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1 INTRODUCTION
For many iterative methods of solving n x n systems of linear equations the
error vector €. of the rth approximate solution X, satisfies a relation of the

form
e =P e (1.1)

where Pr is an n x n iteration matrix related to some splitting of the matrix

of coefficients. Putting

Qr = Pr"'P1Po (1.2)

equation (1.1) gives

er+1 = Qreo * (1.3)

Convergence is then usually established by showing that either

P [ <6< (1.4)
for some convenient norm, or that

p(Pr)Sf) <1 (1.5)
where p(Pr) is the spectral radius of Pr' In either case this ensures that

Lim Qr = 0 and Lim 5, = o R (1.6)

rT> o T~
The asymptotic rate of convergence is governed by the speed at which 6r = 0,
It is not generally appreciated that this concentration on the asymptotic rate
of convergence may be extremely misleading as far as the practical behaviour

is concerned.

In some of the more important iterative methods Pr = P, independent of r;
these are the so—called stationary iterative processes. We shall demonstrate
our thesis by means of one of the best known stationary iterative processes,
the successive over-relaxation (S.0.R.) method and a special case of this, the

Gauss—Seidel method. We first describe the S.0.R. algorithm. Consider the

system of equations



Ax = b (1.7)
and write
A= "1#D+U (1.8)

where L, D and U are the matrices formed respectively by the sub—diagonal,
diagonal and super—-diagonal elements of A. The Gauss—Seidel method arises by

writing equation (1.7) in the form
(I+D)x = b-Ux
and the Gauss-Seidel iteration is then defined by the relation
(Iﬁ-D)XPH = b-Ux, , ' = 0,1,... (1.9)

From a given X, this relationship allows us to determine the elements of X
in their natural order. The S.0.R. method is derived from the Gauss-Seidel
method by taking the change in each element of X, to be a multiple, w, of the

change that would be obtained by using the Gauss-Seidel method at that stage.

Hence the S.0.R. iteration is

-1
= }-CI‘+ w[D (b_LXH— —er)-xr]p r=0,T)ec. (1.10)

Tt 1

which can be written as
1 1
(It D)x,pq = b=[01=- $)>e0] =, (1.11)
so that S.0.R. corresponds to writing equation (1.7) in the form
1 1
(1+ gD)x = b= [(1- P>+ x .
S.0.R. reduces to Gauss—Seidel when w = 1. From equation (1.11) the error
vector e = x-x_ satisfies
T T
((L)I_rI'D)eH1 = [ (1-w)D-wt1] e,

so that

ey = (D)™ [G-ap-a] e, . (1.12)

Thus the S.0.R. iteration matrix is the matrix P(w) given by



p(w) = (wL+D)™" [ (1-w)D=wtl] . (1.13)

Tt is well known that if A is a strictly diagonally dominant matrix then S.0.R.
is convergent if O < @ < 2, The proof of convergence depends upon showing

that
p [P(w)] <1 for 0 <w< 2,

If p[P(w)] is appreciably less than unity then the asymptotic rate of convergence
must be very satisfactory; however we show in the next two sections that the

actual behaviour of e, may be extremely disappointing.

2  THE EARLY BEHAVIOUR OF S.0.Re
We first illustrate, by means of a simple example, that the tearly! behaviour of

S.0.R. may be very poor. Consider the 2x 2 matrix defined by

005 0

101 o.5

The eigenvalues of P are given by X1 = KZ = 0.5 so that p(P) = 0.5. Hence if
we have an iterative process for which 8o T Per its ultimate theoretical rate

of convergence must be very satisfactory. However we have that

1 0

orx 100

so that if the initial error vector is ég = [1 O] then e? = [0.5 1O1O],a
vast increase. It is not until the 40th iteration that the components of e.
are both less than unity and we can really be said to be obtaining the benefit

of the satisfactory theoretical rate of convergence.

There are norms for which Il p “ <1, but they are highly artificial. For example

the norm defined by



-1
el = lxexll
where
1 0
K =
g 1O11
gives
0.5 0
K~PK =
0.1 055
so that
“P||K= 0.6.

However it is immediately evident that for any vector norm consistent with this

matrix norm we have

1 0

1
10 L

0 llx Tk

which is clearly an undesirable feature.

The reader could be excused for regarding this example as very artificial. For
a matrix of order 2 examples illustrating our point are indeed unsatisfactory,
but for matrices of higher order, though not excessively high order, poor

behaviour can arise with examples which are by no means bizarre.

Consider the case when A is the lower triangular matrix defined by
A = Ital (2.1)
where L is such that

m—
i
10, it i-1.



A is illustrated when n = 4 by

- o

o 0 0 0
1 o 0 0]
0 1 o 0

0] 0 1 a

When o > 1, A is strictly diagonally dominant. The iteration matrix Pn(w) of

order n corresponding to S.0.R. is given by
. . -1
P (0) = (uita1)” [(1-wozl. (2.3)

When @w= 1 this is the null matrix so that the Gauss-Seidel method converges in
one iteration starting from any initial approximation, this being true of course

for any lower triangular matrix. Equation (2.3) can be written as

)]

-1
P (0) = (1-w)(I-pL)"" , B=-=. (2.4)
The form of Pn(w) is adequately illustrated by

1 o 0o 0]
B8 1 0 0

%(@= U—@ 5 .

B B 1 0

B § § 1

The eigenvalues of Pn(w) are all (1-) so that
pLp (@] = [1-0l (2.5)

and if |1—<»|is appreciably less than unity the asymptotic rate of convergence
must be satisfactory. However successive powers of Pn(ﬁ) are of the form

illustrated by

[ 1 o o 0] ot o +o 0]

2B 1 0 0 3B 1 0 0
P = (=97 | 32 L0 4 o[ B == g2 s o,

48 38° 28 1 (108 65" 38 1]






