so the initial
symbol of on address is olwavs 0, 1, 2, or 3, and hence no more than ten binary places ore ever required
to specify on uddvess. The symbols |, ll, ili, IV may therefore, for present purposes, be understood to
denote command of lelt order, address of left order, command of right order, ond address _. right order,
respectively,

The notation of the following mnemonic codes is intended to moke possible the reading of the code
with as little thought of the machine as is consistent with the requiremant thar the translation into mo-
chine code shall be essentially routine. (It is mere than routine if the storage is consoliduted, that is,
if in the assignment of storoge a single memory location is used to store different quontities at different
times.) We therefore write ‘H V" ond underetand it to mean ‘‘add the number V, to the number in the
accumulator,’’  Since, in the cods of Appendix 3, V, is assigned memory position 100 (= 256, decimal)
ond H is 20 in machine code, this order bocomes 20 100 and is inserted in the memory as the hailf word
0010 0000 0001 U000 0000, Similarly, “‘anaa Ty’ is read “‘sunastitute (the number in the) accumulator for
T ond is translated into sexadecimal **SF 12F'* or birary 0101 1111 0001 0010 1111, When it becomes
nocessary to refer explicitly to the memory position at which a number is stored, we write M( }; thus,
M(V,) = 100 and M(T ;) = 12F,

For several purposes, ond in particular for freating integral voriables such as counting indices, it is
convenient to introduce the notation:

*howk 2719, k* k273 ond k" =k 270 4+ 4k 273
Sometimes, for convenience in substitution, oddresses are stored as *M( )*. Thus, since, in Appendix 3,
@y is storad at 1A0, M(@,,) = 1A0 ond *M(a@,,)* is 001A0 001AQ,
If on oddress is supplied efsewhere in the code, we normally indicate this irrelevance by a dash and

understand zeron to be supplied in the initial code,

205 079



Appondix 3
FLOW DIAGRAM, MEMORY CHART, AND CODE FOR THE REDUCTION OF A
REAL SYMMETRIC MATRIX TO JACOB! FORM

The following code is designad to be self-restoring in the sense thet it need not be reinserted into
the memory before o second problem is soived, All that is necessary is that the new matrix elements
be read in, beginning at 140, the order of the matrix be inserted in Q in the form *n* (= n.2=19 4+ n 2-39),
and the control be started ot 005. If a fast input were available, this feature could be sacrificed ond
the code substantiolly shortened,

A part of the flow diagram refers to tests which are essentially for malfunction of the machine, since
they are not otharwise uqoir‘d. In particular, the (opproximats) constancy of the norm could be tested
only at the beginning ond the end rather than after sach plane rotation, as in the present code, with a
saving of about one-half the present computation time, The total time, howaver, is about 8 minutes for
a matrix of erder 32, which is as large as the present code will handle.

The limitation n < 32 permits the precomputation and storage of the addresses of the elemmnts in
the two columns, the J, and ], columns, offected by the rotation. These are calculated in advance of
the manipulations involved in the actual rotation and are stored for convenience in‘lho form 'M(B‘ ,‘)' .

beginning at 160 for the ], column ond, similarly, beginning at 180 for the J, column, The addresses of
the ], column thus need not be recomputed every time J, is increased by one. By sacrificing this
feoture, which allocates 2n storage positions, consolidating other storage, and simplifying the code by
dropping the self-preparutory fectwe, motrices of order n < 40 could probably be treated. It would
also be desirable to include the cclculotion of the product of the “plone’’ rotation matrices, but then
one could have only 7 < 23 (cbout), since 4n(n + 1) + n? spaces are required fur the original matrix and
its transforming orthogonal matrix,

13



P

REDUCTION OF A REAL SYMMETR!C MATRIX i ' JACOBI FORM

Mnemonic Code 2
l't'_\ .
ILEFT moez mmom onoERw Aga:zi ) LaoxR EXPLANATION | 1 “
FE | FFF FF FFF 000 e e
00 | o0 00 001 ) ) o
4« | 000 00 2 2= o
00 | 000 00 000 3 0
0 | 000 00 000 P -1 S
Stort~qqqq | *»* Tt o 5 05 Enter with *n* in Q and stare {at 11Q)
H *nt Ay 6 A,, = (001A001A0}
H- | =1 0a0a A,, 7 = M@y j
c e aye 8 Agg = M3yp)*
Aue = "ME)*
000 | A, Ate 9 Ay, ="M@,
M ont Ra 2 A = *(1A0 + #n(n + 1) = 1)°
0000 | A,, 000a A, B
o AL H- e C
H At 0a0a Atn 0 .
r 90 0ada e 3 Set Jy=1
c | A, 0ta | S, F 5
0200 | 3, c Z, Y §,Q, 7, W3,
acaa | 082 c z, 1 S, =Coa g H T, ]
00aa | 068 C Ay 2 Z, 052 reatcres “Sirst time only’’
storage of trace in R, !
0cda | 5, Oz | 06) 3 2, =068 similorly for {norm)2 =R, '
, € A, 0afa S, 4 :7'2':"' :' fu
= dy o &
0a00 | S, T 040 : s: .q, ’:: Pe, o:;o
Cc 0 aaag A 7
c Ay T 006 8 .
9
A .
8 Correction ot 017 cleors A, so 00D will
c calculate A, correctily
D -
E .
F .
P &-} l
0¥t '

¢ e = e e e g stminaie s oAl A Do m oty 5 b



Note: in complen expressions @, o is written (P, Q)

