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Abstract: An algorithm for the numerical solution of the real 
discrete-time non-negative definite Lyapunov equation is dis- 
cussed. An improved rank 2 updating formula is proposed for 
the Cholesky factor that arises during the numerical solution. 
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successfully used in the SLICE Library [8] since 
1986 and subsequently in the SLICOT Library [6], 
which has superseded SLICE. A correction for the 
formula has also been noted more recently by 
Varga [7], but we believe that the improvement  
given here is preferable. 

In the next section we recap on the method for 
solving the Lyapunov equation. Here we only give 
a brief summary of the method, further details can 
be found in [4] and background information in 
Golub and Van Loan [3]. In Section 3 we look at 
the details of the new rank 2 update. 

1. Introduction 

The real, discrete-time, convergent, non-nega- 
tive definite Lyapunov equation is of the form 

ATxA - X = - BTB (1) 

where A is an n by n convergent matrix, so that 
the eigenvalues satisfy [?~i [ < 1, and B is an m by 
n matrix. In this case X is non-negative definite 
and hence possesses a Cholesky factorization 

x = v T v ,  (2) 

where V is upper triangular. The aim of the method 
to be discussed here is to determine the Cholesky 
factor V, without forming BTB and without first 
solving for X, this aim being motivated by consid- 
erations of numerical stability. The method is an 
extension of the Bartels-Stewart  method [1], first 
described by Hammarl ing [4] for both the continu- 
ous and discrete-time cases. An improved al- 
gorithm is given here for the real discrete-time 
case, that also corrects one of the formulae in the 
original algorithm ~. This version, together with 
the algorithm for the continuous case, has been 

1 Equation (10.22) in [4]. 

2. Solution of the Lyapunov equation 

Let the Schur factorization of A be 

A = QSQ T, (3) 

where Q is orthogonal and S is block upper  
triangular, with one by one and two by two diago- 
nal blocks, each two by two block corresponding 
to a complex conjugate pair of eigenvalues of A. 
Then equation (1) can be transformed to the form 

s T ( u T u ) s  - u T u  = - R T R ,  (4) 

where U is the Cholesky factor of )( = QTxQ and 
R is the Cholesky factor of QT(BTB)Q. Note that 
we can obtain R from a QR factorization of BQ 
and similarly, once U has been found, V can be 
obtained from a QR factorization of UQ T. 

If we partition S, U and R conformally as 

( sT) 
S = Sll 

0 S 1 ' 

e ~ r l l  

0 R 1 ' 

U =  
( uT) 

Ull  

0 Ut ' 
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where sl~ is either a scalar, or a two by two 
matrix, then equation (4) leads to the equations 

sTI(uTII IAI1)Sl l -  /dlTlUll  = - - rTr , , ,  (5) 

STuf f  -- u = --ra  -- sul]fl,  

-1 
OL = r l l U l l  1 , /~ = b / l l S l l U l ,  , (6) 

s T (  u T u ,  ) $l _ U TU, = _/}T/~, (7) 

where 

kT/} = R (8, + yyL  

y y T  = rr  y _ uu T + ou T, 

o = S,*u + J , , .  

By considering the Cholesky factorization of RTR~ 
+ y y V  we see that we can take /} to be upper 
triangular. When s,a is a one by one block so that 
S~l = )t~ then, with some algebraic manipulation, 
the equations simplify to 

(•2 - 1)u?,  = r?l, (8)  

( X , S  T -  I ) u  • a r -  X,u , , s ,  (9) 

S?(  u, Tu, ) s ,  - u, TuI = --aT/}, (10) 

where 

fcT/} = RTR, + y y T  

y = av - )~tr, v = SX u + uHs. 

We can readily see that equation (8) can be solved 
for u n, equation (9) can then be solved for the 
vector u and equation (10) is a reduced order 
Lyapunov equation. The Cholesky factor/} can be 
found by performing the QR factorization 

R, = 0 ) '  (11) 

a straightforward rank 1 update of the Cholesky 
factor R v 

When s~ is a two by two matrix then, in 
principle, we have the same situation for equations 
(5) and (6), but we have to take care of some 
tricky numerical details, to ensure numerical sta- 
bility, in solving for the two by two matrix u~ and 
the two column matrix u, including the case where 
uj~ is singular, and these details are discussed in 
Hammarl ing [4]. In the next section we show how 
to obtain R as a rank 2 update to R~, in an 
analogous manner to the above rank 1 case. 

3. T h e  rank 2 update  

Firstly we note that equation (4) can be written 
as 

and that 

El I r T  

0 R~ 

1AI1Sll  U T 

0 UIS 1 

Now perform the QR factorization 

= 0 . ( 1 3 )  
\ uHsn v v 0 z v 

Equation (12) then becomes 

uT~ul~ uT, u x ) 

UUll UU T + uITu1 

t ( ,q,  pT 

ptll ppT + RTR, + zz T + SITU1TUISI 

which gives the three equations 

u , Ul, = 

UUl 1 = ptl 1, 

uu T + u I T U 1  =ppV + R~R1 + zz x + S(u1Tu1s1.  

The second of these equations implies that u = 
p t n u ~  ~ and hence, using the first, we get 

__ --1 - - T  T T uu T - p t u u  n ua~ t ~ p  =ppT  

and thus the third equation gives 

S ? ( u ,  T u i ) s a - - u ,  T u , = - - ( R ~ R I + z z T ) ,  (14) 

so that z - y  is the required rank 2 update for R~. 
In practice, in place of equation (13), we perform 
the equivalent QR factorization 

v T = 0  , r = t l l U  ~ '  (15) yY 
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and  from equat ion (5) we can see that aTa + flxfl 

= I, sO that 

~Tr = I.  

We use this form of the Q R  factorization because, 
when ull is singular, we can still define a and  fl 
(see Hammar l ing  [4], sections 6 and  10) and, for 
these, equat ion (3) and  the impor tan t  ident i ty  
u u T =  ppT are still true. Having found v we then, 
of course, ob ta in  the Cholesky factor R from the 
Q R  factorization of equat ion (11), where now yX 

conta ins  two rows. 

4. Conclusion 

We have looked at the numerical  solut ion of 
the real, discrete-time, convergent,  non-negat ive  
definite Lyapunov  equat ion,  concent ra t ing  par- 
t icularly on the case where the Schur factor of A 

has a two by two block, corresponding to a com- 
plex conjugate pair  of eigenvalues of A. The al- 
gor i thm discussed here, together with the cont inu-  
ous analogue, has been successfully implemented  
in the SLICOT control  engineering l ibrary [6], and  
used in appl icat ions such as balanced state-space 
realization [5,2]. 
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