LEFT ORDER RIGHT ORDER 80X
| 0 ] v ASSICAMENT TR EXPLANATION
¢ e H D, 020 2 U, = (0015000160
H~- 2 0a00 024 1 = *M(*M(L, ] )*)°
0000 | 009 H 3¢ 2 a0y -
- MM - L T
000a | 027 000a 0BA 3
c 0200 070 4 11 = address at which M(J, = 1, ],) is
0a00 | 072 000a 073 5 stored in both |l ond IV
000a | 079 000a o7¢ 6
000 | O7F C 7 IV « address at which M(/, ~ |, ],) is
0200 | ON 0a00 ors 8 atored in both Il and IV
0200 { 07C 000a o07€ 9
000 | 072 600a 074 A
c e H 0, 8 D, =(0018000150)
H- "o aaoa T, c ; : ::::;- I;);l')'
il B B R B I
: ' 10 = "MI'N]y, 1)°)
H. 3 aaaa Tio F
c |, 0200 031 030
< . 000a. w2 1
0aQa: | Y, C 2 Y, =My )"
aaaa | Xe = Ty 3 Xy =g 1y
0a00 |, 035 NTe 4
c 000a 026 s
Ocla | ¥, ¢ 6 Yy =My 1y
aaoa | X, ¢ Tio 7 Xe=Up 1Y)
0a00 | 039 NTr 8
c 000a 03A 9
0c0a | Vs ¢ A Yy My )
acca | X T™® 070 B Xg= (Iy 13)
C
D
E
F
-°C ' H I 040 & L+~
0c0a | *J,* 0a0a *J,* 1 Iy =1y bur ef. 046
0002 | v, H- . 2 Vy=1y®
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:.EFT ORDE: _ RICHT ORDERN Agm‘éi 3 I-lloxR EXPLANATION
000a v, C Z, 3 V) =i* i =], = 1initiolly
000a | OF3 NT ‘ Z,-0,0,0, MC,)

c 045 Tt 0F0 = Add. Sub, 5
-C ',z. H ope 6 73 l;*"‘l;
Oada | *J,* 000a v, ? Vyalyt
c z, 000a | OF3 8 Z,=0,0, 0, MC,)
c ‘I, H~ e 9
000a | v, NTr A Vimitiw]y -1 initially
c 048 T® 0EO = Add. Sub. )
¢ 0 acaa T c 4 0-T,
c an T, ) 40 Addd 10 T,
oaca | T, 40 E Test for i » n
H- 5, T+t 052 F $,=C. 7, HT,
c 040 H e 050 50 iel =i
0a00 | 04D Tt o4D 1
c T, acaa R, 2 52 T, = tracu <R, first time
c NT anaa 052 3 NT = (40000 40000)
c T, H~ R, 4 - (052 destroys 052
anaa. R‘ C-m R, 5 Froctional part of t+ace exactly constant
T+{ | 087 TL 3E0 — Stop 6 5
c 0 NTr 7 §7 0-$, and §,
caaa | S, anaa S, 8
Q 3, W a, 9 59 Addd, x3,,108,
H S, anaa S, A Testfori=n
c 059 H- S, B S3=Q, 3, M3,
T+ ] OSF c 059 c sC
H e 0ala 059 D f+l—i
1A 059 NTe E
c S, H e F SF Sy +*1°=Q,d,, M, 3,
Oala | 061 NTe 260
Q w 1 8l Hond IV=3,,i<j
H S, acaa 5 2 Addd, 7, 108,
C 061 H- S 3 Sg=Q 7, M, d,
T e 066 o] 061 4 o4
H e 0ala 061 5 Next 3, in 06
T 061 c S, 6 6
e8d

265

N )



'LEFT ORDE:: - RIGHT ORDERW Ag;mféin LBOXR EXPLANATION
L ele H S. 7 S,t 248~ (norm)? to R first time
aan | §, anan R, 8 only ) \
. C NT 00aa 068 ¥ Destroys 2nd order 068 .
. Cc S, caa 059 A S,~Q,d,, m.ay, N
0200 | 04D c s, B S, ~Q ), W, 3, .
Oada | 081 c s, c "
H- R, aaan Ry D ¢ - |(norm)? - (initial noem)?| ~R,; if
c : Hem R, £ Ry <0, ctop ot 3E1
T+& | 20 T 3E1 - Stop F . 6F
C-m T4 072 070 o Ui
C-m Tel 02~ (8) 1 n n
Cm Hem 2 n Weally =N Vol =0 1) *
T+4 | o ¢ 3 nlv-g,-u1
aaca | 5 c 4 Vi), -1 1y
anoa | % c 5 s Falfy =N/
o] H Q999 H 6 y=U,-L 1)
C v, 00 095 7 W, =0, sin, 0, cos N
000a | 096 ¢ 087 8 sin=1 of 095, cos ~IV )
c H- 9 7 Wally =Nl Wally=1 ]y
asoa | T, C-m T, A H(fy -V i) =y =1 ])) 5010 082
T+£ | o8 NTr B
c H c ] |weg-niy
We(jy=4L 1)
aaa | T, C-m T, D Test (J, =L I =~/ -1 Jy)
T+ | Oss c E 7E |Vl =1, 1y
0 9999 -4 F HWel,=%L 1)
y c | ow 0a00 095 080 W, = 0, cos, 0, sin
000a | 096 T 087 |
C 2V2 aaap. cos 2 a2 21/2/2; (5A827999FD]
aaan | sin T 09C 3 cos @=sin 8=21/2/2
. c 2V/3/2 aaaa cos 4 84
. c- 172/ anag $in 5 cos 8= =sin 0=2'/3/2
. T 09C NTe [ '
’ Q ¥ o E 7 &7
- R ole aana cos 8 (ExT)+2=T7
C-m | cos T+r 97 9 Avoid overflow a1 08C if T = 0




FT OR T
‘LE T DE: - RIGH OROERW ;tmmf‘ : L&OER EXPLANATION
Cm cos H F ol A 8A
aoon | cos C ! 8
D | cos 99%e X, c 7' @'+ T)aTrX,

C- -1 H -1 (] (1= 1%)10 X,: stores &, = apgreximation
acoa | X, c- X, e e tov!/2
o X, ane X, F 547, X,
c X, H X, 090 WlHF2E)+ZT]1+2<1% goto OM
R -1 aaa X, )
H -] T o 2 'M!Z‘-[(-Z"'rv)ot,lf 2T, in
c X, - X, 3 n eccumulator go to 0BE
Te 08E C X, 4 4
aax Re -40- S it frem 0BO or 077
" ¥ aaoa é IV from 081 or 078
¢ ooC c 093 7 97 | Substitute =1 for cos 0 or sin G and -7
0a00 | O9A c %6 s fer sinGorcos @
0002 { 098 C -1 9

NTr A
C- 4 anon 8
Cc cos Rq 4} (o < Test (cos A2 ¢+ (sin )2 2 1
TS cos acaa z, D hveid everflow error by forming
c ain Re " ¢ cos x (cos + 2) + ote.,
[ sin H Z, F
H- 2-! aaoa z, OAD Test completed ot 148
e | 2, T 148 | Returns te 0A2
Q cos (7 X, 2 A2
acaa | P, Q sin 3
w Xy , H | 4 Fu=lply) xcoe 0+{]y, Jq) x sin 8
oaaa | B, Q cos L]
[ X, anoa f" é
] sin w X, ? I"-u', Jy) xeos 0+ ()y, Jy) xvin @
H ¥y oaaa ¥, ]
Q coe o Fu 9
aaaa | T, Q sin A
w |3, H T, 8 Ty new(Jy, J4)
aaoa, T, Q sin c -}'“xméol"xulno
W Qoo ) Ti" [»]

e8 O

™
=
LA

e e A —————— - CTO—SE, L L



I:EFT ORDE: . RIGHT ORDER STORAGE 80x EXPLANATION
| i ]] v ASSIGNMENT{ | | R

Q cos 4 X, E 7"--(]',[,)xsin 04+(]y ],) xcos 0

He- 3” cona ?0 F

Q sin w ' 080 1

coaa | 3, Q cos )

Me X, H- ‘l’i 2 1”--(]', [,)xuano(]’. l3) xcos 0

aaa | §, Q cos k]

i L aaa T, 4

Q sin v 3 5 To=new(/y ]y

H T, anaa T, 6 -1,,:00- 04+3, xsinb

C X, H X, 7 Tywnew(]y J,)

H= s pu— T, 8 wold(f,, Jy) +0ld ]y 19
~-new (), ]y

C 0a00 08C v 89 Q@2setslie(f,~1 ]y

0a00 | OC? Cc A Wsets Vi), =1},

0a00 | 08D 000a oc4 8

C anaa Y, C 0B9 sete Il = (5, /)

C acaa Y, (o} 08B sets 4 = (5, J4)

Q Y, w cos E

acoa | Y, Q Y, F Yy = (i, J}) xcon 0+ (i, Jg) xsin 6

W sin H Y, oCo

aaaa Q Y, i Store new (i, /,)

M sin aana Y, 2 Yy =={is 1) x sin 0+(s‘,]’)xeono

Q Yy W cos 3

H~ Y, anan 4 Store noew (i, ],)

C 089 H e [ i+ =i

0a00 | 0BY C 0BA 6

H e 000a 0BA 7

C 089 0a00 " 8

R «20- 000a LY 9

C LEY H- n* A

H- D, T-t (14 8 # i <n retum to 029

c Y, 000a OCF c cc (Jye 1)) =1V of CCF

C Y, 000a. 000 D (e 1) =1V of 6DO

ot Y, 000a i ) E (Jg0 19 ~IV of OD1

c L aoaa, F Stare new (correct) (/4. 1))

Cc T aaca 000 Store new (corvect) (Jy, /,)
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:.EFT WDE: "'RIGHY ORDER!v A:Lmat LBOXR EXPLANATION
c ¥, a0an ! Store now (correct) (/4 J,)
@"C ‘1 He *n* 2 D2 Ill,<nqohl,+|~[‘.d@,w
@..1,¢ 046 C JK 3 D3 I.<u-l,ph],¢l~[.d@
He | H e 4
@-7-t| 00 N s D5 [ Punch matrix elemer . 3, 10 3, (all)
Q i, Pq 6
c |.oos He S 7
T5t7] oos c 008 8 08 {S,~Q 7, Pe 0
~H 1 00 006 9 To neit motrix element
124 006, - NTr A
C 7 000 auan 0Dé B v Rostern 3, ot OD6
Tt | IFE NT C End of problem: contro! counier shaws
a |3, Pq o IFF
® 000 00 000 E
00 000 00 000 €
H e 0a00 OFC 0EC EO Address subroutine
-C 0 anaa, v, 1 E? Enter: 1l of accumulator conteins 045
acon |V, anaa v, 2 o 048
aoca | v, NTe 3 0=V, Vy 75 ad ¥,
c v, H- v, 7! V=it Vam[*w ], *or [ y*
aaca | v, Cm v, ] Vymli=))*
aoga | v, c *ne 6 Vemli=nI*
H *n® H-m Ve 7 -
H- -* 000a. v, 8 V,-(Za-ln-l|+l)'
Q | v, M v, 9
Rq 2 000 vy A Vgm(2=V li=J] n=)i=]| s N
C vy T+4 CEE 8 ig ] soto0E”
c v, vy c = immin {1, J)
waa | v, Te OEF D
c vy ] v, 3 EE Jawmin {i, J}
acaa | ¥, c Ay F EF
Ho| e H vy cFo
000a | v, ¢ vy 1
L 20 H . 2 Vg = "M, J)*
aaca | v, c 3 IV = W(C,) or K(C,) \
o, o0a | oFs . C, = [0015F 001SF] '
(ot vy aaa 5 4 = [0017F 0017F)
el




:.EFT ORDEIR‘ mRIGHT mDERlv Agm%if LBOXR EXPLANATION
NTe N7 [} oM, J)*—=1S5F +iif ],
PR O . ~F i),
c- |, " v, 8
T+4 | OFC c v, 9 9 % 2, gotoOFC
He | -1 000a v, A e Vi
T [[3) WY B
Tt NTr c FC 0EQ prepares || for exit 10 046 or 04C
]
E
F
00 000 0o 000 100 Vit Jy=lgign
o | oo o 000 | Vi ly o gt
00 000 00 000 2 Vyile=N*
%0 000 00 000 3 Vyli=J1*
00 | 000 00 090 4 Vg W@
o | 00 0 om0 s Vit
o 000 00 000 6 .
0 | 10 00 140 7 Ay = "M@y,
00 | 000 ] 000 8 A,y; ot 006: M(3,,) = Il ond IV
o | oo 00 000 9 A,.; ot 007: M3, ) ~ 1 ond IV
00 | 000 00 A A,,; at 002: M3, )~ !l ond IV
0o | 15 00 15F 8 Cyi 15F = MWL, 1 ))*) = 1
o | F 00 ”7F ¢ Cyi 17F = MM, J %) = |
40 40 000 D NT = NTr, 0, NTr, O
24 | 000 20 106 E $y3 ot 010: M(3,)~1!
00 000 00 000 F T,: current value of troce
00 000 00 o 110 *n*; from Q et stort
24 | 10F SF n2 1 Z,-C, T, axa, R, ;
o | o0 0 000 2 Ry: stores initial trace :
o | 000 00 000 3 UK |
0 | o0 00 000 s *, 5
o0 | 60 00 3% 5 R,
00 | w0 00 000 6 S
s | o0 0 000 7 $,; ot 0OF: M@, )1 end IV
00 000 00 000 8 $,: stores current (norm)?
60 000 20 000 9 Sgi ut 014: ma, oy -n and V
& |
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LEFT ORDER

RIGHT ORDER

S )

STORAGE
ASSIGNMENT

cox

EXPLANATION

NI e T a7

8 8 8

g8 88888888 s

r8887%

8 88388 8

8888888888 S8

EEEEEEEREEEIEEEEEEEEEEEEEREREREEREJINEEE-

30 140

088

gg88gggsg "8t

388

FD

8883888888888
=

8888 888888 3
g§888 8888887888

W
-
-

0

8888% 8
§g88888

m MmO O O >»

H

-

8 "mo 0@ > 0 N vE N o=

O O P P © 8 N O B & B N -

209

c8Q

S, = Q, 1A, M, 1A0

5,; o8 013: M@ g) =Nl c-d IV
Ry: steres initiel (norm)?

7 = (norm)? tolerence

Ry; stores §, ~ R,

cos

sin

y

¥

4

W, = 0, M(sin), 0, M(cos)

W, =0, Mcos), 0, Wsin)

Ta

Digital eproximation: 21/2/2

Xg=Uy Jy)
Xgolyly)

Xy=Uze I3

Ty = comect new (Jy, /)
T, = correct new (/) J5)
T, = comrect new (Jy, ],)
7, = tolerance in box 9C
Fu

¥y

Wy

L

Zy =0, 0, ama, R,

z,

S, ot 015: M@, )~
Yy= iy

Ya=(i ]y

Yy = now (i, J) ot new (i, ]}
Vo= "My 1))

e T LN FENET U



A e gh s

0 :.EFT MDE: leGhT ORD'ERN Agmcefn t-BO)(R ' EXPLAN;. T1ON

00 | 000 00 €00 Yy = My 1)

. 00 | 000 [ 000 F Y, =My 1y

) 0 | o002 ) 002 140 e
0 | 160 - 00 160 | D,

! w0 | 160 00 180 2 D,
0o | o0 00 020 3 *32¢

00 | 000 ) 000 . Ty = *M(*M(J5, 1))
- 00 | 000 00 000 5 Ty = *MOM],y, 1))

00 | 000 00 000 6 Tio = *MOM]y 1))
00 | 000 00 000 7 T
00 | 000 00 108 8 2,=0,0,0, MC,)
00 | 900 00 10C 9 z, -0, 0,0, MC,)
00 | 000 00 000 A z,
H- 7, T+ 3E2 8 Insertion at OAl
T | 0A2 NTe c

(Storage D = F irrelevont)

LS T i N 1 e VDA S ah R bt v S AT R SR AV

S IR LNMREATY



-1
{ Enter with *n* |
| in Q register
L

0% Preparation Box rlz =y, V2=J't i
R . ] . ] 40 J‘ Box I v, =,'*=(./‘_”*|
estore changes mgda in previous From (| T
use of code and adapt it to Gor L3 K+ 0F - Ty * -
matrix of order . Ktk — 7% } EQ _
M{g ) = 1A0 + a, (W + 0¥ — v, ] Calculate address:
| M(3,,) =tA0 + » 1 ! 9 }—o| A 1 elemants in J, cuk
M(F,,) = 120 + Y h(n +4) -4 10B — [V of OF 3 to store (cf., address
Set ‘/‘ ={in * j'xl: storage nrepare address subroutine to routing}
Adapt S, S3, Sg, S7, and 3y store as J, column oddresses
to 2, restore 052, 068 from ¢,, 23 Acc = C, 045, Tl, OEO

4C
a;, —=>T
- Clear T‘ ]." + ?”‘ ! Yes |
- ] /= tinitiglly
to zero .S
i2a7

] Test for exact constancy of (fractional part of

6F

SC 84 — Transfer 361 | = ST
‘ Mg, +4—> M(a,'/)l
66 No

Sp + %S4 = (Norm)? — 5,

59 No

57 S. +2.05. —= S 5F 64 No First time only:
Y a.. —_ -
Clear S, and 2 " S = 2lves | Set 7, =7 Sq + 7;; ® G;; —> Sq4 | Yes (Norm)? —> R
a 7 = { initially R o _ Y
Sy to zero (i=n) 207 in box 6¢ M(Z;;) ~ M(3,,) = 0? Restore initial conditions in
) boxes 59, 4D, and 64

€ -|s4-r3|207

Test for approximate constancy of (norm)’

{_(./,-C.J,)a‘q 82 84 97
l or | cos 8 =sin@ cos 8 = ~sin @ ¢
L1 =0 =% V2 —() = %\2 @ ¢
T 7€
| - .
t 72 79 Yes 7C Yes Z =L~ ) + -1 )
Yes No No_ | Square root in box OBE is
- - - = - - = - - ?
@._L.. bt = 4, ] = |t =1, (=1 ) == 1,0 ? (=t dp) = =(Jy =1, ) ? cos 8: put Cos in 095,
No sin in 096
7> |
W= B =T, (=N, ) =F, F+F=F

Square root in box BE is sin 8: sin —» 095, cos —>» 096

Reduction of a Real Symmetric Mat



9 1 UNCLASSIFIED
owG. 22003
g =y Vp= A i<, ]
o =y, Vp =, : I “'*2_ N .
= ;% = —-* lV = J V=17 = {J, ~ 1)
V' / (I/‘ 1) From ag J? Box l_? —2—1—1-__—-_'-_-_1
e » ~ ~
: €O Box 0 iy + 0¥ —m RS g0
*
I Calculate addresses of (o +1) lV—,fv?)Fl . | Cairulate addresses of
L et elements in J; cotumn and '22 — : ',n; ’0 D:epore ! elements in J, column 7
s 5 L -
store (ct., address sub- o ;ess slu rou 4a o store and store {cf., address
routine) G5 Wp column addresses subroutine)
Acc =C, 048, TI,OE0 |
56
H—>/ | Transter to 3EO l = STOP
0 No 52 No
Ty +ag; =T, First time only;
. L Yes Yes
/ = { initially T, = trace ~» R,
' =
i2n? T, ~R,=07?
ncy of (fractional part of) trace |
6F 20 Al Yes
Transfer 3E1 | = STOP Denote Zpq by (P, 0)] (=1, Jp}=07?
Find *M{y — 1, /¥ ot 160 + v, - 2 No
N“; and store M{(«/, ~ 4, V,) at II of
%S4 = (Norm)° — S, 070, 072, O7F and at IV of 073, 079,07C
* time only: Find *M((/y =1, /p)* ot 180 + v, - 2 70 Yes
(Norm)® —» R4 Yes and store M{(/, — 1, J,)) at Il of 071, 079, No

ore initial conditions in
s 59, 40, ond 6{
-|sa-Rs|= 07

O7C and at [V of 072, 074, OTE

Find *M((/p, Jp)* at 180 + J, -1 and

store at Yg; store {/,, Jp) at Xg

Using 160 + J, — : *M{(,, 4 })* — v,

and (J,, Jy) — X4. Using 180 + J,—{:
*M{(vy, S)* —> Y5 and (U, ) = Xg

97

cos 8 = —4, sin8 = —7 if through 7E
cos§ = —Z, sin@ = — ¢ if through 73

—Q

(f =1, 4H)=07

23

X, —Xa —» ACC

)

8A

=1, ) + (=1, ) 87 Yes 271+ (27 +7)=7 to X, =3 ypv—— No 94

root in box O8BE is (ZoZ)+2=7|No Successive approximotions - . ce 2 - Yes Xz — cos or sin
put cos in 095, 7=0° to 7 72 stored at X, [1=7 %o + x"’]*',,z 7 ® X, —> sin or cos
)96 1-1% —» Acc =X3 Xg<t™*

Real Symmetric Matrix to Jocobi Form.
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cNe

G660

73

148
TRANSFER
10 3e2 |7 STOP
A2
B..=(J,J,)®cos 8 + (/o) ® sin @
No (1 (A} ; ¢
9C By =y /p)®cos8 + (/) ® sin @
l |cos ® (cos + 2) T =new (/,,/}) =P;. ®cos b + p;® sin 8
@—--+ sin @ (sin + 2)}--Yo% b',/ =~/ ,/,)®sin 8 + (V41p) ® cos 8
-2"‘<3‘1 ? 7}7 =—{/p)® sin@ + (Jz.Jz)Ocosa
T =new (/o) =, ®cosd + ¢, ®sin b
T, =new (/y, V) =V, ) + (Uy, /) = new ()
o))
From  M((/,/) + 1> M((/, /)
Box 74  ° f
0% No 08
D2 | Yes Yos Punch 7; from Restor
9 Jp<n?|No _ _ly<(n-t)7} NoO Q, / =/ = { initiolly LYes __!in box
| M((7,7)) = M{(1,m) Tronst
|
|
—_—
| {/44/;) rotation completed; |
or, unnec>ssary if from 74
__________ _ -
Address Subroufine et
Clear V3, Vs, Vs 0nd Vg to zero +
Vi=Vp = (/=J1* > vy T
_______ - EO |7 =v]* =V, L
[t of Acc contains | (1 +* | 8 2040k - [i=s|* = 1% = ace T
| M (lost order executocl} y > OFC I (a=|i=J]|=1* = vy e
—T T | li—Jl*(Zn—|i—J|-1)*;’Acc and Q L“r
| [‘/z:i—dl(?.n-li-.ll—i)] > Vg
| V= (/i=d1* = Acc —L
e
V' -/ '_ —l

[V, = J* =¥ or s ¥
i ¢ orva

The box number refers to the |

Reduction of a Real Symmetric



UNCLASSIFIED
DWG. 22004
89 Yas cc
sin (//)) @ cos 8 + (/,Jp) ® 3in § — (/) Store new (J,, )
8 | =(/, /) ®sin8 +(/,Jp) ®cos 8 >{/,J,) |NO | Store new (v, V) 9
8 /= J~{initiolly, / +1=>/ rew/ ®n ? Store new (vVp,up)
ysin 8 v
- new (V)
{—== M/ /)
No 08
Restore M{(1,1))
iolly LYes __Iin box DS = End of problem; control counter shows 3FF.
M) Transter to 3FE
Fo
I+4—>/
D T 2 1
A -['/,li —./I(Zn ~li-vl+ n]* + mm{i*,./* 3
e e e o ————— e e —)
ro + EE {
JE 4 VgV, g EF No
'...)l__' | *M1,1)% - *% 4 Vg — Acc FC
c URY ll Extract [V = M(/,/ V¥, form *M(/,V)* |ves Exit to
[',.';7'1 and store in {5F + / If J =, or store m’f’ “d'f of
» Acc and Q “-r“" iNMTF +/ ifJ=up. iRn? main routine
-y EC -
! i* 4 Vg > Vg e
——

umber refers to the memory location at which the box begins, with an initiol zero being omitted.

val Symmetric Matrix to Jacobi Form (continued).




UNCLASIIFIZD

owg, 2223¢
oof | o0
000 [-+*["1*(2- 0 [-1 | PrEPARATION BOX { ! - | o
20 | maIN ROUTINE, BOX 20 [ 1 ™ 1T 3F
40 [ MAIN ROUTINE T 'ﬁ - il 7 e
€0 7F
80 h 1 eF
s 1 e
co ; ! T or
€0 [ ADDRESS SUBROUTINE l 1" FF
100 | GENERAL STORAGE "F
20 L h 3F
40 1 1 : oF
60 | MEMORY LOCATIONS OF ELEMENTS IN /, COLUMN STORED AS “M(7, J,}°. 7F
80 | WEMORY LOCATIONS OF ELEMENTS iN J, COLUMN STORED AS *M(/,J,)". 9F
AO | MATRIX ELEMENTS: (1,11,(2,2), -, (A}, (1,2),(2,3), -, (n-1,0),11,3), -+, (-2, ), {1, 4), - A}, A}’ 8F
co | ] i oF
£0 FF
200 . 2F
20 IF
40 SF
60 7F
80 9F
A0 BF
co oF
€0 FF
300 3F
20 3F
40 5F
60 TF
80 . oF
a0 of
co H OF
€0 | 0 [0 | TEST FAILURES END OF PROBLEM:[O | FF
3EF | 30
Reduction of a Real Symmetric Matrix v Jacebi Form ~ Memory Chart.
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Appendix 4

FLOW DIAGRAM AND CODE FOR THE CALCULATION OF THE CHARACTERISTIC VALUES
OF A REAL SYMMETRIC MATRIX GIVEN IN JACOB!I FORM

The mnemonic code which follows is included for completeness and to give a detailed development of
the flow diogrom. While it is belioved to be o workable code which translates the thaory of Chapter 3
into practical form, errors found on machine testing were corrected wheraver memory space wos availoble,
ond the resultont organization of the memory is sowewhat chaotic. A tedious but straightforward re-
writing would correct this ond also moke the code applicoble to matrices of order as high as 138 (about).

Since the code wus envisoged as being opplied to the Jacobi matrix produced in the first stoge of the
problem, where the memory limitations ore much more severe, no attempt was made to conserve memory
space, The present storage assignments permit the code to be used if the order of the matrix is equal
to or less than 89. This number occurred becaure it was desired to test the thaory on special numerical
sxamples of the following easily proved theorem: If, for a symmetric matrix in Jacobi form, all the diagonal

elements are equal, a; = a, and all the (i, i+1}) elements are equal} b/ = b, then the roots of the matrix are

f\‘-a+26cos ’ k-l.?...-.n.

n+l

The code of this oppendix was used to calculate the 16 roots of a direct sum of a matrix of this kind
of order 11 and one of order 5, with a = 0 ond b = 272, The machine gave all the answers correct fo the
required accuracy of nine dacimci places in o computing time of no more than 1 or 2 minutes. The code,
nevertheless, contained on error, now corrected ot memory positions 06D and 2DA to 20D, which was
detected when the roots

&
A = 273+ 27" cos %- 0.125 + 0.5 cos (24)°

of a Jacobi matrix of order 89 wers calculated (requiring about 45 minutes). For 60 of the resulting
onswers (including the first 11 ond last 20), both the upper and lower bounds hod exactly their theoretical
volues under the requirement

T <3 o 330
U’.—L’.<e 2 '

ond ot least one of the bounds was correct in 11 other cases. It was not possible to test the code after
the correction at 06D was mode, since the ORACLE was then dismontied for shipment to Ook Ridge.
Howsver, it is now thought probable thet the code is correct. (These details are mentioned by way of
caution to any coders who moy regard a routine as fully checked when it does not give ‘‘cbviously”’
incorrect answers in a problem for which the correct onswers are unknown.)

The orders at 300 to 309 are used to store the initial volues of the (-I‘ and l..i, and theirlocations
could be reused after their computctions have been performed. From 30A 1o 313, the onders refer solely
to the above est problem. Storage for the orders at 300 to 313 is at 2CD to 209 and 320 to 324 contains
a load code; so five portions of a single tope will be stored automatically ot the proper positions.

95
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CALCULATION OF THE CHARACTERISTIC YALUES OF A REAL SYMMETRIC MATRIX GIVEN IN JACOB! FORM

Mnemonic Code
'LEFT onos: mmcm ORDER. - A:;%moei ] LaoxR EXPLANATICN
FF FFF FF FFF 000 -1
00 001 00 001 001 b
0 000 00 000 o2 2-!
00 000 00 000 003 0
80 000 00 064 -1
Start—~C 0 aaaa Sy 00S 2 Enter code; re-enter from O1A
C-mf &, -t |omw 008 15, % 0, go %o box 4
anca|  F, C 8)” 007 3 0-3,, (78)* =8,
aam ' T on 008 Transfer to box 6
¢ b, M 5, 009 4| | Form b2 exoctly; lefs shitt ol 25 ol ices;
Lay .- '{ 00F 0CA s tronsfer on overflow; store both ports;
ccon T, /Tmc 1, 008 count number of left shifts in S,; anse-
for to repeat shift
c- -1 H 5, 00C
amaa| S, c T, 000
Q T, T 00A 00E
R -\ acaa 7, 00F Undo last left shit
< S, acaa. B, ow $, not increcsed lost time
c 006 H- S on 6| |sy=Comb,_, T-4 00
~Tel| 028 c 008 012 7
H e 0a00 006 013
0a00| 009 R .20- 014
000a| 009 (o co7 015
H e 0a00 007 016 (i o N=i
R 2. 000a 00F 017
c 008 H e o8
0a00| 008 R .20 o9
000a| 010 ™ 008 01A
@)-¢ v, H- L, o8 Q| W0 -L, <7, poobond572 2
H- : T-r 0B 01C
c v, H L, 010 4] | Calculate next f os avarage of U, and
R RN s | 0IE L;
NTe¢ NTy QIF 7 = 0 coded for first use

205 8o




LEFT ORDER

RIGHT ORDER

STORAGE

! " 10 v ASSIGNMENT | ¢ | » EXPLANATION
c s, (00a T, 020 S, =0,0,0, 73 ML,) - 21:
Cc 0 anao. R _a (74 S1sP=0 m_, =0
c -1 aasa Ay 77} Fig =110
-n 028 c 018 on 4
.- s, Tel WA~ et 024 $,=C U, H- L,
c |' o M ‘. 025 Y P I
© 0da|. 018 Oala 0 02
-TC (1)]:) “NTr oz Go to examine next root
-C .|y He B 028 10 =i 1 restored ot OTE
ot |, 0 ‘R 1 029 11| 12 | Tronster if no overflow 1 box 13
| ¥, c -1 02A
cama | o 124 w7-(y) 08
aasa| T, Cem [T, 0 13 {165, - & £ 0, go to box 15, otherwise
Tor| 2F aam |7, 0 u| 0-F
c (39)* . anoa, a, 02€ a, - »
G-t | om c T, 0% Y
L Al vt 03 030
, € 0% H e 031
| 0a00 | 030 P Te 02F | 032 Scaled, =
- R .1 acaa 5, f o ?
T 97 H- e 034 097: 0= a,, 030 = Acc, and retuns
| R -2 “a | 035 rd 034r |
- C e 0400 030 036 ,l
} ) -c-m Ay Tot | 0%(o) o 6] |U#,_; =0 gotopon18
| C-m| #,_, Tet [0~ 038 7| |17, =0 gk
@-‘C Vit H & , 0¥ AN Pi Vi o = By
H- B T+l 085 03A 32|16p, 20,90 t0box MU
acaa| T, ‘el T we |® ,,1 T, !
H- {39)* T+{ we | (1 o Ba¢avse shift eounltc operates mid 84,
H 39* Te ’p 0GE w0 store min ip,|, Bl in IV of 041; calew-
c | woa | o0 03E fater, in bon 33
Q | 5 M "_, 03F !
aaa. ’ Q e 00 IV becomes [ 7
ve L R oa IV from 03€
aaaa| T, c 7 |
H- T, ™ st o 35| 1 1, overflows, go o box 36

205 096
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N e T DT

RV —

e e

'EEFT m_ge: mmcu*r oagml - STonace Laoz; EXPLANATION
oaoa | ¢, Cem i 044 38
Toe| o Q X, 045 e, O, go 1o box 40
W | R, @aa &, ¢ Bl |Fer =R 05,y
By-Tt | n c " o047 ]
L - v o8 048
c o® H bl [+ Scele v,
000 | 0/ Te 047 WA
RH- B Q 5 048
we| A, cooe 1R, 0C
1£4 093 H- e 04D 093: 00, 048 = Acc, returne to (4D¥
R 20 000a |, O4E
NTe c e O4F
0000( 048 ™ 054 -@ 080 Transfer to w, unless eltered 1o v,
R e Q A ost » by 06C
qoaq . _, aaoa. %_, Enter 05 from 043
¢ -]* acoa. o, 053
@-C 9, H ay 4)
aamal v, 14/ o071 - 055
®-c . T-r |08 m| |um,_, <0 gorbox2
c [ Q 11 os7 )
Te 39 c- 5 0s8 2
Q “latt aaa | A,_, o» 099 end 05ALused in both box 19 end
| A, ¢ 5 054 n| b=
asmal v, ™ o7 -~ 058 a=viq
©O-c-« 3 T-r |o0s0 asc Bl |[#F,_, 40 ebxZ
< 1-1 Q 5 05D ulBsl0-1-4a,_,
asaal  &;_, Laay) L/ U3k U| B\ F, By
C a, anoa vy OSF 2% g 7
@-n 071 c 8, 050 T HE,_y <0, 900 box 2
T-e| 082 c- 1= 08) »
T | o083 c -t 082 »
Q 0 axa & _, 063 Substitution ects in both box 28 and
wea| ¥, 1 { o - (&) 084 box 2
He | (e T+t | o087 08$ 34| | Enver trom 034
H (e T 087 c86 #, 2 O; svbstitute min (p, W in V
c o 000a | 0sA 087 of 06A -
205 097
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|8

:-EFT ORDE:T _ WR'G”T fi‘iERw AgOOG::\giT LBOXR EXPLANATION

Q 7o M Ay 068 Caleulate r, in box 34

a1y F 069

Me Bt 06A

moca| Ty, c S 068 S, = 0,0, 0, 06E

000a [+1:1] C LT 06C Prepare 050 to exit to wy

H- ' T 20A 06D At 2DA: exits 1o box 38 if no overflow,
@*C o, H Bo GOE 2 otherwise fo v,

H~ LI aaaa Vit 06F Sy = 0,0,0 054

Cc S, C00a 050 070 Restores v, ot 050
-c A, Tt 075 071 5 if@,_, < 0, go 1o box 3

I Ter o7 = (B, 072 57 17, , <0, go o box 8

(o T, H- -1 - 073 58 T, is used to count P

cam| T, T o7 - 074 T,=0,0,0,MLy) =1 +PwithP =0

< | A Ter |07~ (@) os | restorad at 020

c T, H~ - 076 60

acoa| T, c ®A- (By) or7 8,9] Boxes 8 and ¢ coded together

H e 0200 03A 078

c 08E H- -1 079 (s M=i

000a| 06E c 040 07A

H- | -1 00e | 040 078

L -2 0200 068 07C

0000 05C c 08 070

H e 0400 028 07e Sg = C, M@,) + 1, H=, M) + 1

TH- | s, Ter | 080 07F Wie 1>n+ 1, astorei = |

@y-1¢ | o= c T, 080 T, = (001C2001C2], M(B,) = 1C3

000 03A 000a | O6E 081

c Tho 0Wa | 040 082 T,o = [0016A0016A1, MF,) = 168

0a00| 05C 0200 068

c T, 000 | o028 084 Ty = CayHy B

NT: NTr
@-c 018 0c0a . 086 al |1,-00,0L

C T, 000a s 087 T,=0,00L,

000a| 088 000a | 08D 088 & = j initiolly

00| O8F 0400 o 089 (& + 1)=& 01094

c T, H- T, 08A @ [P -A A

T-¢| O8E c- 088 45} IV contains L,

205 095
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Note: in otoroge positiens OAD to 089, digits not otherwise indicated ore coded a3 zero

;.EFT ORDE: "'RIG'GT ORDERW ‘:;mzlr LBO».R EXPLANATION
] 3 Ter (1] 08C
7 aoa 080 50 IV contains L N
T 091 c 7 0es 2
H~- Tee (] 08F 11 containe E‘
NTr c B 00 3
aaca c T, 09 51 {11 contains U,
H- | 7, Te¢ {018 092 T,-0,0,0U,
c T, H ) 03 4 (ks )=k
Oa0a T, T 087 004 Tronsfer to next comparison
C 0 aaa 9, 095 Correction at 04D; clear o, in case
c 048 T 040 0% o, = =1° batore
c 0 anoa a, 24 Correction at 034; cleor a, in cose
c 030 Te 03¢ 058 a; = =1* before
00 000 00 000 099
Q »* NTe WA n* gtored at 203
P 213 T (5 () P:-ach the » upper bounds
Q n* NTr 09C
P 274 p 4 3FE %90 Punch the » lower bounds
00 000 00 000 09 3FE contains 0; contrcl counter shows
00 000 00 000 09F 3FF ot end of preblem
00 000 00 000 0AD0 #
00 000 00 000 0Al o,
00 000 00 000 0A2 .
0 | o000 00 000 0A3 Vior
00 000 00 000 o ',
00 000 00 (17 /] 0AS &)
0 000 00 040 0AS o
00 000 00 000 oAy g
00 000 00 000 0A8 2
] 000 00 000 0A? #,_y initielly 0
7F | FFF FF FFF 0AA A,_,: initicly 1 = 1*
00 000 00 . 0AB 7 2 7% governs eccwrocy
00 000 (] m OAC S,
00 000 00 000 OAD S,
/4 . 48 OAE Syt His 1124w ~ 1)
0o

205




:.EFT ORDE: mRIGHT ORD[IRW ,;;m%g, LBOXR EXPLANATION
00 ooe 00 114 OAF S,: address of wy exit
00 000 00 054 080 Sy: oddvess of wy enit
M . n ° o) Spp HisA e m IVia2M3 4+ n
00 000 00 000 082 T,
00 000 00 000 083 1,
00 000 00 000 084 T,
00 000 ) 000 085 1,
00 . 00 . 086 Tg: WisA ¢+ n; IVis T3+ 2
00 000 00 000 087 T,
00 000 00 73 088 7,
4 * n 0A8 089 Sg: 11is0B9 « (n + 1)
00 000 ® 000 0BA Matrix elements begin
CONTENTS CELL NUMBER EXPLANATION
a, 0BA First diogonal efement of matrix
a 089 + » Last diogonal slement of motrix
n g 89 089 + 059 = 112 89 (dacimal) = (59 (sexadecimal))
Z‘ 13 First off-diagonal element
b,_, N2+ (n=1) Last off-diogonal element

{in the code, §g is undersrood a3 16A; vh; address is alwoys increased by one before it is used]

Scoled (5,)2
Scoled (B, _ )2

{in the code, By is understood a3 1C2; the oddress is alwoys increased by one before it is vsed]

% 158

Tt 1N6A + (n = 1)

B, 1c3

B IC2+(n=1)

v, 218

v, 2A4n

L, 74

L, 27340

ng89 s %)
205

100

Scaling exponent of (5,)’
Scaling exponent of (5, _,)?
First upper bound

Last vpper bound

First lower bound

Lost lower bound

101



LEFT ORDER RIGHT ORDER STORAGE | BOX EXPLANATION
| " n v ASSIGNMENT | L
00 [o} 00 c2 0 Ty; 1C2 = M(B,) = 1 = M(By)
7 FEF FF FFF CE -
80 000 00 001 xF S
00 16A 00 16A 200 T,o 16A = MF,) = 1 = M(3,)
. 00 000 00 000 01 Th
% 0BA 2 0A7 02 Ty =CdyHe i
00 000 00 * 203 T,q: containg n*
u xF SF . 04 T,y =Co =1+ 1% acas L,
u E 5F . 05 T, =C 1-1% caaa, U,
* * ° * 206 T,g: contains ¥ = @, for test
%4 206 SF . 207 Ty « G Ty 0o, 3,
* * ¢ * 2D8 Tyg: contains Iz ‘, for test
u 08 SF 16A 09 Tye = G Typ a0a, b, _,
4F 08 a4 044 2DA Correction if p, 2 0 and v, overflows, go
14 001 SF 0AA 208 to 73
* 0A9 3F 0AA 20¢ (ny completed ot 06E)
% 000 4 06E 200 o, = =1* = Ace
00 000 00 000 €
00 000 00 000 0F
c ~lelt asoa | L, 300 Stores U, = 1 = 1, L, = =) ¢ 1*
c 300 H- Ty 301
Tet| 208 c 300 02 Tys = G <1+ 1% oana, L,
H e 000a | 300 03
™ 300 NTr 304
c -1 ama | U, %05
c 305 H- Tye 306 Ty =G 1=1% aoaa, U,
T+l  30A c 305 07
H " 000a | 305 08
; T® 305 NTr 09
‘ c | T, wca |3, 20 30A = 313 rafer 1o test problem
c 0A H- T 308
T+l 30F Cc J0A 30C Tyg = volve of @, for test
H " 000a | A 300 Ty = G Tyy anaa, 3,
2 {2 30A NTr €
c Ty aaaa ) 2F T,y = volve of B, for test
c 0F H- L 310 Tie = G Tygo man, b, _,
102
ann 1€
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LEFT ORDER RIGHT ORDER STORAGE BOX EXELANATION
I il 1] v ASSIGNMENT | L | R
T+l 003 (o 30F an Teansier 10 003 = stop
H i 000a J0F 312
T 30F NTr 33
(314 = JIF irrelevant) For test: 3| 2|Z,| <1
Ld 000 T n 320 1 L.d = load to double space; must be fol-
Ld 0AS T m 121 lowed by o wansfsr order
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Calculation of Characteristic Values of a Symmetri
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